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ABSTRACT

We consider algorithmic problems for simple curves on a surface M with non-empty
boundary. The surface M is given by a triangulation 7" such that all vertices of T'
are on dM. The isotopy class of a simple curve is given by normal coordinates - a
sequence of intersection numbers of o with the edges of T. This is the compressed
representation as opposed to the explicit representation which lists the intersections
and is exponentially larger than the compressed representation

The GEOMETRIC INTERSECTION NUMBER problem is to determine the mini-
mal number of intersections of two curves achievable by deforming the curves. The
DEHN-TWIST problem is to compute the Dehn-twist of a simple curve along another
closed simple curve. We give the first polynomial-time algorithm for DEAN-TWIST
and, as a consequence, for GEOMETRIC INTERSECTION NUMBER, in the compressed
representation. The previous algorithms ([Pen84, HTC96]) only allowed computing
Dehn-twists along a specific set of simple closed curves.

The STRING GRAPH problem asks if a graph can be realized as an intersection
graph of a set of curves in the plane, that is, whether there exists a collection of curves,
one for each vertex, such that two curves intersect if and only if the corresponding
vertices are adjacent. The problem originated as a layout problem for integrated
circuits [Sin66]. The decidability of the STRING GRAPH problem was open for over
thirty years. We will first show that the problem is in NEXP, and then, using algo-
rithms for simple curves on surfaces, we will further decrease the complexity to NP,
completely resolving the status of the STRING GRAPH problem which turns out to
be NP-complete.

The crossing number of a graph G is the minimum number of intersections in
a drawing of GG in the plane. The odd crossing number of a graph G is the mini-
mum number of pairs of edges that cross odd number of times in a drawing of G.

Hanani [Han34] and Tutte [Tut70] showed that if the odd crossing number is zero

vil



viii
then the crossing number is zero as well. Pach and Téth asked whether the numbers
are the same for all graphs. Our study of the intersection numbers has lead us to
an infinite sequence of graphs for which the ratio of the odd crossing number and

the crossing number approaches v/3/2. We leave it as an intriguing open question

whether ratio smaller than v/3/2 can be achieved.
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CHAPTER 1
INTRODUCTION

1.1 Polynomial-time algorithms for curves on surfaces in

compressed representation

Topology is a source of interesting, but often undecidable, algorithmic problems.
Some of the decidable problems lead to practical applications; for example, braid
groups have been used to construct public key cryptosystems [AAFGO01, KLC'00].
The braid group B, acts naturally on simple curves on the n-times punctured disk,
which motivates the study of algorithms on simple curves on surfaces. Another driv-
ing force for studying simple curves on surfaces comes from graph drawing - better
understanding of simple curves on surfaces may lead to improved algorithms for vi-
sualization of graphs.

Algorithmic problems for curves on surfaces have been studied already by Dehn
in 1912 (see [Sti99]). Dehn gave algorithms for the CONTRACTIBILITY (deciding if
a curve can be continuously contracted to a point) and TRANSFORMABILITY prob-
lems (deciding if a curve can be continuously transformed to another curve). These
problems have been further studied in the CS community, culminating in an optimal
algorithm [DG99].

The GEOMETRIC INTERSECTION NUMBER problem is to determine the minimal
number of intersections of two curves achievable by deforming the curves. Cohen and
Lustig [CL87] gave first combinatorial algorithm for computing the geometric inter-
section numbers on surfaces with non-empty boundary. The algorithm was extended
by Lustig [Lus87] to the case of surfaces with no boundary. Another algorithm was
given by Hamidi-Tehrani [HT97].

In all the algorithms cited above, the curves are represented either as words in the

fundamental group or as sequences of vertices and edges in a triangulation. We will
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2

call such representations explicit. Simple curves on a surface can be represented more
succinctly. Kneser observed in 1930 that the isotopy class of a simple curve in M is
determined by the number of intersections with each edge of a triangulation 7" of M if
T has no internal vertices (i. e. all vertices of ¢ lie on M) [Kne30]. The representation

is called “normal coordinates.”

Normal coordinates require space logarithmic in the
size of the explicit representation. There are other succinct representations of simple
curves which are polynomial-time equivalent to normal coordinates: Dehn-Thurston
parameterization, “measured train tracks” and compressed representation of words
in the fundamental group. We call such representations compressed.

A Dehn twist along a simple closed curve v in a surface is a homeomorphism
of the surface to itself obtained by cutting the surface along 7, rotating one of the
new boundaries 360 degrees (fixing everything outside a small neighborhood of the
boundary) and then gluing the new boundaries back. Penner [Pen84] and Hamidi-
Tehrani and Chen [HTC96] gave algorithms to compute Dehn twists along a partic-
ular set of simple curves. Both algorithms are polynomial-time in the compressed
representation. In Section 3.5 we give a polynomial-time algorithm to compute
Dehn twist of a simple curve along any simple closed curve, where both curves are
given in compressed representation. As a consequence we obtain, in Section 3.7, the
first polynomial-time algorithm for the GEOMETRIC INTERSECTION NUMBER prob-
lem. Previous algorithms used explicit representations and therefore took exponential
time [CL87, Lus87, HT97].

The work discussed in Chapter 3 was done jointly with Eric Sedgwick and Marcus
Schaefer. Parts appeared in [SSS02].

1.2 The string graph problem

The STRING GRAPH problem asks if a graph can be realized as an intersection graph
of a set of curves in the plane (i.e., whether there exists a collection of curves, one for
each vertex, such that two curves intersect if and only if there is an edge between the
corresponding vertices). The problem originated as a layout problem for integrated

circuits [Sin66]. Kratochvil [Kra91] showed that the problem is NP-hard. Kratochvil
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and Matousek gave an example of a graph whose realization requires exponentially
many intersections. The decidability of the STRING GRAPH problem was open for
over thirty years.

In Section 4.2 we will show that the STRING GRAPH problem is in NEXP. We
will study the following problem. Let g, ..., v, be simple curves where 7; connects
points u; and v;. Suppose that v1,..., v, intersect 79 in m points. Is it possible to
redraw the curves v1,..., 7, in a regular neighborhood of 7 in such a way that (i)
7; still connects u;, v;; (ii) the number of intersections of no pair of curves increases;
(iii) the number of intersections on v strictly decreases. We will show that such a
redrawing is possible if m > 2" and the curves are in a plane. This result is tight
by an example of Kratochvil and Matousek [KM91]. The decidability of the STRING
GRAPH problem was also settled, independently, by Pach and T6th [PTO1].

In Section 4.3 we completely resolve the complexity of the STRING GRAPH prob-
lem by showing that it is in NP and therefore NP-complete. Handling simple curves
given by compressed representation is key to lowering the complexity.

The work discussed in Sections 4.2 and 4.4 was done jointly with Marcus Schaefer.
It appeared in [SSOO, SSo1, SSO4]. The work discussed in Section 4.3 was done jointly
with Eric Sedgwick and Marcus Schaefer. It appeared in [SSSO2, SSSOS].

1.3 Crossing numbers

Crossing number cr(G) of a graph G is the minimum number of crossings in a drawing
of G in the plane (e.g., planar graphs are the graphs with cr(G) = 0). Crossing
numbers are used to obtain lower bounds on the chip area in the VLSI design [Lei84].
Computing crossing numbers is difficult even for very regular graphs - for example
we do not know the value cr(Ky1). The main obstacle is that there are no known
techniques to prove lower bounds on cr(G). Since the problem of deciding whether
cr(G) < k is NP-hard [GJ83], it is unlikely that general techniques exist.

Odd crossing number ocr(G) of a graph G is the minimum number of pairs of edges
which cross odd number of times in a drawing of G in the plane. Hanani [Han34]

and Tutte [Tut70] showed that if odd crossing number of a graph is zero then the
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graph is planar (i.e., cr(G) = 0 < ocr(G) = 0). Another justification for the
concept of odd crossing number is the following: (i) experimental evidence suggests
that ocr(K,) = cr(Ky); (ii) The (independent) odd crossing number of a graph can
be formulated as a closest codeword problem in a linear code over Z/2Z. Perhaps the
symmetry of K, can be exploited to solve the closest codeword problem and hence
compute ocr(Ky) (and hopefully cr(Kp,) as well).

Pach and Téth [PT00b] asked the following natural question: Is ocr(G) = cr(G)
for every graph G? In Section 5.3 we show an example of a graph G with cr(G) #
ocr(G). In order to construct G we study maps on surfaces. A map R in a surface M
is a collection of pairs of points {(a1,b1), ..., (an,bp)} on OM such that a; and b; lie
on different components of OM (for i € [n]). We show that for maps on the annulus
cr(R) can be computed by a linear program. This allows us to construct an example
of a map R with ocr(R)/cr(R) = v/3/2. This yields an infinite sequence of graphs
for which the ratio of the odd crossing number and the crossing number approaches
\/5/ 2. We leave it as an intriguing open question whether ratio smaller than \/3/ 2
can be achieved.

The work discussed in Chapter 5 was done jointly with Michael Pelsmajer and

Marcus Schaefer.



CHAPTER 2
PRELIMINARIES

2.1 Model of computation

We will use the unit-cost word RAM model (see [Hag98] for a recent survey). The
model consists of a finite control where a program is stored and an infinite collection
of memory registers R[0], R[1],.... A register can hold an integer of absolute value
bounded by oW The parameter W is called word length. A program is a numbered

sequence of instructions. An instruction is one of the following:

e R[i]:= (constant)

e R[i]:=R[j] op RIk] (arithmetic operation)

R[i]1:=R[R[j1] (indirect addressing)
e goto (line number) (unconditional jump)

e if R[i] > 0 then goto (line number) (conditional jump)

The allowed arithmetic operations are +, —, -, and integer division /. The operations

are assumed to take unit time.

2.2 Words

An alphabet ¥ is a finite set of symbols. A word over alphabet ¥ is a finite sequence
of elements of ¥. The length of word w is denoted |w|. Let ©¥ be the set of all
words over ¥ of length k and let ¥* = [Jp>¢ Sk be the set of all words over X.
The empty word is denoted €. The set of all words over ¥ with the concatenation
operation and the empty word form a monoid (i.e., a set with associative binary
operation and a neutral element). Let w € ¥* and 1 < i < j < |w|. The subword
of w starting at position ¢ and ending at position j is denoted wl[i..j].

5



2.2.1 Straight-line programs

Some words can be described more succinctly than by an explicit sequence of letters -
they can be compressed. Perhaps the best known compression methods are Lempel-
Ziv-type algorithms [LZ76]. A variant called LZ1 (see e. g., [FT98]), works as follows.
The word w to be compressed is factored as w = ciuycousg . . . cpug, where the ¢; € ¥
are single letters and u; is the longest prefix of u;c; 11 ... uy appearing (as a substring)
in cjuy ...c;. We encode u; by giving the position of the first occurrence of u; in w
and the length of u;. The number k will be called the size of the LZ1 encoding of w
(the actual number of bits needed to encode w is O(k(log |w| + log |X]))).

The advantage of LZ1 compression is that it is easily computed. The disadvantage
is that manipulation of LZ1 encoded strings is relatively complicated, e. g., computing
the concatenation of LZ1 compressed strings is non-trivial. Straight-line programs,
which we describe next, do not have this shortcoming.

A straight-line program is a sequence of assignments to variables wy, wa, ..., wy
(in this order) such that right hand side of the assignment to w; involves only elements
of 3 and variables w;, j <14. The word generated by a straight-line program is the
word w assigned to the last variable (we will also say that w is given by the straight-
line program). The size of a straight-line program is the sum of lengths of the right
hand sides of assignments, with the right hand sides are viewed as words over ¥ U (2,
where Q = {wq,wy, ..., wy}.

Given a word w it is NP-hard to find the smallest straight-line program generating
w. In fact the size of the smallest straight-line program is NP-hard to approximate
within a factor of 1.0001 ([LS02]). An approximation algorithm with factor O(log |w|)

is known:

Theorem 2.2.1 ([CLLT02, Ryt02]) Let w € ©*. Let £ be the length of the LZ1

compression of w. Let s be the size of the smallest straight-line program of w. Then

¢ < s < 2log|wl.
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We note that the compression by straight-line programs is very far from universal.
We will show that some very natural operations do not preserve compressibility by
straight-line programs. Let u,v € {0,1}* be of the same length. Let u Vv € {0,1}*
be the bitwise OR of v and v, i.e.,

1 ifu;=1orv; =1,
(u V)= { ! !
0 otherwise.
Next example shows that u Vv might need exponentially longer straight-line program

than both v and v.

Lemma 2.2.2 Let p,q be primes, p < q. Let u = (Op_ll)q and v = (Oq_ll)p.
There are straight-line programs for u and v of size O(logpq). Let w = uV v. Any

straight-line program for w has size at least p/2.

Proof :

The straight-line programs for u and v are based on repeated squaring (once we

computed a word s, computing s needs only O(logn) additional assignments).
Now we show the lower bound on the length of a straight-line program for w.

Claim: Suppose that for a # b and k we have w[a...a + k] = w[b..b + k]. Then

k< 2q—2.

