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Abstract

Turing’s most famous contribution is his definition [1936] of an
automatic machine (a-machine), now called a Turing machine. Less
famous is Turing’s very brief suggestion [1939, §4] of an oracle ma-
chine (o-machine), a Turing machine which could consult an outside
database which he called an “oracle.” Post [1944] took Turing’s sketch
and developed it into the theory of one set B being reducible to another
set A which he named “Turing reducibility.” The latter is the most
important concept in computability because it encompasses plain com-
putability, gives a model for accessing a data base which we do every
time we go the internet, and it enables us to measure the information
content of a mathematical structure. It allows us to measure the com-
plexity of algebraic structures, unsolvable problems in mathematics,
Kolmogorov complexity, and algorithmic complexity, objects in model
theory, and many other structures in mathematics and computer sci-
ence.

1 Introduction

Researchers in the 1930’s concentrated on a formal definition of an effectively
calculable function, not a definition of a function computable in an oracle.
The exception was Turing [1939, §4] in which Turing defined in less than
a page the notion of an oracle machine (o-machine), a standard Turing
a-machine equipped with an oracle tape which it could query during the
computation. By September, 1939, Britain was plunged into World War II
and Turing entered Bletchley Park, the British cryptographic facility, never
to return to oracle computability again.
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The idea lay dormant for five years until Post [1944] studied computably
enumerable sets and their decision problems. Post studied not only the
structure of the computably enumerable sets, those which could be effec-
tively listed, but he initiated a series of reducibilities of one set to another
culminating in the most general reducibility which he generously named
“Turing” reducibility. Post’s aim was to use these reducibilities to study the
information content of one set relative to another. Post wrote an intuitive
section §11 in Post [1944] on the general case of Turing reducibility, but it
was not well understood at that time. Post continued to study it for decade
and introduced [1948] the concept of degree of unsolvability, now called “Tur-
ing degree.” Before his death in 1954, Post gave his notes to Kleene, who
published the joint paper Kleene-Post [1954] which laid the foundation of
all the subsequent results on Turing reducibility and Turing degree.

2 Recursive Functions

Alonzo Church had studied at Princeton under Oswald Veblen and Veblen
had asked Church to explain Hilbert’s papers to him. After completing
his Ph.D. in 1927, Church spent one year at Harvard in 1927–1928 and
one year at both the University of Göttingen and the University of Ams-
terdam. By that time Hilbert’s Entscheidungsproblem (decision problem)
for first order logic had been discussed in lectures by Hilbert and was de-
scribed in Hilbert and Ackermann [1928:72–73]. It was to give a decision
procedure [Entscheidungsverfahren] “that allows one to decide the validity
(respectively satisfiability) of a given logical expression by a finite number
of operations.” Hilbert characterized this as the fundamental problem of
mathematical logic. Von Neumann doubted that such an procedure existed
but had no idea how to prove it. Church returned to Princeton as Assistant
Professor of Mathematics in 1929.

Within the next two years there were two important events which influ-
enced his development. First, Gödel’s famous incompleteness theorem [1931]
showed that Hilbert’s first program of exhibiting a finite consistency proof of
mathematics was impossible. This indirectly suggested that Hilbert’s other
program of the Entscheidungsproblem might also be impossible. However,
to prove this, one had to first characterize all computable functions.

Second, Church acquired extraordinary Ph.D. students, Barkley Rosser
and Stephen C. Kleene, in 1931. In 1930 Church had been studying a class of
effectively calculable functions called λ-definable functions. By 1933 Kleene
had shown that a large class of number theoretic functions were λ-definable.
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On the strength of this evidence, Church proposed privately to Gödel around
March, 1934, that the notion of “effectively calculable” be identified with
“λ-definable,” a suggestion which Gödel rejected as “thoroughly unsatisfac-
tory.”