Proof: For the sake of contradiction suppose that £ > 2¢ — 1. There exists ¢ < ¢—1
such that ¢ | (a+c¢). From the assumption k£ > 2¢ — 1 we obtain that a+c+¢ < a+k.
Note that w[z] = 1 iff z = 0 (mod p) or x = 0 (mod ¢). Hence we have wla + ¢] =
wlb+c]=1and wja+c+q] =wb+c+q] =1. At most one of b+ cand b+c+¢q
can be divisible by p, but each is divisible by either p or ¢. Hence ¢ |b+ c¢. We just
showed @ = b (mod ¢). A similar argument shows a = b (mod p) and hence a = b, a
contradiction. O

Thus in the LZ1 encoding cjujcous . . . cguy of w each u; has length at most 2¢g—1
and hence k > pq/(2q). From Theorem 2.2.1 it now follows that any straight-line
program for w has size > p/2. [ |

A straight-line program is binary if every right hand side consists of either two
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variables or a single symbol from Y. A straight-line program of size s can be trans-
formed to a binary straight-line program of size < 3s generating the same word.
The transformation replaces assignment w; = wj, Wiy by a sequence of assignments
Uj ] = Wiy Wia, Uj 2 = Uj 1Wjg, - - - Wi = Uj fp oWy, and can be performed in time lin-
ear in s. For the wj, which are constants from X we need to add additional assignment

which assigns the constant to a variable.

2.2.2  Algorithms on compressed words

Lemma 2.2.3 Let w be a word given by a straight-line program P of size n. The
following problems can be solved in O(n) time on unit-cost RAM with word size W =

Q(log |w]):
a) compute the length |w| of w;
b) compute the number of occurrences of a € X in w;

c) given i,j,1 < i < j < |w|, compute a straight-line P' program for w' = wli..j].
The program P’ is obtained from P by adding one assignment with right-hand
side of length < 6n.

Proof :
W.l.0.g., P is binary. The part a) is trivial: if we know lengths of z, and xj and the
next assignment in P is xj, = xq1y then length || of 2 is |z4| + |7p]. Similarly we
obtain the part b).

Now we show part ¢). First suppose that i = 1, i.e., we want to compute a
prefix(zp, j) (the prefix of w = x;, of length 7). If x,, = x4} is the assignment to zy,

in P then

refix(xq, J if 7 <|zql,
preﬁx(xn,j) — { p ( a ]) ] — | Cl| (21)
zoprefix(zy, j — |xg|) otherwise.
Using equation (2.1) repeatedly we obtain a word w’ over {z1,..., 2} of length < n

such that prefix(zy,7) is equal to w’. By the same argument we can get a word for

suffix(xy,, j) (the prefix of w = x;, of length 7).
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Now we want to compute xy[i..j]. If 2, = z4xp is the assignment to zp, in P then

Tali..j] if j < |zql,
anlig] =< ap[(i — |za])--(G = |za])] if i > |zql, (2.2)

suffix(zq, |zq| — i + 1)prefix(zy, j — |zq]) otherwise.

Using equation (2.2) repeatedly we reduce the problem to the prefix and suffix cases
and obtain a word w’ over {1,...,z,} of length < 2n such that x,[i..j] is equal
to w’. The additional factor of 3 comes from the transformation of P to a binary

program. |

Lemma 2.2.4 Let w be a word given by a straight-line program P of size n. Let
ut,...,ug be words with |u;| < s (for all i € [k]). Then in time O(nks) we can

compute the number of occurrences of u; in w (for all i € [k]).

Proof :
Let z1,...,zy be the variables of P. We can compute in time O(ns) the prefix of
length s for each x; and the suffix of length s for each x;.

For the z; with |z;| < 2s we compute the number of occurrences of the u; explicitly
(e.g., using the KMP algorithm). Now let 2, := x;7}, be an assignment in P, where
|z¢| > 25. Suppose that we already know the number of occurrences of the u; in ;
and xj. To compute the number of occurrences of the u; in zy we only need to count
the occurrences of the u; which intersect the boundary between x; and zj. Again we

use the KMP algorithm on the string suffix(z;, s)prefix(zg, ). |

Theorem 2.2.5 ([MST97]) Let u,v be words given by straight-line programs P,
and P,. Let m be the size of P, and n be the size of P,. There is a deterministic
algorithm which decides whether w = v in time O(m2n2) on unit-cost word RAM with

word size W = O(m + n).

Theorem 2.2.6 ([GKPR96]) Let u,v be words given by straight-line programs Py
and Py. Let m be the size of P, and n be the size of Py,. There is a randomized

algorithm which
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e if u=wv always answers YES,
e if u # v answers NO with probability > 1 — .

The algorithm runs in time O(m + n) on unit-cost word RAM with word size W =
O(log1/9).

2.2.3 Word equations

Let ¥ be an alphabet of symbols and €2 be an alphabet of variables. A system of
equations E is a set of pairs (uf,upr) of words ur,up € (X UQ)*. The size |E]
of the system of equations is the sum of |uy| + |ug| summed over (ur,ug) € E. A
system of equations is quadratic if each variable x € €2 occurs at most twice in the
system.

A morphism h is a function h : ©* — ¥* such that h(uv) = h(u)h(v) for all
u,v € ¥*. A solution of a system of equations E is a morphism A : (X U Q)* — X*
such that A is identity on ¥* and h(uy) = h(up) for each (up,up) € E. The size of
the solution is >, [h()].

Word equations were shown to be decidable by Makanin [Mak77]. The upper

bound on the complexity of word equations was improved by Plandowski:

Theorem 2.2.7 ([Pla99]) The following problem can be solved in PSPACE:
INSTANCE: E a system of word equations.
QUESTION: Does E have a solution?

The problem is NP-hard even for quadratic word equations (see e.g., [RD99]).
Plandowski and Rytter [PRO8| showed that if the following (plausible) conjecture

is true then word equations are in NP (and hence NP-complete).

Conjecture 1 ([PR98]) There exists a constant C' such that if a system of equations

E of size n has a solution then it has a solution of size C™.
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Conjecture 1 is open even in the case of quadratic word equations.

A system of equations with length constrains is a system of equations to-
gether with a function ¢ : 2 — N. The solution has to respect the lengths, i.e., we
require |h(z)| = {(z).

Let I" be a set of symbols disjoint from €2 and ¥. The most general solution
of a system of equations £ with length constrains ¢ is a solution g over YU T (i.e.,
g(xz) € (X UT)*) such that for every solution h over X* there exists f : I' — X such
that h(z) = f(g(z)), x € Q.

Once we have the lengths, finding the solutions is easy:

Theorem 2.2.8 ([PR98]) Let E be a system of word equations with length con-
strains €. The most general solution of E can be found in time polynomial in

|E|+ > Inl(x).
z€)

In the next section we will see that for quadratic systems of word equations we

have a linear-time algorithm.

2.2.4 Diekert-Robson algorithm

Diekert and Robson [RD99] gave an algorithm which finds a straight-line program
P for the most general solution of a system of quadratic word equations with length

constrains ¢ : 2 — N.

Theorem 2.2.9 ([RD99]) Let E be a quadratic system of word equations with length

constrains €. The most general solution of E can be found in time O(|E|+ Y. Inf(z))

z€Q
on a unit-cost word RAM with word size W = Q(ln Y {(x)).
z€Q

The algorithm was extended to handle involutions by Diekert and Kufleitner [DK02].
We include a short description of the algorithm.

An involution is a function ¥ — X, a — @ such that @ = a for all a € .
Let Q be a disjoint copy of Q. We define a (formal) involution on QU Q by =+ &
and T — z for all € Q. The formal involution is extended to (X U QU Q)* by
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ULUQ ... up > Uy ... ugu1. We will only consider two special cases of involutions:

reversal (which fixes all a € ) and inverse (which fixes no a € X).

Theorem 2.2.10 ([DKO02]) Let E be a quadratic system of word equations with
length constrains (. The most general solution of E can be found in time O(|E| +

> Inl(x)) on a unit-cost word RAM with word size W = Q(In Y {(x)).
z€Q xe)

Let E be a system of equations with involution. W.1.0.g., we can assume that
all the equations are of the form z = zy, z € Q, 2,y € QUQUY, £(x), (y) > 1 and
0(z) = l(x) +L(y). If z € Q occurs twice on the left hand side of an equation, we say
that z is doubly defined.

If there are no doubly defined variables then the equations are the straight-line
program for the most general solution (all the undefined variables can be set arbitrar-
ily) and we are done. Suppose that some z is doubly defined. The algorithm builds
straight-line program P for the most general solution by executing the following steps.

If a variable is removed from E then its definition is added to P.

e Balancing: Equations {z = zy,x = pq} with ¢(qy) < 0.45 - £(z) are replaced by
{z = pr,r = qy} (where r is a new variable, /(r) = £(qy)). The balancing step is
applied in the mirror symmetric case as well (i. e., to equations {z = zy, y = pq}

with ¢(zp) < 0.45-4(z)).

e Reduction: This step is applied only if the balancing step cannot be applied.
We have z = zy and z = wv. W.lLo.g., l(x) > {(u).

— If /(x) = ¢(u) then occurrences of z, T are replaced by u, @ and occurrences

of y,% are replaced by v, v.
— If ¢(x) > l(u) then equations {z = zy,z = uv} are replaced by {z =
uw,v = wy} (where w is a new variable, {(w) = ¢(x) — £(u)). If moreover
x r = v and (w) > l(z)/2 then {r = ww,v = wy} are replaced

by {u = rs,y = sr} (where r,s are new variables with ((r) =
{(z) (mod £(u)), €(s) = £(u)—{(r)) and
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* © =T then {z = uv,v = wy} are replaced by {w = sz5} (where s, 2

are new variables with ¢(z) = ¢(w) (mod 2), £(s) = [£(w)/2]).

2.2.5 Extensions

Let ¥ be an alphabet. Let G be a graph on X. We assume that if ¢ and b are
connected then a and b are connected as well. A trace monoid given by G is
defined by ¥*/{ab = ba |{a,b} € G}, (i.e., the adjacent vertices in ¥ can commute).
Matiyasevich showed in 1996 that the solvability of equations in trace monoids is
decidable [DMM97]. We will need the following result which allows involutions in the

equations.

Theorem 2.2.11 ([DKO02]) The following problem can be solved in PSPACE:
INSTANCE: E be a quadratic system of word equations with involution, alphabet 3,

graph G on X.
QUESTION: Does E have a solution over the trace monoid given by G'?

2.3 Background on topology

In this section we review the definitions and results of topology that are used in the
dissertation. We refer the interested reader to [Sti93, Mas91, Lee00, FM97] for more

details.

2.3.1 General topological spaces

Topological space, continuous map, connectivity

A topological space is a pair (X, Ox), where Oy is a set of subsets of X such that
0,X € Ox and Oy is closed under the operations of union and finite intersection.
The elements of O are called open sets. A topological space X is called Hausdorff
if for every pair of distinct points p,q € X there exist disjoint open sets P,Q € Ox
such that p € P and ¢ € (. A collection of open sets B is called basis of X if every

open set can be written as union of sets from B. A topological space is compact
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if every covering by open sets has a finite subcovering. In the following we will only
consider topological spaces which are Hausdorff, compact and have countable basis.

A function f : X — Y between two topological spaces spaces is continuous if
the preimage of every open set is open (i.e., f_l(Oy) C Ox). A continuous function
is called a map. A homeomorphism of topological spaces X and Y is a bijection
f:X =Y such that both f and f~1 are continuous.

A topological space X is connected if there are no disjoint open sets P,Q € Ox
such that X = PU Q. A path a is a map of a: [0,1] — X. A topological space X
is path-connected if for any p,q € X there is a path from p to q.

Homotopy, embedding, isotopy

Two maps f,g,: X — Y are homotopic it there is a map H : X x [0,1] — Y, called
homotopy, such that H(-,0) = f(-) and H(-,1) = g(-). We say that a homotopy H
fixes p € X if H(p,-) is a constant function.

Two spaces X,Y are homotopy equivalent if there are maps f : X — Y and
g : Y — X, called homotopy equivalences, such that f o g is homotopic to the
identity map iy : X — X and g o f is homotopic to the identity map iy : ¥ — Y.
A space homotopy equivalent to a single point is called contractible.

An injective map f : X — Y is called an embedding. A homotopy H : X X
[0,1] — Y is called an isotopy if hs(-) = H(-,t) is an embedding for every ¢ € [0, 1].
Two embeddings f1, fo : X — Y are ambient isotopic if there is a continuous
deformation of ¥ (the ambient space) moving f1 to fo (i.e., if there is a map H :
Y % [0,1] — Y such that H(:,0) is the identity, H(-,t) : ¥ — Y is a homeomorphism
and H(-,1) o f1 = f3).

Sometimes it is convenient to specify a set P of points in Y, called punctures.
If there are punctures in Y we require that a homotopy H does not "pass through”

the punctures, i.e., H : X x [0,1] = Y\ P.
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Manzifolds

A d-manifold M (with boundary) is a Hausdorff topological space with a countable
basis of open sets where each point has a neighborhood homeomorphic to an open
disk in R? or R% = {(z1,...,24) € R? | x4 > 0}. We will only consider compact man-
ifolds. The boundary 0M of M is the set of points which do not have neighborhood
homeomorphic to RE. If OM = 0 we say that M is closed.

Given a topological space X and an equivalence relation ~ on X the quotient
space X/ ~ is defined as follows: the points of X/ ~ are the equivalence classes
{[z] |z € X} of ~in X and U C X/ ~ is open iff f~1(U) is open (where f : z > [z]).
Let My, My be disjoint d-manifolds. Let Dj, Dy be d-disks embedded in M7y, Moy
and let h : Di — Dy be a homeomorphism. The connected sum Mj;#M> is the
quotient space of M1 U Ms with x ~ h(z). The connected sum is independent (up to
homeomorphism) on the choice of Dy, Da and h.

Simplicial complexes

A n-simplex A" is a convex hull of a set of n + 1 points {p1,...,pp+1} in general
position in some R™, m > n. A subset of £+ 1 points from {p1,...,p,+1} determines
a (-dimensional face. An n-simplex is a n-manifold. The boundary 0A" is the
union of n — 1-dimensional faces of A™. A n-simplicial complex C is a union of
simplices of dimension < n such that any two simplices are either disjoint or they
intersect in a common face.

An orientation of a n-simplex A" is a ordering of the vertices {p1,...,pp+1} with
two orderings being equivalent if they differ by an even permutation. An orientation
of a simplicial complex C' is an ordering for each simplex in C' such that if two n-
simplices share an n — 1-face then the induced orientations on the n — 1 face are
opposite. A complex is orientable if there exists an orientation of the complex.
Orientability is a topological invariant (i. e. if C7 and Cy are homeomorphic then

either both are orientable or both are non-orientable).
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Definition 2.3.1 A triangulation of a topological space X is a simplicial complex

T together with a homeomorphism A : T — C.
Theorem 2.3.2 ([Rad25]) Every 2-manifold can be triangulated.

Theorem 2.3.3 ([Moi52]) Every 3-manifold can be triangulated.

Not every 4-manifold can be triangulated (see [AM90]).
Let C' be a n-simplicial complex. Let d;, ¢ = 0,...,n be the number of i-simplices

in C. The Euler characteristic of C is

The Euler characteristic is a topological invariant.

2.3.2 Surfaces

Paths, loops, fundamental group

Let M be a surface. Recall that a path « is a map of @ : [0,1] — M. If @ and S are
paths such that (1) = 3(0) then their product is the path 7 : [0,1] — M defined
by v(x) := «a(2z) and y(x 4+ 1/2) := 3(2z) for x € [0,1/2]. The inverse of a path «
is the path a1 defined by a~!(z) := a(1 — z) for z € [0, 1].

Let a, B be paths with the same start point «(0) = £$(0) and the same end point
a(l) = B(1). We say that paths o and 8 are homotopic if there is a homotopy
between « and [, fixing points 0 and 1. The relation of homotopy equivalence (of
paths) is an equivalence relation, the equivalence classes are called homotopy classes
of paths.

A loop is a path such that «(0) = «(1). We say that «(0) is the basepoint
of the loop . Let p € M be a point on M. Consider the loops with basepoint p.
The set of homotopy classes of such loops, together with the product operation and
inverse operation, is a group, called the fundamental group 7 (M, p) of M. Up to

isomorphism the group does not depend on the choice of the basepoint p. A loop « is
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null-homotopic if it is homotopic to a point (by a point we mean the constant loop

B, B(+) := p). The homotopy class of null-homotopic loops is the identity element in
m1(M,p).

Curves

Let ST =10,1]/{0 ~ 1}. A closed curve is a map a : S — M such that
Ima N OM = 0.

Unlike a loop a closed curve has no distinguished point. If «(0) = p then « can be
viewed as an element of 71 (M, p). The notions of homotopy for closed curves and for
loops are different. If the notion used is not clear from the context we will call the
homotopy of loops homotopy with fixed basepoint, and the homotopy of curves

free homotopy.

Lemma 2.3.4 Let o, 3 be closed curves containing a point p. Then o and B are

(freely) homotopic iff a and B are conjugate in w1 (M, p).

A closed curve is simple if the map « is an embedding (i.e., it is injective). A
closed curve is boundary-homotopic if it is homotopic to a closed curve contained
in OM. A closed curve is trivial if it is null-homotopic or boundary-homotopic.

An arc is a path « : [0,1] — M such that Ina N oM = {«a(0),«(1)}. An arc
is a simple if the map « is an embedding (i.e., it is injective). An arc is trivial
if it is homotopic to a path contained in 0M. Two arcs «, 3 are homotopic rel
boundary if there is a homotopy which does not move the points on the boundary
(i.e., a(0), (1), B(0), B(1)).

A curve is either an arc or a closed curve. A curve which is not trivial is called
essential. A simple curve is either a simple arc or a simple closed curve. A simple
multi-curve is a collection of disjointly embedded simple curves. Let CS(M) be the
set of all isotopy classes of simple multi-curves on M and let CSy(M) C CS(M) be
the set of isotopy classes of simple multi-curves whose components are simple closed

curves.
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Classification of surfaces

A surface is a 2-manifold. The surfaces from which all other surfaces can be “built”
are the torus ([0, 1] x [0, 1] quotiented by (0,y) ~ (1,y) and (z,0) ~ (z,1), z,y €
[0,1]) and the projective plane ([0, 1] x [0, 1] quotiented by (0,y) ~ (1,1 —y) and
(,0) ~ (1 —,1), z,y € [0,1]). Let M, (the closed orientable surface of genus g)
be the connected sum of g tori. Let Mé (the closed non-orientable surface of genus
g) be the connected sum of g projective planes). Let M} (resp. Mé,b) be obtained
from M (resp. Mé) by removing interiors of b disjoint disks.

Theorem 2.3.5 (Classification of closed surfaces) FEach closed surface is home-
omorphic to exactly one of the My for some g > 0,b > 0, or one of the M£IJ p for
some g > 1,b> 0.

We have x (M) =2 —2g — b and X(M;’b) =2—g—>b. A surface M is called

hyperbolic if x(/) < 0. The pair of pants Mj 3 is the simplest hyperbolic surface.

Jordan-Schonflies Theorem

Theorem 2.3.6 (Jordan-Schonflies Theorem) Let v be a simple closed curve in

R2. There is a homeomorphism of R to R2 mapping ~ to the unit circle.

A simple closed curve a@ C M is called separating if M — « has two disjoint
components. Note that by the Jordan-Schonflies theorem every simple closed curve

on a sphere (or a sphere with holes) is separating.

Intersection Numbers

Let M be an orientable surface. Let a1, as be two simple curves on M. The geo-

metric intersection number of oy, a9 is

i(a1,a2) = min |y N7y,

ViCly
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where [a;] is the set of curves isotopic (rel boundary) to «;. The curves aq,as are
called isotopy disjoint if i(aq, ag) = 0.

Let 71,72 be simple curves. A bigon B bounded by 7,72 is a disc which has
exactly two intersections (of y; and ~9) on the boundary 0B, see Figure 2.1.

Figure 2.1: Example of a bigon.

We will need the following standard result (see e.g. [FT91]). The condition that

the manifold M is orientable is necessary.

Lemma 2.3.7 Let M be an orientable surface. If two simple curves v1,v2 on M

intersect more than i(7y1,v2) times then they bound a bigon.

Lemma 2.3.8 Let M be an orientable surface. Let aq,...,ayn be simple curves on

M. There exist simple curves vi,...,vn on M such that v; ~ «;, i € [n] and
i Nl = iy, @), 4,5 € [n].

Proof :

Let 71,...,7n be in general position such that ) |v; N ;| is minimized. If there are
two properly embedded arcs v;,v; which intersect more than i(c;, ;) times then, by
Lemma 2.3.7, they bound a bigon B. Let e, f be the sides of bigon B. W.l.o.g.,
assume that B is the smallest bigon w.r.t. containment. Then any properly embedded

arc ¢ which crosses e also crosses f, otherwise B would not be smallest. However
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Figure 2.2: Decreasing the number of intersections if a pair of curves bounds a bigon.

then we can reroute the properly embedded arc v; to decrease the total number of

intersections, a contradiction. See Figure 2.2. |

Let M be an orientable surface. Let ay, ag be two simple curves on M. Suppose
that both «ap, o are orientated. We assign +1 to crossings of aj,as in which a9
passes from left to right and —1 to the crossings in which a9 passes from right to left.
The algebraic intersection number i(al, a) of aq, ag is the sum of the assigned
values. The number depends only on the isotopy classes of a, g (see e.g., [Ful95]).

We have i(ag, @) = i(aq, a3) (mod 2).

Dehn twists

Let a be a simple closed curve in M. A Dehn twist along « is a homeomorphism
Dy : M — M obtained by cutting M along «, rotating one of the copies of «;, 360
degrees and gluing them back. More precisely, if an annulus around « is parameterized
by {(z,¢),1 <x<2,0<¢ <27} then Dy is (z,9) — (2, ¢ + 27(z — 1) (mod 27))
on the annulus and identity elsewhere.

Dehn twists are interesting because they generate the mapping class group
M; (the group of orientation preserving homeomorphisms of the surface Mgs to itself
modulo isotopy). Dehn showed that M, is generated by finitely many Dehn twists.
Lickorish [Lic64, Lic66] gave a set of 3g — 1 generators of M.

Polygonal §-skeleton

A region is a subset of the plane homeomorphic to the closed unit disc. Note that

both a region and its boundary are compact (the homeomorphic image of a compact
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set is compact). The boundary of a region is a simple closed curve.

The Hausdorff distance dist(A, B) of two sets is defined as

dist(A, B) = max{sup inf d(z,y), sup inf d(z,y)},
reAyeB yeBz€A
where d(z,y) is the Euclidean distance of two points in the plane. The Hausdorff dis-

tance is a metric for compact sets, i.e. it is symmetric, satisfies the triangle inequality

and dist(A, B) =0 iff A = B. We let

d(A, B) = xnelilylgg d(z,y).
Note that for closed, nonempty sets d(A, B) > 0 iff AN B = (). For sets d is not a
metric.

A polygonal arc is a curve formed by a finite number of line segments (a polyg-
onal arc can self-intersect).

Consider a simple curve 7 : [0,1] — R%. Let C' = Im~. A polygonal é-skeleton
for C' is a polygonal arc connecting consecutive points of (y(r;))1<ij<p, Where 0 =
ry < ...<rmrp =1 are such that r;;1 — r; < §. The points 7(r;) are the vertices of
the polygonal skeleton.

The homeomorphism 7 : [0,1] — C'is uniformly continuous (being defined on a

compact set) which immediately implies the following result (for a proof see [Tri95]).

Proposition 2.3.9 Given a simple curve C and e > 0 there is § > 0 such that every
polygonal 0-skeleton P of C' satisfies dist(P,C) < €.

2.4 Representing surfaces

In order to define an algorithmic problem it is necessary to have a combinatorial
description of the input. In this section we review common combinatorial represen-
tations of surfaces (triangulation, pants decomposition, and polygonal schema), and

ways of representing isotopy classes of simple curves in surfaces (normal coordinates,
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intersection sequence, a word in the fundamental group, Dehn-Thurston coordinates,

and mq-train-tracks).

2.4.1 Triangulation

A graph G is a pair of sets (Vz, Eg), where FE is a set of 2-element subsets of V. The
elements of V' are called vertices and the elements of E are called edges. A multi-
graph G is a set V and a multi-set E, where E contains 2-element and 1-element
subsets of V.

A triangulation of a surface M is an embedding of a graph T' = (Vp, E7) into
M such that each face f is a triangle (i.e. a disk such that in a closed walk along the
boundary of f we meet 3 points from V). A pseudo-triangulation is an embedding
of a multi-graph GG into M such that each face is a triangle. Note that in pseudo-
triangulation the points encountered by the walk along the boundary do not have to
be distinct. The vertices of Vp which are on OM are called a boundary vertices,
the other vertices are called interior vertices. Similarly e € Er is boundary edge

if it is contained in M and interior edge otherwise.

2.4.2 Intersection sequence

Let M be a surface and let T" be a pseudo-triangulation of M. For each edge e € T
we fix an orientation. The edge e with opposite orientation will be referred to as
e~ L. Let o be an oriented simple arc on M in general position w.r.t. 7. We assign a
word wo € (ETU Ep D)* to « as follows. Traverse a and for each crossing of an edge
e € Ep append e’ to wg, where x is the sign of the crossing. Note that exactly two
edges in wy are boundary. The word wg is called the intersection sequence of «
with 7.

For a simple closed curve o on M the intersection sequence wg, is a cyclic word
defined analogously. All edges occurring in w, are interior.

Note that e and e~! are adjacent in wy then a and e form a bigon B. Removal

of B (by pulling o) corresponds to cancellation of the adjacent e and e~ 1. A simple
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curve is called normal w.r.t. 7T if wg is reduced (cyclically reduced in the case of

closed curve).

Observation 2.4.1 Let M be a surface and let T be a pseudo-triangulation of M.
For every simple curve o in M there exists v isotopic to a such that v is normal

w.r.t. T.

Note that if 7" has no inner vertices then in any isotopy a4, t € [0, 1] (in general
position w.r.t T') the reduction of words wq, is the same for all ¢ € [0, 1] (except for

finitely many ¢ for which a4 is not in general position and hence wq, is not defined).

2.4.3 Normal coordinates

Given a simple curve « in normal position w.r.t. T let a(e) be the number of intersec-
tions of & and e € T. The vector (a(e)) cer is called normal coordinates of o. If
two simple curves «, # in normal position w.r.t. 7" have the same normal coordinates
then they are isotopic. If the triangulation 7" has no inner vertices isotopic simple
curves normal w.r.t. 7" have the same normal coordinates.

The complexity of the representation of « using normal coordinates is the total
bitlength of the a(e), e € T. Note that the size is exponentially smaller than the

length of the intersection sequence.