From 1933 to 1939 Gödel spent time both in Vienna, Austria, and at
Fine Hall in Princeton, which housed both the Princeton University faculty
in mathematics and the Institute for Advanced Study, of which he was a
member. Gödel spent the first part of 1934 at Princeton. The primitive
recursive functions which he had used in [1931] did not constitute all com-
putable functions. He expanded on a concept of Herbrand and brought it
closer to the modern form. At Princeton in the spring of 1934 Gödel lectured
on the Herbrand-Gödel recursive functions, which came to be known as the
general recursive functions to distinguish them from the primitive recursive
functions which at that time were called “recursive functions.” Soon the
prefix “primitive” was added to the latter and the prefix “general” was gen-
erally dropped from the former. Gödel’s definition gave a succinct formal
system whose simple rules reflected the way a mathematician might deduce
values for a function.

Church and Kleene attended Gödel’s lectures on recursive functions.
Rosser and Kleene took notes which appeared as Gödel [1934]. After seeing
Gödel’s lectures, Church and Kleene changed their formalism (especially for
Church’s Thesis) from “λ-definable” to “Herbrand-Gödel general recursive,”
partly for reasons of public relations. Kleene [1981] wrote, “I myself, perhaps
unduly influenced by rather chilly receptions from audiences around 1933–35
to disquisitions on λ-definability, chose, after general recursiveness had ap-
peared, to put my work in that format. . . . ” Nevertheless, λ-definability is a
precise calculating system and has close connections to modern computing,
such as functional programming.

Church reformulated his thesis, with Herbrand-Gödel recursive functions
in place of λ-definable ones. This time without consulting Gödel, Church
presented to the American Mathematical Society on April 19, 1935, his
famous proposition described in his paper [1936] and known since Kleene
[1952] as Church’s Thesis, “In this paper a definition of recursive function
of positive integers, which is essentially Gödel’s, is adopted. It is main-
tained that the notion of an effectively calculable function of positive integers
should be identified with that of a recursive function, . . . ”

By the beginning of 1936 Church [1936] and Kleene [1936b] had proved
that the λ-definable functions coincided. In spite of this “concurrence,”
Gödel still did not accept Church’s Thesis. Gödel had considered the ques-
tion of characterizing the calculable functions in [1934] when he wrote,
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“[Primitive] recursive functions have the important property that,
for each given set of values for the arguments, the value of the
function can be computed by a finite procedure3.”

Footnote 3.
“The converse seems to be true, if, besides recursion according to
scheme (V) [primitive recursion], recursions of other forms (e.g.,
with respect to two variables simultaneously) are admitted. This
cannot be proved, since the notion of finite computation is not
defined, but it serves as a heuristic principle.”

The second paragraph, Gödel’s footnote 3, gives crucial insight into his
thinking about computability. Gödel said later that he was not sure that his
system of Herbrand-Gödel recursive functions comprised all possible recur-
sions. Furthermore, his final sentence suggests that he may have believed
such a characterization “cannot be proved,” but is a “heuristic principle.”
This suggests that Gödel was waiting not only for a formal definition but
evidence that it captured the informal notion of effectively calculable. Gödel
later found this in Turing’s work but not in Church’s.

3 Turing’s a-Machine

As 1936 began, there was a stalemate at Princeton about computability.
Church [1936] and Kleene [1936a] accepted Church’s Thesis but Gödel, the
most important figure, did not. The stalemate was broken by a youth a
continent away. Alan Turing had already proved the Central Limit Theorem
in probability theory (not knowing it had been previously proved), and as a
result Turing had been elected a Fellow of King’s College, Cambridge.

The work of Hilbert and Gödel had already attracted interest at Cam-
bridge University where topologist Professor M.H.A. (Max) Newman gave
lectures on Hilbert’s Entscheidungsproblem in 1935. Alan Turing attended.
Turing returned to Newman in April, 1936 with a solution.

Turing’s mother had had a typewriter which fascinated him as a boy,
according to Turing’s biographer, Hodges [1983]. Turing designed his auto-
matic machine (a-machine) as a kind of typewriter with an infinite carriage
over which the reading head passes with the ability to read, write, and
erase one square at a time. Most significant was Turing’s analysis of the
intuitive conception of a “function produced by a mechanical procedure.”
In a masterful demonstration, which Robin Gandy considered as precise as
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most mathematical proofs, Turing analyzed the informal nature of func-
tions computable by a finite procedure, and demonstrated that they coin-
cide with those computable by an a-machine, and soon Turing [1937b] would
prove that they coincided with Turing computable functions. Also, Turing
[1936:243] introduced the universal Turing machine which has great theo-
retical and practical importance. Turing’s Thesis is now almost universally
accepted.