2.4.4 Pants decomposition and Dehn-Thurston coordinates

A pair of pants P = M 3 is a sphere with three holes. A pants decomposition of
a surface M = M p, is a simple multi-curve C' such that the connected components of
M x C (M cut along C) are pairs of pants. A simple Euler characteristic computation
shows that C' has 3g — 3+ h simple curves and M x C' consists of 2g —2+h = —x (M)
pairs of pants. Every surface of negative Euler characteristic has a pants decompo-
sition. If a surface is not a pair of pants and it is of negative Euler characteristic
then it has infinitely many different isotopy classes of pants decomposition. Any two
isotopy classes of pants decompositions are joined by a sequence of moves in which

only one curve in C' changes at a time [HT80].
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A closed curve in a pair of pants P is either null-homotopic or homotopic to the
boundary. Thus a simple multi-curve in P consists only of simple arcs. There are 6
isotopy (with free boundary) classes of non-trivial properly embedded arcs on P, one
for each pair of (not necessarily distinct) holes.

An isotopy class of a simple multi-curve « in P is determined by three non-
negative integers ai, ag, ag, the numbers of points of o on the boundary components
of P. There is a simple multi-curve in P for any a1, a2, a3 > 0 with a1 4+ a9 + ag even.

Consider the triangulation 7" of P from Figure 2.3. Assign weight 1 to “thin”
edges of 7" and 1 + ¢ to “thick” edges, where ¢ is infinitesimally small. In each
isotopy class of a simple multi-curve on P there is a unique representative (up to
normal isotopy w.r.t. T') of minimal weighted intersection with 7. The uniqueness of
the representative follows from the uniqueness of the representative for the 6 isotopy
classes of properly embedded arcs in P.

For a simple multi-curve « in P given by a1, a2, a3, the normal coordinates in 7" of
the representative of « can be easily computed in constant time; this is done by taking
the appropriate linear combination of the normal coordinates of the representatives

of the 6 isotopy classes of properly embedded arcs in P.

Figure 2.3: Triangulation 7" of a pair of pants P.

Dehn-Thurston coordinates parameterize the set of curves on M'; by a subset
of Z™ where m = 6g — 6 +2s. We have a pair of pants decomposition C' of M and on
each curve of C' we have an interval called a window. Given a simple multi-curve «,

the first 3g — 3 + h coordinates are the geometric intersection numbers of o with the
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components of C. The remaining 3g — 3 + h describe how a “twists” within a small
neighborhood of each of the component of C' (after the curve is isotoped to a certain

normal form in each pair of pants).

2.4.5 Polygonal schema and 7-train tracks

A convenient way of representing a surface, called a polygonal schema, is as follows.
Take a polygon with an even number of edges, pair the edges and glue the paired
edges together. There are two different ways to glue a pair of edges depending on
their relative orientation. The construction can be encoded by a word w. Let Y be
an alphabet with n symbols. Let w be a word over X U 21 of length 2n such that
for each a € X there are either two occurrences of a in w or one occurrence of both a
and a~1. The word w defines a pairing (a is paired with the other a or a_l) as well
as an orientation of edges of a polygon P with 2n edges.

Let P be a polygonal schema and M the surface it represents. We will often regard
the images of vertices of P as punctures in M. Note that many vertices of P can map
to the same puncture. Every surface with at least one puncture can be represented
by a polygonal schema. The canonical polygonal schema of an orientable surface
of genus ¢ (with p > 1 punctures) is given by the word

—1;—1 -1 -1 -1
arbray by .. agbgag "by Tereq S Cp—1Cp -

The canonical polygonal schema of a non-orientable surface of genus ¢g (with p > 1

punctures) is given by the word
-1 -1

We will consider only orientable surfaces.
Pick a base point p in the interior of M. The fundamental group of the punctured
surface M is the free group generated by curves aq, a € ¥, the curve a4 crosses only

the edge a of P.
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An (isotopy class of) simple multi-curve @ on M can be given by a 7{-train track,
which is essentially a symmetric 2n x 2n matrix A, where A;; is the number of strands

going from edge i to edge j (i, j are edges of P). Since « is simple we have
AipAjp =0, for 1 <i<j <k <l<2n. (2.3)

If both ¢ and j are labeled by symbols a or a~! then the number of strands entering

© must be the same as the number of strands entering j, i.e.,

2n 2n
A=) Ay (2.4)
k=1 k=1

There is a one-to-one correspondence between homotopy classes of simple multi-curves
on M and non-negative, integral, symmetric matrices satisfying conditions (2.3) and
(2.4).

2.4.6 Fundamental group

The fundamental group of an orientable surface M, j, with non-empty boundary (h >
0) is a free group with 2g + h generators. The fundamental group of orientable

boundaryless surface My has presentation

<a17b17 .. -aagabg | [alabl] e [agabg] = 1>7

where [a,b] = aba1b~! is the commutator of a and b. The fundamental group of a
non-orientable surface M ; ;, 1s a free group with g + h generators. The fundamental

group of a non-orientable boundaryless surface Mé has presentation

(al,...,ag|a%...a§:1>.



CHAPTER 3
ALGORITHMS FOR CURVES ON SURFACES

3.1 Introduction

Algorithmic problems for curves on surfaces have been studied already by Dehn
in 1912 (see [Sti99]). Dehn gave algorithms for the CONTRACTIBILITY (deciding
if a curve is null-homotopic, i.e., if it can be continuously contracted to a point)
and TRANSFORMABILITY problems (deciding if a curve can be continuously trans-
formed to another curve). Dehn’s algorithms were based on the observation that the
contractibility problem is equivalent to the word problem in 71(M) and the trans-
formability problem is equivalent to the conjugacy problem in 71 (M) (i.e., the (free)
homotopy classes of a loop in M correspond to conjugacy classes of 71 (M)). Schip-
per [Sch92], Dey [Dey94| and Dey and Schipper [DS95] gave efficient algorithms for
the contractibility problem based on the following observation [Poi95]: a curve « in
M is null-homotopic iff its lift & in the universal covering space M of M is closed. An
optimal algorithm, based on results of Greendlinger [Gre60], for the transformability
problem was given by Dey and Guha [DG99]. For two curves a1, ag represented as
edge-vertex sequences of length ki, k9 in a triangulation 7', the algorithm decides if
a1 and ag are homotopic in time O(|T'| + k1 + k2).

The SiMPLICITY problem asks if a curve can be drawn without self-intersection
(i.e, if there is a representative in the isotopy class which is a simple curve). A
related DISJOINTNESS problem asks if two curves can be drawn in such a way that
their drawings are disjoint. Reinhart [Rei62] gave an algorithm for the SiMPLICITY
problem. Combinatorial algorithms for the problem were given by Zieschang [Zie65],
Chillingworth [Chi69] and Birman and Series [BS84, BS87|. Chillingworth [Chi71]

extended his algorithm to solve the DISJOINTNESS problem.

27
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The GEOMETRIC INTERSECTION NUMBER problem is to determine the minimal
number of intersections of two curves achievable by deforming the curves. Cohen and
Lustig [CL87] gave the first combinatorial algorithm for computing the geometric
intersection numbers on surfaces with non-empty boundary. The algorithm was ex-
tended by Lustig [Lus87] to the case of surfaces with no boundary. Another algorithm
was given by Hamidi-Tehrani [HT97].

A Dehn twist along a simple closed curve v in a surface is a homeomorphism
of the surface to itself obtained by cutting the surface along 7, rotating one of the
new boundaries 360 degrees (fixing everything outside a small neighborhood of the
boundary) and then gluing the new boundaries back. The DEHN-TWIST problem
is to compute D~ (c) for simple curves c,y, where v is closed. Penner [Pen84] gave
explicit formulas for the action of the Lickorish generators of the mapping class group
M on curves (or more generally measured laminations) represented by Dehn-Thurston
coordinates. Hamidi-Tehrani and Chen [HTC96] gave an algorithm to compute the
action of the Humphries generators of M on measured laminations represented by

m1-train tracks.

Our contribution

In Section 3.5 we give a polynomial-time algorithm to compute Dehn-twist of a sim-
ple curve along any simple closed curve where both curves are given in compressed
representation. The previous algorithms ([Pen84, HTC96]) only allowed computing
Dehn-twists along a specific set of simple closed curves.

In Section 3.7 we give the first polynomial-time algorithm for the GEOMETRIC
INTERSECTION NUMBER problem for simple curves given by compressed represen-
tations. Note that the previous algorithms ([Rei62, CL87, Lus87, HT97]) worked
over explicit representations and hence cannot be used for simple curves given by

compressed representations.
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3.2 Computing reduced words in a free group

In the Dehn-twist algorithm (section 3.5) we need to normalize a simple curve w.r.t.
a triangulation. The normalization is equivalent to computing the reduction of a
compressed word in a free group.

Let ¥ be a set of generators of a free group and let ©*! be an alphabet. A word
w € (2F1)* is reduced if a, ™! are not adjacent in w for any a € ¥. The reduction
of a word w € (SF1)* is the unique word obtained by removing neighboring a, ™!

pairs until no such pair remains.

y+l given by a straight-line program P of length

Lemma 3.2.1 Let w be a word over
n. A straight-line program P’ of the reduction w' of w can be computed in time
O(n3) by a randomized algorithm running on a unit-cost RAM with word size W =
Q(n + log %) The probability of error is < 6. The resulting straight-line program P’

has length O(n?).

Note that we can compute the cyclic reduction of a word w by computing re-
ductions w’,u’ of w and u = ww and then taking w'[(1 + r)..(Jw'| — r)] where

r = |w'| — |u’|/2. Hence we have the following observation.

1 given by a straight-line program P of

Corollary 3.2.2 Let w be a word over
length n. A straight-line program P’ of the cyclic reduction w' of w can be computed
i time O(n3) with probability > 1 — 0 by a randomized algorithm running on unit-
cost RAM with word size W = Q(n + log %) The straight-line program P’ has length

O(n?).

Let SLa(K) be the group of unimodular 2 x 2 matrices over a commutative ring K.
The modular group PSL2(Z) is the factor group SLa(Z)/(£I). There is a homeo-
morphism from PSL9(Z) to PSLy(Z/pZ) obtained by reducing each entry modulo p
(where p is a prime).

The modular group is a free product of finite groups generated by

0 1 0 1
S = and R = .
-1 0 -1 1
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Lemma 3.2.3 ([Imr84]) Let By, be the set of elements
SU(RM2S)...(R™S)RSR(SR™ ™) ... (SR~ )5,

where a1 € {0,1} and as,...,am € {—1,1}. Elements of By, are free generators of
a free subgroup of PSLo(Z). Moreover, for any X € By, we have || X || < 4™.

Lemma 3.2.3 is useful for randomized equality testing of words (given by straight
line programs) in the free group. Let m = [logg |X|]|. To each symbol a € ¥ assign
a distinct matrix ¢(a) from the set By, of Lemma 3.2.3. This defines a map 9 :
(2ED* — PSLy(Z). Let ¢hp(x) = 1(2) mod p. Since By, are free generators we have
p(w) =1 iff w = e. Note that

19 (w)]]oo < 4™

and hence all non-zero entries in 1(w) have at most 2m|w| distinct prime divisors.

Observation 3.2.1 Let w € (SF1)* be such that w # 1 in the free group. Let N
be an integer and let p be a random prime between 1 and N. Then ¢p(w) # 1 with

probability at least
) 2m|w|In N

N
Proof of Lemma 3.2.1:
Let N be an integer that will be specified later. We will work on a unit-cost RAM
with word size W = ©(log N). Let p be a random prime between 1 and N. Note
that we can multiply elements of PSLy(Z/pZ) in time O(1).

W.l.o.g., we assume that P is binary straight-line program. Let z1,...,xy,
be the variables in the straight-line program P. First we compute tp(z;) for
i = 1,...,n. This takes time O(n) because we only need to perform one multi-
plication in PSL9(Z/pZ) for each assignment of P.

Claim: Let yq,...,y; be the reductions of x1,...,z}. Suppose that we know the
lengths of the y;. Suppose that we are given a,1 < a < |yz|. In time O(k) we can
compute ¥p(yx[1...a]) and ' such that yi[1...a] is the reduction of z[1...d/].
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Proof: Let zj, := x;z; be the assignment to zj, in P. We have y;, = y;y; in the
free group. The equality is not necessarily true when the y; are viewed as strings.
Let ¢ = (|y;| + lyj| — lyk|)/2 be the length of the “cancellation” between y; and y;.

There are two cases:

e If a < |y;| — ¢ then we just need to compute ¢p(y;[1...a]) (which is equal to
Up(y;[1...a])) and @’ such that y;[1...a] is the reduction of z;[1...d/].

o If a > |y;| — ¢ we compute p(x;)Yp(y;[1...(a — |y;| + ¢)]) (which is equal to
Yp(y;[1...a])). We also find a” such that y;[1...(a — |y;| + c)] is the reduction

of z;[1...a"] and let o’ = |a;| + o

In both cases we spent only constant time and the index of the variable for which we
need to recursively solve the problem decreased by at least 1. a

Suppose that we computed the lengths of the reductions yq,...,yp_1 of
T1,...,Tp—1. Let x := z;x; be the next assignment in P. Using binary search
and the claim we can find the length ¢ of the longest common prefix of y; and yi_l.
We take time O(n?) and perform O(n) randomized equality tests. For now assume
that all the equality tests did not err, we will analyze the total error probability later.
Given ¢ we can compute |yx| = [y;| + [y;| — 2¢. Thus in time O(n3) we can compute
ly;| for alli=1,... n.