Thesis 3.1 (Turing’s Thesis, 1936). A function on the integers is computable
by a finite procedure if and only if it is computable by a Turing a-machine.

Church [1936] had tried to give a similar informal argument for Church’s
Thesis but Gandy [1988:79] and especially Sieg [1994:80, 87] in their excel-
lent analyses brought out the weakness in Church’s argument. In 1936,
Turing’s was the only convincing demonstration of any thesis that a formal
definition captured the informal notion of computable. Gödel’s reaction was
extraordinary. He never accepted Church’s Thesis, but he accepted Turing’s
Thesis at once.1

“That this really is the correct definition of mechanical com-
putability was established beyond any doubt by Turing.”

-Gödel 193? Notes in Nachlass [1935]

“ But I was completely convinced only by Turing’s paper.”
-Gödel: letter to Kreisel of May 1, 1968 [Sieg, 1994, p. 88].

“ . . . one [Turing] has for the first time succeeded in giving an
absolute definition of an interesting epistemological notion, i.e.,
one not depending on the formalism chosen.”

-Gödel, Princeton Bicentennial, [1946, p. 84].

1Gödel was interested in the intensional analysis of a finite procedure. He never be-
lieved the confluence evidence which Church presented to justify his Thesis. On the other
hand Gödel accepted immediately not only Turing machines, but more importantly the
analysis Turing gave of a finite procedure. The fact that Turing machines were later
proved extensionally equivalent to general recursive functions did not convince Gödel of
the intrinsic merit of the other definitions.
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4 Turing’s Oracle Machine

4.1 An Extraordinary but Almost Incidental Discovery

Perhaps Turing’s most important invention, that of an oracle machine, ap-
peared very briefly in Turing [1939, §4]. It appeared as an aside and was
unnecessary there. Turing’s oracle machine was developed by Post into
Turing reducibility and other reducibilites. Turing reducibility allows us to
measure the information content and complexity of structures and sets. It
is the most important concept in computability theory. Today the notion of
a local machine interacting with a remote data base or remote machine is
central to practical computing.

After Turing’s a-machine discovery in April, 1936, Max Newman at Cam-
bridge suggested that Turing go to Princeton to study with Church. Turing
completed his Ph.D. at Princeton under Church from 1936–1938. Many
mathematicians found Gödel’s Incompleteness Theorem unsettling. Tur-
ing’s dissertation [1939] was on ordinal logics, apparently a suggestion of
Church, and was an attempt to get around Gödel’s incompleteness theorem
by adding new axioms. If T1 is a consistent extension of Peano arithmetic,
then the arithmetical sentence σ1 asserting the unprovability of itself is in-
dependent of T1 but we can form a new theory T2 = T1∪{σ1} which strictly
extends T1. One can continue this sequence through all the computable
(constructive) ordinals.

4.2 Turing’s Use of Oracle Machines

In one of the most important and most obscure parts of all of computability
theory, Turing wrote in his ordinal logics paper [1939, §4] a short statement
about oracle machines.

“Let us suppose we are supplied with some unspecified means of
solving number-theoretic problems; a kind of oracle as it were.
. . . this oracle . . . cannot be a machine.

With the help of the oracle we could form a new kind of ma-
chine (call them o-machines), having as one of its fundamental
processes that of solving a given number-theoretic problem.”

Turing [1939, §4] introduced oracle machines for a very specific purpose.
In the preceding section [1939, §3] Turing had considered Π2 predicates (∀∃-
predicates over a computable matrix), and had shown that the Reimann Hy-
pothesis and other common problems were Π2 which Turing called “number
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Figure 1: Oracle Turing Machine

theoretic.” For example, the question whether a Turing a-machine computes
a partial function with infinite domain is Π2 . More precisely, let ϕe be the
partial computable function computed by the Turing program Pe with Gödel
number e and let We be the domain of ϕe. Now We a Σ1-set. Define

Inf = { e : We is infinite }.

Now Inf is Π2, and in fact Π2-complete, although the latter concept arose
only later. See Soare [1987] Theorem 3.2 that Inf is Π2-complete, i.e., that
for every Π2 set V there is a computable function f such that x ∈ V iff
f(x) ∈ Inf.

Turing invented oracle machines to construct a set which was not Π2.
This could easily have been accomplished by a diagonal argument without
oracle machines. Turing put the oracle Inf on the oracle tape. By the same
diagonal argument as in Turing [1936] for a noncomputable function he used
the oracle machine to construct a non Π2 set. Turing wrote in [1939, §4],

“Given any one of these machines we may ask the question
whether it prints an infinity of figures 0 or 1; I assert that this
class of problem is not number-theoretic [i.e., Π2].”

In his excellent analysis of Turing [1939], Sol Feferman [2006] wrote,

“In section 4 Turing introduced a new idea that was to change
the face of the general theory of computation (also known as
recursion theory) but the only use he made of it was curiously
inessential. His aim was to produce an arithmetical problem
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that is not number-theoretic in his sense , i.e., not in ∀∃-form.
This is trivial by a diagonalization argument, since there are only
countably many effective relations R(x, y) of which we can could
say that ∀x∃yR(x, y) holds. Turing’s way of dealing with this,
instead, is through the new notion of computation relative to an
oracle.” . . .

“He then showed that the problem of determining whether an
o-machine terminates on any given input is an arithmetical prob-
lem not computable by any o-machine, and hence not solvable
by the oracle itself. Turing did nothing further with the idea of
o-machines, either in this paper ofterward.”

For a fixed set A ⊆ ω, the set of positive integers, effectively number all
Turing oracle programs. Let ΦA

e (x) denote the partial function computed by
the o-machine with Gödel number e and with A on the oracle tape. Define
the relative halting set

(1) KA = { e : ΦA
e (e) halts }.

Theorem 4.1 (Turing, 1939). Given A the set KA is not computable in A.

Turing [1936] showed that there is a diagonal set not computable by a
Turing a-machine. The same proof on o-machines relativized toA establishes
the theorem. His specific application is that if A = Inf, then KA is not Π2.
In 1939 Turing left the topic of oracle machines, never to return. It mostly
lay dormant for five years until it was developed in a beautiful form by Post
[1944], [1948], Kleene-Post [1954] and other papers.

5 Emil Post Extends Turing’s Work

5.1 Post’s Early Work

The spirit of Turing’s work was taken up by the American mathematician,
Emil Post, who had been appointed to a faculty position at City College
of New York in 1932. Post [1936], independently of Turing (but not inde-
pendently of the work by Church and Kleene in Princeton), defined a “fi-
nite combinatory process” which closely resembles a Turing machine. From
this it is often and erroneously written (Kleene [1987b:56], and [1981:61])
that Post’s contribution here was “essentially the same” as Turing’s, but,
in fact, it was much less. Post did not attempt to prove that his formal-
ism coincided with any other formalism, such as general recursiveness, but
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merely expressed the expectation that this would turn out to be true, while
Turing [1937b] proved the Turing computable functions equivalent to the
λ-definable ones. Post gave no hint of a universal Turing machine. Most
important, Post gave no analysis, as did Turing, of why the intuitively com-
putable functions are computable in his formal system. Post offers only as
a “working hypothesis” that his contemplated “wider and wider formula-
tions” are “logically reducible to formulation 1.” Lastly, Post, of course, did
not prove the unsolvability of the Entscheidungsproblem because at the time
Post was not aware of Turing [1936], and Post believed that Church [1936]
had settled the Entscheidungsproblem. Furthermore, Post wrote [1936] that
Church’s identification of effective calculability and recursiveness was work-
ing hypothesis which is in “need of continual verification.” This irritated
Church who criticized it in his review [1937b] of Post [1936]. Post’s con-
tributions during the 1930’s were original and insightful, corresponding in
spirit to Turing’s more than to Church’s, but they were not as influential as
those of Church and Turing. It was only during the next phase from 1940
to 1954 that Post’s remarkable influence was fully felt.