We will generate the program for the reduced word w’ = ¥, as follows. For k
from n to 1 we do the following. Let xj := z;x; be an assignment in P. Let ¢ =
(lyil + 1y — lyx|) /2 be the length of “cancellation” between y; and y;. Let a’ be such
that y;[1..(Jy;|—c)] is the reduction of z;[1...a] and let b’ be such that y;[(1+c)..|y;]]
is the reduction of v ... [zj[]. In time O(n) we can compute ay, ..., am, b1, .-, by
such that z;[1...0d] = 24, ... 24y, and z;[V ... |z;] = Thy - Th where m, m’ < n.
We replace vy = zjzj by xn = Tay ... Tap, Tpy - - STp

The resulting straight-line program has size O(n2) and it represents the reduction
w' of w. The algorithm executes O(n?) randomized identity tests. Thus the total

probability of failure is bounded by

2m|w|n?In N
N :
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For N = (1/6)4mn?|w|In |w| the error probability is bounded by §. We have In N =
O(n + log %) |

Note that equality testing of words u, v € ¥£* given by straight-line programs can
be reduced to the problem of computing a reduction of a word over (X*1) (since u = v

1 — g). The fastest known deterministic algorithm for equality testing takes

iff uv™
time O(n%), if both the programs have size O(n) [MST97]. Thus beating Lemma 3.2.1
by a deterministic algorithm would need an improvement for equality testing over

monoids. We can compute reduction by a deterministic polynomial-time algorithm.

Lemma 3.2.4 Let w be a word over % given by a straight-line program P of length
n. A straight-line program P’ of the reduction w' of w can be computed in time O(nlo)
by a deterministic algorithm running on unit-cost RAM with word size W = Q(n).

The straight-line program P’ has length O(n2).

Proof :
Now we sketch a deterministic algorithm for the problem. The algorithm considers
the assignments in the order they occur in the program and computes straight-line
program for the reductions yq,...,yn of x1,...,2p.

Suppose that we already have a straight-line program P’ for y1,...,y,_1 of size
t. Let xj := z;x; be the next assignment in P. We can compute the length of
the reduction between y; and y; in time O(n - t4) using binary search and the de-
terministic equality testing algorithm of [MST97]. In time O(n?) we can compute
at, .-, am, b1, ... b, such that the reduction of y;y; is yay - - Yam¥p, - - Yb, and
m, m’ <n. Add assignment y;, = Yay -+ Yam¥by -+ Yo to P!. We increased the size
of P! by O(n). Hence during the course of algorithm ¢ = O(n?). The total running

time is O(n!0). |

We have the deterministic analogue of Corollary 3.2.2. Unfortunately the running

time is not practical.

Corollary 3.2.5 Let w be a word over ¥ given by a straight-line program P of

length n. A straight-line program P’ of the cyclic reduction w' of w can be computed
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in time O(nlo) by an algorithm running on unit-cost RAM with word size W = Q(n).
The straight-line program P’ has length O(n?).

3.3 Curve coloring equations

Let M be a surface given by a pseudo-triangulation 7'. Let a be a simple multi-curve
on M given by normal coordinates w.r.t. 7. In this section we construct a quadratic
system of word equations E with length constrains which will allow us to color the
connected components of . The elements of the alphabet ¥ will be called colors.
First we arbitrarily pick an orientation for each edge e of the pseudo-triangulation
T. Recall that e~ ! stands for e with reversed orientation. We add a variable Te to B
which will list the colors of the segments of « intersecting e in the order they appear
on e. Similarly x_,—; will list the colors of the segments of « intersecting el We
add the following equation to E:
r, 1= xf. (3.1)

e

There are a(e) segments of « intersecting e and hence we add a length constraints
|7o-1] = |ze| = ale). (3.2)

Our goal now is to set the equations in F in such a way that segments which are
adjacent on « get the same color (two segments s, ¢ are adjacent is sNs’ # () and sNs’
does not intersect 7). This will ensure that each component of a is monochromatic.

Let t € T be a triangle. Let e, f, g be the boundary edges of ¢ such that efg is a
cycle. There are three types of segments of « in ¢, depending on which two edges of ¢
they connect. The numbers of each type l.f, 4, {ge can be obtained by solving the

following linear system of equations:

lge +Llep = a(e)
lep+1Lpg = alf) (3.3)
lrg+Llge = alg).
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We add to E variables yge, Ye s, Ysq With constrains

|yge| = Lge, |yef| = gefa |yfg| = Efg- (3.4)

The variables yge, ye r, Y74 list the colors for each type of segment listed in order from

center of ¢t towards its vertices. Finally we add following equations to E:

Te = yfeyef
rp = ylys, (3.5)
Tg = y?gyge-

Definition 3.3.1 Let M be a surface given by a pseudo-triangulation 7. Let a be
a simple multi-curve given by normal coordinates w.r.t. 1. The quadratic system of
word equations (3.1) and (3.5) with length constrains (3.2) and (3.4) are called curve

coloring equations of a.

The solutions of E correspond to colorings of the components of . The number
of free variables in the most general solution of E is the number of components of
«. We can use the Diekert-Robson algorithm (Theorem 2.2.10) to compute the most

general solution and then count the free variables.

Observation 3.3.1 Let M be a surface given by a pseudo-triangulation T. Let o be
a simple multi-curve given by normal coordinates w.r.t. T'. Let n be the complexity of
the normal coordinates of . The number of connected components of a can be found

in time O(n) on a unit-cost word RAM with word size W = Q(n).

Next we would like to identify types (i. e., normal isotopy classes) of components
of a and count how many copies of each type there are. The number of components
of o can be exponential in the input size. However it is known that the number of

types is small [Kne30]. We include a proof for completeness.

Lemma 3.3.2 Let M be a surface given by a pseudo-triangulation T. Let o be a
simple multi-curve on M normal w.r.t. T. The components of a fall into at most

6|T’| normal isotopy classes.
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Proof :

Each triangle t € T is cut into regions by a. The central region and the regions which
contain a vertex of ¢ are called special. There are at most 4 special regions in each
t € T. There are at most 6 arcs in each triangle bordering a special region. Then
there are at most 6|7°| components of oz which border a special region.

If a component C' of o does not border a special region then it is normal isotopic
to a component of o next to it. Therefore removing C from a does not decrease the
number of normal isotopy classes of components of a. After we remove all components
of a which do not border a special region we get a simple multi-curve with at most
6|7'| components and the same number of normal isotopy classes of components as «.

Hence « has at most 6|7'| normal isotopy classes. |

Lemma 3.3.3 Let M be a surface given by a pseudo-triangulation T. Let o be a
simple multi-curve given by normal coordinates w.r.t. T. Let n be the complexity of
the normal coordinates of o. The list of normal isotopy classes of components of a,
together with their counts in a can be found in time O(n2|T|) on a unit-cost word
RAM with word size W = Q(n).

Proof :
Pick an edge e in Ep which is intersected by a. We can color the i-th intersection of
a with e by color b as follows. We replace x. by ybz in E, where y, z are new variables
with |y| =4 —1 and |z| = a(e) —i. After solving E' the numbers of b’s in the z, give
the normal coordinates of the normal isotopy class containing the i-th intersection.
We compute the normal coordinates of the component C' containing the 1-st in-
tersection of o and e and then by binary search we find the largest £ such that the
component containing k-th intersection of o and e has the same normal coordinates
as C'. There are k copies of C' in . We take the curve o — kC and repeat. Lemma,

3.3.2 implies that the number of repetitions is bounded by 6|7|. |

The curve coloring equations give a fast algorithm to decide whether two simple

curves are normal isotopy disjoint.
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Lemma 3.3.4 Let M be a surface given by a pseudo-triangulation T'. Let «, [ be
stmple curves given by normal coordinates on T. Let m,n be the complexity of the
coordinates of o, B. Deciding whether c, B are normal isotopy disjoint can be done in

time O(m +n) on a unit-cost RAM.

Proof :

Let v be the simple multi-curve with normal coordinates given by v(e) = a(e) + ((e).
Then « and (8 are normal isotopy disjoint iff v has two components a and 3. Set the
curve coloring equations for v and color one segment by color a. Let 7 be the curve

with normal coordinates 7(e) = #4(z¢). We only need to check whether 7 = « or
r=8 m

3.4 Compressed intersection sequence

Let M be a surface given by a pseudo-triangulation 7. Let « be a simple curve
on M. We can represent « by intersection sequence wq, with 7. Unfortunately weq
is exponentially long in the complexity of the other representations (e.g., normal
coordinates). In this section we will show that the intersection sequence can be

compressed by a straight-line program. That motivates the following definition:

Definition 3.4.1 We say that a simple curve o on M is given by a compressed
intersection sequence with 7' if we are given a straight-line program P for the
intersection sequence wq of . The complexity of the compressed intersection

sequence is the size of the program P.

If v given by compressed intersection sequence wy, is normal (i.e. wq is reduced)
then computing the normal coordinates of « is easy: we just need to count the number

of occurrences of each e € Ep in wy. From Lemma 2.2.3 we have:

Observation 3.4.1 Let M be a surface given by a pseudo-triangulation T. Let o be
a simple curve in M given by compressed intersection sequence with T of complezity
n. Suppose that o s normal w.r.t. T'. The normal coordinates of o can be computed

in O(n - |T)) time on a unit-cost RAM with word-size Q(n).
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Lemma 3.4.2 Let M be a surface given by a pseudo-triangulation T. Let o be a
simple curve in M given by normal coordinates of complexity n. The compressed
intersection sequence wq of a with T can be computed in O(n - |T|) time on a unit-

cost RAM with word size Q(n-|T|). The complexity of the program for we, is O(n-|T)).

Proof :
First we assume that « is closed. We will create a quadratic system of word equations
E with length constrains such that their solution will give a compressed intersection
sequence wq of a with T'.

Let L be the sum of all coordinates of ov. Note that any intersection sequence of
a with T has length L.

We arbitrarily pick an orientation for each edge e of the triangulation 7'. For each
e € Ep we add two copies e, e, of e in M, one on each side of e. The copies are
in a small neighborhood of e. We add variables w¢; and z¢, to E and add length
constrains

|xel| = |ze,| = L - afe). (3.6)

Now we describe what we want the solution of E to be. We view Te and ze, as
strings consisting of a(e) blocks of length L. The i-th block in z¢, will contain the
intersection sequence of o with T" where the starting point is chosen to be the i-th
intersection of o and e, and the direction is to the left of e (i.e. the first edge of T
to be intersected is e). Similarly the i-th block in xe, will contain the intersection
sequence of o with 7" where the starting point is chosen to be the i-th intersection
of o and e; and the direction is to the left of e. We call T and z,, concatenated
intersection sequence of a with 7" on e. Note that every block of z¢, starts with
e and every block of z¢, ends with e.

We add following equation to E:
eTe; = Te€ (3.7)

Let ¢’ be e with the opposite orientation. We add variables r, and z to E with
I r

the same length constraint as (3.6). Furthermore we add the following equations to
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_ =1 _..—1
Tl = Tey and Tl = Tep (3.8)

Let t € T be a triangle. Let e, f, g be the edges of 7. W.1.0.g., the orientations
of e, f, g are such that they form a cycle and that ey, fy, gr lie inside ¢ (the other case
in which e, f;, g; lie inside ¢ is analogous).

We add to E new variables yge, Ye r, Y54 With length constrains

|yge|:L'€ge, |yef|:L'€efa |yfg|:L'£fg- (3-9)

where {ge, £, ¢, and £, are defined by (3.3). Finally we add following equations to E:

Tep = Ygelef
-1

Tfy = YesUfg (3.10)
-1

Tgp = yfgyge-

The equations (3.7), (3.10) as well as length constrains are satisfied by the intended
solution. It remains to show that E has unique solution. Let e € Ep. Let p be the
first intersection point of o on e. We traverse « in the direction to the right of e.
By induction we can show that in the ¢-th intersection of o with 7', e occurs at i-th
position in the appropriate segment of f; or fr. The base case is covered by (3.7).

By Theorem 2.2.10 the solution of £ can be found in time
Z Inz =0 [ |T|-In Z ale) | + Z Inae) | =O(T] - n).
e EEET EEET
Now we deal with the case when « is a simple arc. If o connects edges e, f € E7 on
OM then we add equation e =z ¢ to E, effectively making the curve closed. |
3.5 Computing Dehn-twists

In this section we show how normal coordinates of a Dehn twist of a simple curve «

along a simple closed curve v can be computed in time polynomial in the complexity
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of the normal coordinates of o and 7.
A substitution system S is a map ¥3 5 ©*. Given a word w = wiwy . .. Wy
we let S[w] be the word obtained by simultaneously applying substitutions abc —

aS(abc)be to w, i.e.,
S[w] = w1 S(wiwaws)wa S (wawzwy)ws . . . wp—28(Wp—2Wp—1Wn) Wy —1Wn,.

Given a cyclic word w = wywsy . .. wy, we let Sc[w] be the word obtained by simul-

taneously applying substitutions abc — aS(abc)be to w, i.e.,
Se[w] := w1 S (wiwowg)wa S (wawswy)ws . . . wy—15(wy—1wpw )wy S (wpwiws).

Lemma 3.5.1 Let S be a substitution system given by a straight-line program R of
sizen. Let a cyclic word w be given by a straight-line program P of size m. A straight-
line program P’ for Sc[w] can be computed in time O(m) on a unit-cost RAM. The

resulting program has size O(m + n).

Proof :
In O(m) time we can compute for each z; in P what the first two and the last two
symbols of z; are.