As Turing left the subject of pure computability theory in 1939, his
mantle fell on Post. Post continued the tradition of clear, intuitive proofs,
of exploring the most basic objects such as computability and computably
enumerable sets, and most of all, exploring relative computability and Turing
reducibility. During the next decade and a half, from 1940 until his death
in 1954, Post played an extraordinary role in shaping the subject.

Post [1941] and [1943] introduced a second and unrelated formalism
called a production system and (in a restricted form) a normal system,
which he explained again in [1944]. Post’s (normal) canonical system is
a generational system, rather than a computational system as for general
recursive functions or Turing computable functions, because it gives an al-
gorithm for generating (listing) a set of integers rather than computing a
function. This led Post to concentrate on effectively enumerable sets rather
than computable functions.

5.2 Post Defines Relative Computability

Post’s most influential achievement during this period was the remarkably
clear and intuitive paper [1944], Recursively enumerable sets of positive in-
tegers and their decision problems. Post defined the notion of one set to be
reducible to another and Post [1948] introduced the terms degree of unsolv-
ability for the equivalence class of all sets mutually reducible to one another.

Post’s paper [1944] revealed with intuition and great appeal the signif-
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icance of the computably enumerable sets and the importance of Gödel’s
Incompleteness Theorem. Post called Gödel’s diagonal set,

(2) K = { e : e ∈We }

the complete set because every c.e. set We is computable in K (We ≤T K).
The set K has the same degree as the halting problem of whether a Turing
machine with program Pe halts on a given input x. Moreover, Post felt
that the creative property of K revealed the inherent creativeness of the
mathematical process. Post posed his famous “Post’s problem” of whether
there exists a computably enumerable (c.e.) set A such that ∅ <T A <T K.

5.3 Post Began With Strong Reducibilities

In 1944 researchers did not understand Turing reducibility. Post himself was
struggling to understand it and did not explicitly discuss it until the very end
of his paper, and even then only in general terms. Post’s contributions from
1943 to 1954 concerning relative computability are remarkable. First, Post
resurrected in [1944] the concept of oracle machines which had been buried in
Turing’s [1939] paper and which other researchers had apparently ignored for
five years. Second, Post defined a sequence of strong reducibilities to better
understand the concept of a set B being reducible to a set A, including
B ≤tt A, truth-table reducible, and B ≤m A, m-reducibility.

Slowly Post’s understanding deepened of the general case of one set B
being reducible (Turing reducible) to another set A. Post continued gaining
a deeper and deeper understanding from 1943 to 1954 until he had brought
it to full development. Our modern understanding of relative computability
and Turing functionals is due more to Post and his patient and persistent
efforts over more than a decade, than to anyone else.

It was only at the end of Post’s paper [1944] in the last section, §11
General (Turing) Reducibility, that Post defined and named for the first
time “Turing Reducibility,” denoted B ≤T A, and began to discuss it in
intuitive terms. Post’s four and a half page discussion there is the most
revealing introduction to effective reducibility of one set from another. In
the same crisp, intuitive style as in the rest of the paper, Post described the
manner in which the decision problem for one set S1 could be reduced to
that of a second set S2. Post wrote it for a c.e. set S2 in studying Post’s
problem, but the analysis holds for any set S2. Post wrote in [1944, §11],

“Now suppose instead, says Turing [1939] in effect, this situation
obtains with the following modification. That at certain times
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the otherwise machine determined process raises the question is
a certain positive integer in a given recursively enumerable set
S2 of positive integers, and that the machine is so constructed
that were the correct answer to this question supplied on every
occasion that arises, the process would automatically continue to
its eventual correct conclusion. We could then say that the ma-
chine effectively reduces the decision problem of S1 to that of S2.
Intuitively, this would correspond to the most general concept
of reducibility of S1 to S2. For the very concept of the decision
problem of S2 merely involves the answering for an arbitrarily
given single positive integer m of the question is m in S2; and in a
finite time but a finite number of such questions can be asked. A
corresponding formulation of “Turing reducibility” should then
be the same degree of generality for effective reducibility as say
general recursive function is for effective calculability.”

Post’s statement may be restated in succinct modern terms and incorpo-
rates the statement implicit in Turing [1939, §4] in the following extension
of Turing’s Thesis 3.1.

Thesis 5.1 (Post-Turing Thesis). One set B is effectively reducible to an-
other set A iff B is Turing reducible to A by a Turing oracle machine
(B ≤T A).

Post [1948] defined two sets A and B to have the same “degree of un-
solvability,” Turing degree if they code the same information, i.e., A ≡T B.

5.4 Developing the Turing Jump

Gödel [1931] was the first to introduce the diagonal Π1-set D. The com-
plement D is computably isomophic to the complete Σ1-set K, defined in
(2). By relativizing Post’s results to the set KA defined by Turing in (1)
we see that KA is c.e. in A and A <T KA, i.e., KA is of strictly higher
Turing degree than K. Post [1944] noted that Turing was the first to define
KA in this form relative to an oracle A, although Turing did not develop
its properties. More properties of the jump and of Turing reducibility were
developed in Kleene-Post [1954]. Let A′ denote the Turing jump KA. Let
0′ be the degree of ∅′. The jump operator is well-defined on Turing degrees
and gives a hierarchy in the diagram of Turing degrees.

11



0

0′

0′′

0(n)

...

degrees a ≤ 0′ c.e. degrees C

all
Turing
degrees
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6 Computability and Recursion

Starting in 1936, Church and Kleene used the term “recursive” to mean
“computable” even though Turing and Gödel later objected. Kleene later
introduced the term “recursive function theory” for the subject although
Gödel disagreed (see below). This was the first time in history that the term
“recursive” which had meant roughly “inductive” acquired the additional
meaning “computable” or “calculable.” After 1996 the term ‘recursive”
was again used only to mean “inductive” not “computable” or “calculable.”
From 1931 to 1934 Church and Kleene had used the λ-definable functions
as the formal equivalent of effectively calculable functions, and Church had
first proposed his thesis privately to Gödel in that form.

6.1 Church Defended His Thesis With “Recursive”

Church’s first version of his thesis privately to Gödel in 1934 was that
a function is effectively calculable if and only if it is λ-definable. When
Gödel strongly objected to this thesis, Church turned instead to Gödel’s
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own Herbrand-Gödel general recursive functions as a formalism and pro-
posed in [1935] and [1936] the well-known form of his thesis that a function
on the positive integers is effectively calculable if and only if it is recursive.

Church and Kleene knew almost immediately and published by 1936
the proof of the formal equivalence of recursive functions with λ-definable
functions. After seeing Gödel’s lectures in 1934, Church and Kleene dropped
the λ-definable functions and adopted the recursive functions. This was not
because of the inadequacy of λ-definable functions in comparison to the
recursive functions. Indeed, Church seems to have preferred the λ-definable
functions and caused Turing to write his thesis [1939] in that formalism.

Church was very eager for mathematicians to accept his thesis, and he
knew that the recursive functions were more familiar to a mathematical
audience than λ-definable ones. Church and Kleene used the second version
of Church’s Thesis, phrased in terms of recursive functions primarily for
public relations. Kleene [1981] explained that in 1933–1935 audiences were
rather chilly to lectures on λ-definability. Church and Kleene were simply
doing what most scientists do, arrange the work in a framework which will
be understandable and appealing to as large a scientific audience as possible.
Ironically, this is exactly what caused the change in 1996 from “recursive”
back to “computable” because in 1996 the term “computable” was much
better understood by a general audience than “recursive.” The irony is that
the term “computable” was there all along and was strongly preferred by
Turing and Gödel from the beginning.