Let S’[z;] be S[z;] with the last symbol removed (i.e., S'[z;] = (S[z;])[1...|S[z;]| —
1]). We will build a straight-line program which computes S’[x;] for the z; in P.
Suppose that we already have a program P’ which computes z; and xj. Let xp := x;x;
be the next assignment of P. Let ab be the last two symbols of z; and cd be the first

two symbols of z;. Then
S'[xy] = S'[2]S (abe)bS (bed) S [2]. (3.11)

The S(abc) and S(bed) is already computed by R and hence (3.11) has only constant
size.

Let xy, be the last variable. Let ab be the first two symbols of z,, and cd be the
last two symbols of xy,. We have S¢[z,] = S'[X,,]S (cda)dS(dab). |
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Theorem 3.5.2 Let M be a surface given by a pseudo-triangulation T. Let be «
and v be simple curves on M given by normal coordinates. Assume that v is closed.
Let n be an upper bound on the sizes of coordinates of o and . An intersection
sequence of a curve 3 in the isotopy class of the Dehn twist Dlyc(a) can be computed
in time O((n + logk)|T|) by an algorithm running on unit-cost RAM with word size
W =Q((n +logk)|T]).

Proof :
Recall that each edge e € Ep is given orientation and e with orientation reversed is
called e~ L. For each e € Er we add two copies e, e, of e in M, one on each side of
e. The copies are in a small neighborhood of e.

The isotopy class of a Dehn twist D,(a) is independent of the choice of the
representatives for o and ~y. For each edge of e € T define three segments on e called

left, middle and right window. We can deform «,y so that
e 7 always crosses ¢, e, in the middle window (for all e € Ep),
e « always crosses e, e, in left or right window (for all e € E), and
e all the crossings of a and v happen in the disks bound by e¢; and e, e € Ep.

Now we create a substitution system S which will compute an intersection sequence
of Dy(a) with T'. Let e € Erp.

If e is bounded by the same triangle ¢ then no intersections between o and ~ occur
between e; and e,. Now assume that e is bounded by two different triangles ¢ and
to (see Figure 3.1). Let e, f1, g1 be the boundary of ¢; and e, fa, g2 be the boundary
of t9. Let u = fle_lgg, v = fQ_Iegl_l. For each occurrence of u, v, v~} and v~ ! in
wq there are y(e) intersections between a and 7 inside the disk bound by e; and e,
(recall that y(e) is the number of intersections of v with e). We add the following

substitution to S:

gie o = gize) e fo
11 1. -z, —1 (3.12)
Iy egy = [y (Te, €91
fieTlgy = filze) Fe g,
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Figure 3.1: The drawing of a and ~ used in computing the Dehn-twist of a along .

where z = £1 is chosen depending on the orientation of 7. The sequence w = S{wq]

is an intersection sequence of D~ (a) with T'. |

The curve 8 computed by the previous algorithm is not in normal position w.r.t.
T (or in other words w is not reduced). To obtain a representative in normal position
we need to reduce w using Lemma 3.2.1. Then using Observation 3.4.1 we compute

normal coordinates of Dy(a). Hence we have

Corollary 3.5.3 Let M be a surface given by a pseudo-triangulation T'. Let be o and
v be simple curves on M given by normal coordinates. Assume that 7y is closed. Let n
be an upper bound on the sizes of coordinates of o and . The normal coordinates of
the Dehn twist D,];(a) can be computed in time O(((n +logk)|T|)3) by a randomized
algorithm running on unit-cost RAM with word size W = Q((n +logk)|T| + %) The
probability of error is < 9.

Can the randomized algorithm be turned into a Las Vegas randomized algorithm?

Question 1 Suppose that the algorithm of Corollary 3.5.3 on input D (o) outputs (3

and on input D,y_l(ﬁ) it outputs o'. Suppose that o' has the same normal coordinates
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as a. Is it possible that D~(o) # B (i.e. is it possible that both evecutions of the
algorithm failed)?

There is a generalization of the Dehn-twist operation called multiplication of

curves (see [Luo01]).

Question 2 Can two simple curves a, 8 given by normal coordinates be multiplied

in polynomial time?

3.6 Computing algebraic intersection numbers

Note that for the drawing of curves used in the proof of Theorem 3.5.2 it is easy to
compute the sum of the signs of the intersections between e; and e;. For this we only

need to compute the number of occurrences of u, v, u_l, v~ 1 in wgy and the number

1

of occurrences of e,e™" in 7. By Lemma 2.2.4 this can be done in linear time and

hence we obtain:

Observation 3.6.1 Let M be a surface given by a pseudo-triangulation T'. Let o,y
be simple multi-curves on M given by normal coordinates. Let m,n be the complexity
of the coordinates of a,,y. The algebraic intersection number i(a,fy) can be computed

in time O(m + n) on a unit-cost RAM with word size O(m + n).

3.7 Computing geometric intersection numbers

Once we can compute Dehn twists in polynomial time we can compute geometric
intersection numbers in polynomial time. We will use following two results about

geometric intersection numbers.

Theorem 3.7.1 ([FLP79]) Let M be a surface. Let o, 3, be simple curves on M.
Suppose that v is closed. Then

n-i(,7)i(y, B) —i(a, B) < i(a, DY(B)) < n-i(a,y)i(v, B) +ia, B).  (3.13)
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Theorem 3.7.2 ([Luo01]) Let M be a surface. Let v, 3,7y be simple curves on M.
Suppose that v is closed. Then

f(n) = i(e, DY(B)) (3.14)

15 a convex function of n € Z.

If we know how to compute intersection numbers with a simple curve « then we

can use it to compute intersection numbers of other curves.

Lemma 3.7.3 Let M be a surface. Let o, 3,7 be simple curves on M. Suppose that
7 is closed. Let n = 2i(a, ). Then

i(o, DYH1(8)) — i, D(B)

Proof :
Let A = i(«a,v)i(y,0) and B = i(«a, ). We have kA — B < f(k) < kA + B for any
k. Let n = 2B.

Suppose that f(n+1) — f(n) < A —1. Then by convexity

fln+1) <(A-1(n+1)+ f(0)<(n+1)A-B -1,

which contradicts (n+1)A — B < f(n+1).
Suppose that f(n+ 1) — f(n) > A+ 1. Then by convexity for k > 0

fin+k)—f(n) >k(A+1)+ f(n) >k(A+1)+nA—B=(n+k)A+k— B,

which contradicts f(n+k) < (n+k)A+B for k = 2B+1. Hence f(n+1)— f(n) = A.
[

Lemma 3.7.4 Let M be a surface given by a pseudo-triangulation T. Let B, be
simple curves on M given by normal coordinates. Assume that « is closed. Then

i(B,7) can be computed in polynomial time.
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Proof :
Let e be an edge of triangulation T which is intersected by . Note that i(e, ) is the
normal coordinate y(e) of v on e. Let n = 2i(e, ) = 2a(e). Compute 3" = Dghq(ﬁ)
and B’ = D;Hl(ﬁ). By Lemma 3.7.3 we have

_ B"(e) = B'(e)

i(B,7) = RO

If both a and § are simple arcs then we cannot use Lemma 3.7.4 to compute
i(a, B). We will first show how to compute i(c, ) if the endpoints of a are on
different components of M than the endpoints of 5.

Given a simple arc a whose endpoints lie on different components Dy, Dy of OM,
let C'a be the closed curve which is the boundary of the set of points within ¢ distance

of « U D1 U Dy for sufficiently small €.

Observation 3.7.1 i(Ca, ) = 2i(a, f).

Proof :

Note that i(a, Car) = 0. Consider a drawing minimizing all the intersections. Cut M
along Cav. Let M’ be the component containing D and D9. Note that A’ is a pair of
pants and « connects Dy and Do. The drawing of 3 in M’ contains of essential simple
arcs with both boundary points on C'a. Each intersection of # and « corresponds to

two intersections of 5 and Co. [

Given a simple arc a whose endpoints lie on the same component D of OM, let
Cha, Coa be the closed curves which are the boundaries of the set of points within ¢

distance of o U D for sufficiently small €.

Observation 3.7.2 i(«, f) = max{i(Cia, ), i(Caa, 5)}.

Proof :
Note that i(«, Cia) = i(a, Coar) = 0. Consider a drawing minimizing all the intersec-

tions. Let M’ be the component containing D. Note that M’ is a pair of pants and «
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is essential simple arc connecting Cia to Coa. The drawing of 3 consists of essential
simple arcs with endpoints on CiaUCoa. Call the arc ¢ — j type if it connects Cj;a to
Cja. The 1—1 type and 2 — 2 type cannot occur simultaneously. Hence w.1.0.g., we
can assume that the 1—1 type does not occur. The 2—2 type has 2 endpoints on Cya,
0 endpoints on Cia and it intersects « twice. The 1 — 2 type has 1 endpoint on Cha,
1 endpoint on Cya and it intersects a once. Hence i(Cia, 5) < i(Caa, ) = i(a, ).
[ |

If a and B share boundary then we first compute their geometric intersection
number i ¢(a, 8) w.r.t. isotopy which can move the boundary. If the endpoints of a
are on different components D1, Dy of OM and ¢ is the number of endpoints of 5 that
lie on D1 U Dy then

2i¢(a, B) = max{i(Ca, §) — t,0}.

If the endpoints of « are on the component D of M and t is the number of endpoints
of 4 that lie on D then

if(Oé, B) = max{i(Cla, B) - ta i(OQOz, B) - ta 0}

To compute i(c, ) it remains to compute the number of intersections k of «, 5 in a
small neighborhood of the shared boundary. The number £ is determined by the num-
ber of twists of @ and 3 around the boundary (which can be determined by observing

the initial segment of wq and wg). Then we can compute i(a, 3) =i¢(a, 8) + k.

3.8 Removing internal vertices

Lemma 3.8.1 Let M be a surface given by a pseudo-triangulation T'. Assume OM #
0. In time polynomial in |T'| we can find a pseudo-triangulation T' of M such that T"
has no internal vertices. Moreover for a curve o in M given by normal coordinates
of complezity n w.r.t. T we can find normal coordinates of o/ ~ o w.r.t. T' in time

polynomial in n on a unit-cost RAM.
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Proof :

Let v € Vp be an internal vertex. We will remove v from 7" and obtain a pseudo-
triangulation 7”7 with one less internal vertex. For a simple curve a we would like to
compute o ~ «. We will represent curves by compressed intersection sequences.

Note that v must be connected to another vertex w € Vp by an edge e € Erp.
Suppose that e is bounded by two triangles t1,t2. Let e, f1, g1 be the boundary of ¢
and e, f9, g2 be the boundary of 5. We can contract ¢1 and ¢ by gradually shortening
e. Since v is an internal vertex, this will not cause any boundaries to touch. Let T"
be the resulting triangulation. Let the edge arising from merging of f; and g¢; be
called f; in T”. Let wq be the intersection sequence of a curve o in M w.r.t. T. We
construct the intersection sequence of o/ ~ o in M w.r.t. T as follows. Let eu be
the intersection sequence of a cycle around v. We replace e and el by w1 and u in
weq (this corresponds to moving a across v), and then replace g1 by fl_1 and g9 by
fy 1 The resulting intersection sequence corresponds to o/ ~ a.

Suppose that e is bounded by one triangle ¢. Let f be the remaining edge of T'.
The vertex v/ between the copies of e on the boundary of ¢ has degree 1. Thus ¢
forms a disk on M with boundary f. Removing ¢ and its edges from M we obtain
T'. Let w, be the intersection sequence of a curve o in M w.r.t. 7. We construct
intersection sequence of & ~ o in M w.r.t. T' as follows. We remove e, f,e 1, f~1
from wq. The resulting intersection sequence corresponds to o/ ~ a.

We repeat the procedure until no internal vertices remain. Note that the opera-

tions of wq can be achieved by adding constantly many assignments to the program
for P. [



CHAPTER 4
THE STRING GRAPH PROBLEM

4.1 Introduction

In this chapter we will study the string graph problem. A graph G is a string graph
if it is the intersection graph of a set of simple curves in the plane (i.e., if there exists
a collection of simple curves {7, |v € Vz} such that v, Ny, # 0 iff {u,v} € Eg).
The STRING GRAPH PROBLEM asks for an algorithm which decides whether a given

graph is a string graph.

4.1.1 Origin of the problem

Benzer in [Ben59] investigated the topology of the fine genetic structure (how the
subelements of genes are linked together). A region of the genetic structure is modeled
by a topological space T. A simple mutation is modeled by a connected set of T
Using a recombination test it is possible to decide whether two mutations overlap or
not. Hence we can construct the adjacency matrix M of the intersection graph of the
mutations and try to deduce properties of T from M.

Benzer was mainly interested in the linear topology and was able to confirm the
hypothesis that the topology of the fine genetic structure is linear. However he asked

the following general question:

It would be an interesting mathematical problem to derive the character-

istic feature of the matriz for each kind of topological space.

Sinden [Sin66] raised the question of recognizing string graphs explicitly. He was
trying to determine realizability of thin RC-circuits (Resistor-Capacitor circuits). In a
thin RC-circuit the resistors are made by depositing long narrow strips of conductor

and the capacitors are made by crossing two conductors and putting a dielectric
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between them at the place where they cross (thus there are three layers at the place
of a crossing). Let C' be a circuit consisting of conductors with capacitors between
some pairs of the conductors. Two conductors cross in a thin RC-circuit for C'iff there
is a capacitor in C' between them. If two conductors cross then they can cross more
than once as the capacitance can be distributed over several crossings. Sinden [Sin66]
asked which circuits are realizable as a thin RC-circuit. He considered a version in
which the resistance aspect is ignored (pure capacitor circuits) which is precisely the

string graph problem. Sinden’s question was popularized by Graham [Gra76].