6.2 Church and Kleene Let “Recursive” Mean “Computable”

By 1936 Kleene and Church had begun thinking of the word “recursive” to
mean “computable.” Church had seen his first thesis rejected by Gödel and
was heavily invested in the acceptance of his 1936 thesis in terms of recursive
functions. Without the acceptance of this thesis Church had no unsolvable
problem. Church wrote in [1936:] printed in Davis [1965] that a “recursively
enumerable set” is one which is the range of a recursive function. This is
apparently the first appearance of the term “recursively enumerable” in the
literature and the first appearance of “recursively” as an adverb meaning
“effectively” or “computably.”

In the same year Kleene [1936] cited in Davis [1965:238] mentioned a
“recursive enumeration” and noted that there is no recursive enumeration
of Herbrand-Gödel systems of equations which gives only the systems which
define the (total) recursive functions. By a “recursive enumeration” Kleene
states that he means “a recursive sequence (i.e., the successive values of
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a recursive function of one variable).” Post [1944], under the influence of
Church and Kleene, adopted this terminology of “recursive” and “recursively
enumerable” over his own terminology [1943], [1944] of “effectively generated
set,” “normal set,” “generated set.” Thereafter, it was firmly established
until 1996.

6.3 Gödel Rejects “Recursive Function Theory”

Neither Turing nor Gödel ever used the word “recursive” to mean “com-
putable.” Gödel never used the term “recursive function theory” to name
the subject; when others did Gödel reacted sharply negatively, as related by
Martin Davis.

In a discussion with Gödel at the Institute for Advanced Study in
Princeton about 1952–54, Martin Davis casually used the term
“recursive function theory” as it was used then. Davis related,
“To my surprise, Gödel reacted sharply, saying that the term in
question should be used with reference to the kind of work Rosza
Peter did.”

(See Peter’s work on recursions in [1934] and[1951].) By 1990 the situation
had become very difficult. Most people have access to a personal computer
on their desks and the terms of computing were familiar to the general pop-
ulation, but “recursive” was limited to a very small number who mainly
associated it with a first year programming course or a definition by induc-
tion in mathematics and almost never with computability. So few people
understood the meaning of “recursive” that by 1990, we had to begin my
papers with,

“Let f be a recursive function (that is, a computable function),”

as if we were writing in Chinese and translating back into English.

6.4 The Ambiguity in the Term “Recursive”

The traditional meaning of “recursive” as “inductive” led to ambiguity.
Kleene often wrote of calculation and algorithms dating back to the Baby-
lonians, the Greeks and other early civilizations. However, Kleene [1981b,
p. 44] wrote,

“I think we can say that recursive function theory was born
there ninety-two years ago with Dedekind’s Theorem 126 (‘Satz
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der Definition durch Induktion’) that functions can be defined
by primitive recursion.”

Did he mean that recursion and inductive definition began with Dedekind or
that computability and algorithms began there? The latter would contradict
his several other statements, such as Kleene [1988, p. 19] where he wrote,
“The recognition of algorithms goes back at least to Euclid (c. 330 B.C.).”
When one uses a term like “recursive” to also mean “computable” or “algo-
rithmic” as Kleene did, then one is never sure whether a particular instance
means “calculable” or “inductive” and our language has become indistinct.
Returning “recursive” to its original meaning of “inductive” has made its
use much clearer. We do not need another word to mean “computable.” We
already have one.

6.5 Changing “Recursive” Back to “Inductive”

By 1996 the confusion had become intolerable. Soare [1996] wrote an arti-
cle, Computability and Recursion, for the Bulletin of Symbolic Logic on the
history and scientific reasons for why we should use “computable” and not
“recursive” to mean “calculable.” “Recursive” should mean “inductive” as
is had for Dedekind and Hilbert. At first few were willing to make such a
dramatic change, overturning a sixty year old tradition of Kleene, and the
words “computability theory” and “computably enumerable (c.e.) set” did
not come easily. However, in a few months more people were convinced by
the undeniable logic of the situation. Three years later at the A.M.S. con-
ference in Boulder, Colorado referenced in Soare [2000], most researchers,
especially those under forty years old, had adopted the new terminology and
conventions. Changing back from from “recursive” to “computable” during
1996–1999 has had a number of advantages.