4.1.2 Finitely many intersections suffice

It was observed in [KGKS86] that a string graph can be realized by a set of simple
curves which intersect only finitely many times. We include the proof of this fact.

For basic plane topology see section 2.3.2.

Lemma 4.1.1 Let G be a string graph. Then there is a family of polygonal curves
realizing G such that any two curves intersect only finitely many times. Moreover the
curves are in general position (i.e. in no point more than two curves intersect and all

the intersections are transversal).

Proof :

Assume we have a string graph realized by a family of curves (Ci)iEVG- Let
e = (1/2) min{d(C};, Cj); C; N Cj = 0}

Note that € > 0, since all the curves are compact sets. For each (7,7) such that
C; N Cj # 0 we select a witness point p; ; € C; N Cj.

Choose ¢ according to Proposition 2.3.9 such that all polygonal d-skeletons of
the curve C; are within Hausdorff distance /2 of C; (for all i € Vz). Fix such a
polygonal d-skeleton P; for each curve C; and include on it the p; ; for all j such that

Perturb each point in P;, i € V(7 and each witness point p; ; by a distance less than

£/2 so that all the points end up in a general position. This defines new polygonal arcs
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P/ for which dist(P;, P;) < £/2, and hence dist(P], C;) < e (fori € V). If C;nC; =0,
then d(C;,C;) > 2¢, hence d(PZ-',P]{) > d(C;, Cj) — dist(Cy, P) — dist(C’j,P]{) > 0,
and therefore P/ and PJ{ do not intersect. If on the other hand C; N C;j # @ then P/
and PJ'- share the witness point p; ;.

There are finitely many segments on each Pil and all the points are in general
position. Hence there are finitely many intersections. It is easy to remove the self

intersections of the Pi/ i [ ]

The following alternative characterization of string graphs will be useful.

Lemma 4.1.2 A graph G is a string graph iff there is a set of simply connected
regions R;,i € Vg such that R; N R; # 0 iff {4,j} € Eg.

Proof :
By taking infinitesimal neighborhoods of the polygonal arcs PZ-’, 1 € Vg we obtain a
set of regions R;, ¢ € V7 in the plane. Each region is homeomorphic to a disc and two
regions R;, R; intersect iff Pil , P]{ intersect. Thus every string graph is an intersection
graph of a set of simply connected regions of the plane.

Assume we have a set of regions Ry, v € V(7 in the plane. For each intersecting pair
R;, Rj we pick a witness point p; ; € R; N R;. Let C; be a polygonal curve connecting
the witness points in R;. Clearly C; and C; intersect iff R; and R; intersect. Thus

string graphs are intersection graphs of discs in the plane. [

4.1.3 A graph which is not a string graph

Sinden [Sin66] constructed a graph which is not string graph. Given a graph G, let
G* be the graph obtained from G by subdividing each edge by one point.

Lemma 4.1.3 ([Sin66]) G* is a string graph iff G is a planar graph.

Proof :
Assume G is planar. Then by [Far48] there is a straight-line embedding D of G in the
plane. We construct a set of curves representing G* as follows. Vertex v € Vg C Vig=

will be represented by a small circular arc centered at v which intersects exactly the
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edges going to v. A vertex v € Vg+ — V(g belongs to an edge e € Eg. It will be
represented by a segment of e € D which intersects arcs of both its endpoints. The
resulting collection of simple curves realizes G*.

Assume G* is a string graph. Let Cq, ..., C|VG*| be a set of curves realizing G*.
For each v € V(g cut out a hole containing points within distance ¢ from C). For
sufficiently small € > 0 the holes are disjoint and there is a simple arc connecting
holes u,v (for all (u,v) € E¢). We can contract the holes to punctures and obtain a

planar drawing of G. [ |

From Lemma 4.1.3 it follows that (K3)* is not a string graph. The smallest
example of a graph which is not a string graph has 12 vertices [KGKS86].

4.1.4 Graph classes which are string graphs

Several well-studied classes of graphs (e.g., interval graphs, permutation graphs,
circular-arc graphs) are contained in the class of string graphs.
Sinden [Sin66] observed that a complete graph K, is a string graph for any n.

The following result of [KGKS86] is a generalization of this observation.

Lemma 4.1.4 ([KGK86]) Let G be a graph. Let Vg =V1U---UVy be a decompo-
sition of the verter set into disjoint sets such that the graph induced by V; is complete
for each i € [k]. Let G’ be the graph obtained from G by contracting each V; to a
single vertex. If G' is planar then G is a string graph.

Proof :

Let D be the drawing of G’ in the plane. Let i € [k] be a vertex of G’ and v € V;. Let
Y15+ 1 [0,1] = R2 be the curves in D corresponding to the edges of G adjacent
to v. Let R, be the e-neighborhood of U!_;7;([0,3/4]). For small £ > 0 regions Ry
and Ry intersect iff {u,v} € G. Hence, by Lemma 4.1.2, G is a string graph. [ |

Corollary 4.1.5 ([Sin66]) A planar graph is a string graph.

Corollary 4.1.6 ([KGK86]) Let G be a graph. If x(G) < 4 then G is a string
graph.
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Using the 4-color Theorem [AHT77] we obtain the following nice observation.

Corollary 4.1.7 ([KGK86]|) A complement of a planar graph is a string graph.

4.1.5 AT-graph realizability

An abstract topological graph (AT-graph) is a graph G with a set Rg C (E2G)
An AT-graph (G, Rq) is realizable if there is a drawing of G in the plane such that
the curves Ce,C intersect iff (e, f) € Rg, (for all e, f € Eg). Note that pairs in
R must intersect. The problem of deciding whether an abstract topological graph
is realizable is called the AT-REALIZABILITY problem.

The following two results show that STRING GRAPH RECOGNITION and AT-

REALIZABILITY are polynomially equivalent.

Lemma 4.1.8 ([Kra91]) Given a graph G we can construct in polynomial time an
AT-graph H such that G is a string graph iff H is realizable. We have |Vi| = 2|Vq|,
|Eg| = |Vg| and |Ry| = |Eg|. If H is realizable with ¢ intersections then G is

realizable with ¢ intersections.

Proof [Kra91]:

Let G be a graph. Let H be a graph consisting of |V| disjoint edges. Each edge
corresponds to a vertex of G. We ask that edges e, f € Fy = V7 intersect iff
{e, f} € Eq. Clearly H is realizable iff G is a string graph. |

Lemma 4.1.9 ([Kra91]) Given an AT-graph H we can construct in polynomial time
a graph G such that G is a string graph iff H is realizable. We have |Vg| = |Vg| +
3|Eg| and |Eq| = 4|Eg| + |Rgl|. If G is realizable with c intersections then H is

realizable with < 4c intersections.

Proof [Kra91]:
Let H be an AT-graph. Let G be the following graph.

Vo = VgUEgU{(v,e);v€ec Eg},
Eg = {{v,(v,e)},veec EgtU{{e, (v,e)},v€e€ Eg}URE.
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Suppose that H is realizable. Let C(U,e) be the initial part of e = (v,u). Let C, be
the middle part of e intersecting both initial parts on e. Finally let (7, be a small
circular arc around v intersecting only the initial parts of edges adjacent to v. G is
the intersection graph of the curves C' and hence G is a string graph.

Assume that G is a string graph. Let C = {Cy;v € G} be a set of curves
realizing G. We can assume (by Lemma 4.1.1) that C is in general position. For
each v € e € Eyg we will do the following operation. On C’(v’e) pick neighboring
intersection points a, and ae with C and Ce. Connect one endpoint of C¢ to a point
a{, between a, and ae by a curve ¢, running close to Ce. Merge curves e , and Ck.
Remove parts of C’(v’e) beyond al, and a,. Note that the curves still realize H. Now
we have |Cy e NCy| =1 and |CyeNCe| = 1.

For each v € Vi contract C and C(U,e) to a single point. The resulting drawing
realizes H. The number of intersections has at most quadrupled (because the S,

double parts of the e). |

An AT-graph (G, R¢) is weakly realizable if there is a drawing of G such that
if curves Ce, C'y intersect then (e, f) € Rg (i. ., the pairs in Rg may intersect). The
problem of deciding weak realizability of an AT-graph is called AT-WEAK REALIZ-
ABILITY. The following lemma shows that AT-WEAK REALIZABILITY is at least as

hard as STRING GRAPH RECOGNITION and AT-REALIZABILITY.

Lemma 4.1.10 ([MNTS88]) Given a graph G we can construct in polynomial time
an AT-graph H such that G is a string graph iff H is weakly realizable. We have
Vil = Va| + |Eq| and |Eg| = 2|Eq|. If H is weakly realizable with ¢ intersections
then G is weakly realizable with < 4c + |E¢q| intersections.

Proof :
Let Vg = Vg UEg and Eg = {{v,e};v € e € Eg}. Two edges {u,e} and {v, f} are
allowed to intersect if {u,v} € Eg.

Assume that H is weakly realizable. Let R, be be an e-region of the edges going

from v. Then two regions R,, R, may intersect only if u,v are connected by an edge
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in G. If u,v are connected by an edge e in G then the regions Ry, R, intersect. Hence
the regions R, v € V7 realize the string graph G.

Assume that G is a string graph. Let D be a realization of G. Let Cy, v € V(5 be
a set of curves realizing G. For each {u,v} € G pick a point py » € Cy N Cy. Let py
be an endpoint of Cy. Connect py, to all the p,, with disjoint arcs running close to

Cy. The obtained topological graph weakly realizes H. |

Kratochvil [Kra91] reduced the PLANAR 3-CONNECTED 3-SATISFIABILITY to

AT-REALIZABILITY.

Theorem 4.1.11 ([Kra91]) AT-REALIZABILITY is NP-hard.

Lemmas 4.1.9 and 4.1.10 yield NP-hardness for the other two problems.

Corollary 4.1.12 ([Kra91]) AT-WEAK REALIZABILITY and STRING GRAPH

PROBLEM are NP-hard.

4.1.6 Exponential obstacle

Kratochvil and Matousek [KM91] have shown that there is an AT-graph G such that

any realization of G has exponentially many intersections.

Theorem 4.1.13 ([KM91]) There is a realizable AT-graph G with 2n + 3 vertices
and 4n+11 edges such that in any realization of G there are at least 2" —1 intersections

on one of the edges.

Lemma 4.1.9 implies that the same obstacle exists for string graphs.

Corollary 4.1.14 There is a string graph G with 14n + 36 vertices such that any

realization has at least 272 CT0SSINgGS.

Proof of Theorem 4.1.13 [KM91]:

Let H be the graph on Figure 4.1. The graph H is planar and has a topologically
unique embedding in the plane. Let G be the graph obtained from H by adding
edges {u;,v;}, i = 1,...,n. The edge {u;,v;} must cross edge e and the edges
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w

Figure 4.1: The graph H used in the construction of an AT-graph requiring exponen-
tially many intersections.

{vi,up_1}, {vg, up—_o} for k such that 1 < k < i. No other pairs of edges may
intersect.

We prove by induction on ¢ = 1,...,n that in any drawing of G, {u;,v;} has
to cross e at least 2°! times. The claim is clearly true for i = 1. Assume that
it is true for i < k. Delete the edges {u;,v;},i > k from the drawing. Let C' be
the circle w,up_q,vp_1,ur_9, w. None of the edges of C' can intersect and hence C
is embedded. The circle C separates uj and v and hence {ug, v} must intersect
{vi._1,up_9} because it is the only edge on C' that {up, v} can intersect. Let a be
an intersection point of {ug, v} and {vg_1, up_9}.

Any arc connecting uj, to a can be made to connect {up_1,v;_1} without intro-
ducing any new intersections. Similarly any arc connecting v; to a can be made to
connect {uy_1,v_1} without introducing any new intersections. Hence by induction
hypothesis the total number of intersections of {uy,a}, {vg,a} with e is at least ok
[
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4.2 Connectivity preserving redrawing

4.2.1 The shortcut problem

Let M be a surface of genus ¢g. Let a, 1, ..., 7 be a collection of simple arcs on M.
Suppose that « is intersected n times by the v;, i.e., Zle i(cr,7y;) = n. We say that

a collection of simple arcs «, 1, ..., f; simplifies the collection o, v, ..., vz if
e the [; connect the same endpoints as the v;, (i.e., 95; = 0v;, i € [k]);

e the pairwise intersection numbers of the $; do not increase, (i.e., i(53;, 3;) <

i(7i,74), 1, J € [k]); and
e the total number of intersections with « decreases, (i.e., Zi‘czl i(a, Bi) < m).

For example note that if £ = 1 and n > 2 then the collection «,y; can always be

simplified.

Question 3 Let k, g be non-negative integers. Let M be a surface of genus g. Does

there exist ng = ng(k, g) such that any collection o, 1, ...,v on M with

k

Z i(&, fYZ) > ng

1=1
can be simplified?

One approach to question 3 is to try to redraw the v; only in a small neigh-
borhood of .. Take a neighborhood D of « in which the collection a,~v1,...,7; is
homeomorphic to the following picture: the neighborhood is a unit disc, « is the x
axis (restricted to the disc) and each v; N D is a collection of vertical segments in D.
We say that a collection «, 1, ..., B simplifies «, 71, . .., 7% locally if no new routes
are introduced outside of D (i.e., ;N D C ;N D). Let Y(g, k) be the smallest integer
such that any collection of simple arcs a, 1, ...,y with >, i(a, ;) > Y(g, k) can be
locally simplified.