Historical Accuracy. The founders of the two key models of com-
putabilty, Turing and Gödel, had never used “recursive” to mean com-
putable and indeed had objected when it was so used. The object of
everyone was to formally capture the informal concept of “effectively
calculable” which Turing machines did to Gödel’s satisfaction, while at
first Gödel’s own model of Herbrand-Gödel recursive functions did not.
The object was never to understand the notion of recursions or induc-
tive definitions. In 1935 Church adopted Gödel’s recursive functions
as a definition of effectively calculable before seeing Turing machines.
As Kleene relates, Church and Kleene did this mostly as a matter of
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public relations to relate to a concept mathematicians could under-
stand, not in an attempt to better understand the nature of recursion
and inductive definition.

Scientific Accuracy. The words “calculate” and “compute” are very
close in the dictionary, the former being a bit more general. The
word “recursive” means a procedure characterized by recurrence or
repetition from the Latin verb “recurrere,” to run back. The word
has nothing to do with “calculate” or “compute.” The general public
understands the first two words in this context. To the extent that they
have any idea about “recursive” they understand it in this context.
For example, a first year programming course speaks of definition by
iteration versus definition by recursion.

Name Recognition. Suppose a student is scanning a catalogue for a
course to take and sees the course title “Recursive Function Theory”
versus “Computability Theory.” Which will give him more information
about the content of the course? Should a fresh Ph.D. apply for jobs
under the general area of his work as the first or second? Should a
professor write an abstract for his lecture at another university under
the first title or second?

Names do matter. They mattered to Church and Kleene in 1936 when
they changed from the term “λ-definable function” to “recursive function”
to achieve greater name recognition among mathematicians and to make
Church’s Thesis more convincing before the appearance of Turing. Names
matter today as we try to relate our specialty of computability to the world
of computers and algorithmic procedures all around us, a world partially
created by Turing.

7 The Consequences of Computable

By 1990 many people were using “computability” in their lectures or papers
to better inform the audience, but they all still used the terms, “recursive
function” and “recursively enumerable (r.e.) set” with their original mean-
ing. Soare [1996] challenged the sixty year old tradition of Church and
Kleene. He recommended using “computable” as Turing and Gödel had
done and as we do today. But in a stronger break with tradition he intro-
duced new phrases like “computably enumerable set,” and “computability
theory,” and advocated no longer using “recursive” to mean computable but
only “inductive,” its original meaning. So long as people used “recursive” to
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mean “computable,” they could not escape the hegemony of that tradition.
The new phrases did not come easily to researchers conditioned by sixty
years of the old tradition, but the gradually accepted. With each use of the
terms scholars were reminded that the subject is about computability and
not recursion (inducetion). As this seeped into the minds of scholars more
connections with other fields arose.

The primary accomplishment of Soare [1996] was to make that change.
The suggestions of Soare [1996] were largely adopted three years later by
the time of the AMS meeting in Boulder in 1999 which was entitled, “Com-
putability Theory and its Applications,” a title which would have been un-
thinkable in 1995. Likewise, the Elsevier Handbook of Recursion Theory,
planned in the mid 1990’s, became by 1999 Handbook of Computability The-
ory, and the lead article was Soare’s invited paper, The History of Com-
putability Theory.

Soon there spang up many more connections between computability the-
ory and ourside disciplines and organizations. For example, Barry Cooper
and his colleagues founded Computability in Europe, an organization with
a yearly meeting and several hundred scholars in diverse fields attending,
a journal, and the sponsorship of books on computability. Barry Cooper
stated that the founding of a broadly based organization in the theory of
computability, such as Computability in Europe, could not have arisen under
the name “Recursion in Europe.” Names do matter. Philosopher Charles
S. Peirce described the importance of language for science this way.

“the woof and warp of all thought and all research is symbols,
and the life of thought and science is the life inherent in symbols;
so that it is wrong to say that a good language is important to
good thought, merely; for it is of the essence of it.”
—-Charles Sanders Peirce, The Ethics of Terminology, Volume II
Elements of Logic in: Peirce [1960: 129].
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