Question 4 (Shortcut problem) What is the value of Y(g,k)?
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In the simplest version of the shortcut problem the v; are pairwise disjoint. Let
Ts(g, k) be the smallest integer such that any collection of simple arcs a, 71, ...,V
with disjoint v; (i.e., i(y;,7j) = 0 for 4,5 € [k]) and };i(a, ;) > Ys(g, k) can be
locally simplified. Note that Y(g, k) > Ys(g, k).

Question 5 (Simple shortcut problem) What is the value of Ts(g,k)?

We will determine the value of Y(g,k) and Yg(g,k) in the case ¢ = 0. We
conjecture that there is a bound on Yg(g, k) independent of g.

Conjecture 2 There exists a constant C such that for all k, g:

The bounds on Yg(g, k) shown in table 4.1 were computed by a program. Fig-
ures 4.2 and 4.3 show example configurations which cannot be reduced. The numbers
in the middle row indicate to which curve a vertical segment belongs. For each curve
a we number the intersection points with @D in the order they occur on «. These
are the numbers in top and bottom rows. The reader can easily (i.e., in polynomial
time) check that such a configuration can occur on a surface of genus 1. Checking
whether a configuration is reducible seems harder and we don’t have a polynomial

time algorithm.

g\ k 1 2 3 4 5 k
0 2 4 8 16 32 ... 2k
1 2 7 16 >39
2 2 7 >27
3 2 7
00 2 7 >32

Table 4.1: Known bounds for Y(g, k).
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Figure 4.2: An intersection pattern which cannot be locally simplified, showing
Ts(1,2) > 7.
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Figure 4.3: An intersection pattern which cannot be locally simplified, showing
Ts(1,3) > 16.

4.2.2 The genus zero case of the shortcut problem

We can determine the values of Y (g, k) and Y(g, k) when the curves are drawn on a
sphere with holes. An example of [KM91] shows Ys(0,k) > 2F (see Lemma 4.1.13).
The example is a collection of simple arcs a, 71, ..., 7, such that the ~; are pairwise
disjoint, S i(a, ;) = 2¥ — 1, and the collection cannot be locally simplified. The
example together with Lemma 4.2.2 yields.

Theorem 4.2.1
Y(0,k) = Ts(0, k) = 2%

Lemma 4.2.2 ([SS04])
Y(0,k) < 2%,

Proof :

Let a,v1,...,7; be a collection of simple arcs on a sphere with h holes. Suppose that
« is intersected at least 2F times.

Claim: There exists a non-trivial segment S on « such that every ~; intersects S

even number of times.
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Proof: If we cut a along the ; we get at least 2k + 1 connected components. Put
a special point in each connected component. To each special point assign a vector
in Zg whose ¢-th coordinate is the parity of the number of intersections of 7; with
the part of a to the left of that special point. By pigeon-hole principle there are two

special points labeled by the same vectors in Zg. The segment between these two

special points is intersected even number of times by each ;. O
|
NETERE R I B I
/ | |
l :
! I
! 1
! I e
! I
~_ I |
2 e 4
4 2 7 4 6

Figure 4.4: Segment S intersected an even number of times by each edge.

Let D be a neighborhood of S such that the drawing of the curves in D is home-
omorphic to the following picture: the neighborhood is a unit disc, S is the x axis
(restricted to the disc) and each v; N D is a collection of vertical segments in D.

An intersection of a ; with 0D will be called a port. For each arc 7; pick an
orientation and assign numbers 1,2,...,4n; to the ports of 7; in the order they
appear on 7; (here 2n; is the number of intersections of ; with S). The parts of
7v; connecting port 45 — 2 to port 45 — 1, j € [n;] are called odd. The parts of v;
connecting port 45 to 45 + 1, j € [n; — 1] and the parts connecting M to port 1 and
4n; are called even. Note that both even and odd parts lie outside of D.

A mirror flip along the z-axis switches ports 25 — 1 and 2j. Let h be the circular
inversion followed by mirroring along the z-axis. Note that h applied to an odd part
connecting port 45 — 2 to port 47 — 1 yields a connection of ports 47 — 3 and 45 inside
D.

Let (3; be the union of the even parts of the 7; and h(odd parts of the ;). Note

that (; is an arc that connects the same endpoints as 7; because the even parts
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connect port 45 to 45 + 1, j € [n; — 1] and the image of odd parts connects 45 — 3
to 47, j € [n;]. Moreover i(f3;, ;) < i(v;,7;) because the intersections in D between
images of odd parts were present in the drawing of the ;.

The number of intersections of ; with 0D is only 2n; and hence i(a, 3;) <
i(cr,y;) — n; because we can redraw e to be either the upper arc of 9D, or the lower
arc of 0D. ]

4.3 String graph problem in NP
Now we are ready to show that AT-WEAK REALIZABILITY has small witnesses.

Theorem 4.3.1 ([SSS02]) AT-WEAK REALIZABILITY is in NP.

This together with results of Kratochvil [Kra91] completely resolves the complexity
of the string graph problem.

Corollary 4.3.2 AT-WEAK REALIZABILITY, AT-WEAK REALIZABILITY, and

STRING GRAPH PROBLEM are NP-complete.

Proof of Theorem 4.3.1:

Let (G, R) be an instance of the AT-WEAK REALIZABILITY problem. Let n be the
number of vertices and m be the number of edges of G. Suppose that (G, R) is weakly
realizable. Let D be a weak realization of G. We drill holes around the vertices of
G and triangulate the resulting surface M by a triangulation 7. Note that M is a
sphere with n holes. We obtained a collection of simple arcs on M such that if arcs

e, vy intersect then {e, f} € R. Hence
i(ae,ap) >0 = {e, f} €R. (4.1)

Conversely if we have a collection of simple arcs on M such that (4.1) is satisfied
we can obtain a weak realization of G by taking representatives of the arcs which

intersect minimally (Lemma 2.3.8) and then collapse the holes of M. It remains to
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show that there is a collection witnessing weak realizability which can be efficiently
encoded.

Let ae, € € Eg be a collection of simple arcs satisfying (4.1) and such that

H= Z Z ae(g)

geET e€Eq

is minimal. If there is an edge g € Eg with ZeEEG ae(g) > 2" then, by Lemma 4.2.2,
the ae can be locally simplified, a contradiction with minimality of ;. Hence the
complexity of normal coordinates of the e is O(|7'| In2") = O(mn). We can verify in
time polynomial in mn that for {e, f} ¢ R we have i(ae, o) = 0 (using Lemma 3.3.4).
|

4.3.1 String graphs on other surfaces

A natural extension of the string graph problem is to consider intersection graphs
of curves on surfaces of higher genus. In proving Theorem 4.3.1 there was only one
place were we used the fact that the surface was a plane, namely when we applied
the Lemma 4.2.2. We do not have the analogue of Lemma 4.2.2 for other surfaces. If
Conjecture 2 is true then the string graph problem is in NP for higher genus surfaces.

In the absence of an analogue of Lemma 4.2.2 for any surface other than the plane
this means that we face the question of decidability anew. This time we use a different
approach suggested by the proof of Theorem 4.3.1. We will use the connection between

weak realizability and equations on words.

Theorem 4.3.3 The generalized STRING GRAPH PROBLEM, AT-REALIZABILITY

and AT-WEAK REALIZABILITY are in PSPACE on any surface M.

Proof :
We will show that AT-WEAK REALIZABILITY is in PSPACE. Let (G, R) be an AT-
graph. Let ¥ = Eg. We will work over the monoid given by the graph (Eqg, Rg)

(i.e., the edges that can cross commute).
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Let n be the number of vertices and m be the number of edges of G. Let M’ be
M with n holes. Assume that M’ is given by pseudo-triangulation 7.

As in the proof of 4.3.1 it is enough to find simple arcs a ¢, f € Eg such that
(4.1) is satisfied and that for f = (u,v), oy connects holes u,v. For each hole v we
can guess the order in which the simple arcs appear on v. This gives a word w, € X*.
Now we consider the curve coloring equations given by (3.1) and (3.5) without length
constrains. For edge e, on the boundary of v we set x¢, = wy.

There is a correspondence between drawings in which forbidden pairs do not cross
and solutions of the curve coloring equations over monoid given by (Eqg, Rg). Hence

we can use 2.2.11 to decide if the AT-graph (G, R) is weakly realizable. |

4.4 Topological inference problem

As we noted before (Lemma 4.1.2) the string graph problem is equivalent to the
following problem: for a collection of discs we specify which pairs must intersect and
which may not, can the discs be drawn in the plane to fulfill these requirements?

In topological inference we look at finer relationships between discs. There are
eight possible relationships of two discs based on whether the intersection of their
interior, boundary and exterior is empty or not [Ege91]. For any two discs A, B

exactly one of the relations is true.

disjoint(4,B) = ANB=0
equal(A,B) = A=B
inside(4,B) = ACB°

contains(A, B) = inside(B, A)

covered(A,B) = A°C B° A OANOB # 1)
cover(A,B) = covered(B, A)
meet(A,B) = A°CR2—B A 0ANOB #£0)

overlap(A,B) = A°NB°#0) A (R —A)N(R® - B) #0
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We call a Boolean combination of the topological predicates a topological ex-
pression. A topological expression is explicit, if it specifies the relationship between
any pair of variables, meaning it is of the form /\A,Be[ P4 (A, B), where [ is the
set of variables, and P4 p is one of the eight basic predicates (for each A, B € I). We
can always assume that the expression does not contain the predicates contains or
cover, because we can substitute them by inside and covered. Quantifying topolog-
ical expressions we obtain topological formulas. Determining the truth of these
(where the universe is the set of all regions in the plane) is the goal of topological
inference [GPP95]. Of main interest are the purely existential formulas, since they
express the existence of diagrammatic representations of logical relationships (Euler
diagrams). In this case we also speak of the realizability of a topological expression.

In some special cases realizability of topological expressions is in P. Planar map
graphs were introduced in [CGP98|. k-planar map graphs are intersection graphs
of discs with disjoint interiors such that at most k regions meet at a point. Planar
graphs are exactly 3-planar map graphs. A graph is planar map graph if it is k-planar
map graph for some k. The problem of recognizing planar map graphs is equivalent
to realizability of explicit topological expressions containing only meet and disjoint
relations. In [CGP98] a polynomial time algorithm for recognizing 4-planar map
graphs was shown. In [Tho98] a polynomial time algorithm for recognizing planar

map graphs was announced.

4.4.1 Topological reasoning is in NP

In this section we will show that the realizability of topological expressions is in NP.
We will use weak realizability problem as a black box.

Talking about a realization of meet(A, B), or covered(A, B) we call any point
belonging to 0A N 0B a contact point of A and B. In the other cases points
belonging to the intersection of 0A and 0B we call intersection points.

We will now show how to redraw a realization of an explicit topological expression
to bound the number of contact points in the drawing. Note that for any explicit

expression there is always an equivalent explicit expression not containing equal.
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Lemma 4.4.1 Let ¢ be an explicit topological expression not containing equal. If
there is a drawing realizing @, then there is a drawing realizing ¢ in which the number

of contact points on each boundary is bounded by the square of the number of variables
m .

Proof :

Let Aq,..., A|I| be the family of variables occurring in ¢. We can assume that the
variables are sorted such that for ¢ < j there is no covered(A;, A;). If such an ordering
does not exist, then ¢ has no realization. For each meet(A, B) and covered(A, B) in

¢ we choose a witness point py g € 9A N OB. Let

e1 = min{d(0A,0B) : ¢ contains disjoint(A, B), or inside(4, B)}
g9 = min{dist(A N OB,0A) : ¢ contains overlap(A, B)}

Note that 1 > 0, since the considered boundaries are closed and disjoint. Also
g9 > 0, since there is a point in A N 0B which is inside A. Let ¢ = 1/2min{eq,e2}.
If B is a region with dist(B, A;) < ¢ then

inside(A;, A;j) = inside(B, A;), inside(A;, A;) = inside(4;, B),

(4.2)
disjoint(4;, Aj) = disjoint(B, A;), overlap(A;, A;) = overlap(B, A;).

Unfortunately the same is not true for meet and covered. We will redraw the re-
gions one by one, removing unnecessary contact points while preserving the meet and
covered relationships.

Suppose then that for Aq,..., A;_1 the only contact points on their boundaries
are witness points. We will show how to redraw A; to make this true for Aq,..., A;
while preserving that Aq,.. -A|I| realize .

Let v : D — A; be the homeomorphism of the unit closed disc to A;. Using the
Jordan-Schoenflies Theorem we extend 1 to a homeomorphism of the whole plane
to itself which we call ¢ again. Since ¢ is uniformly continuous, there exists n such
that if (1 —7)D C E C D then dist(¢(E), A;) < e. Let F be the union of 1 ~1(4;)
for which there is covered(A;, A;). By the induction hypothesis assumption /' N 9D
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contains only witness points. Choose E such that FU (1 —n)D C E C D and E
intersects 0D only in witness points. Replace A; by ¢(FE). By the implications in
(4.2) all inside, disjoints and overlaps are preserved. Because E contains all witness
points for region A; all covered and meet relations are satisfied, and only the witness
points are contact points of A;. Since contact points of A;, j < i did not change,

this will be true after redrawing all regions. |

Before we prove the main result we need to introduce a variant of realizability.
Let (G, R, S) be such that R, S C (g), and RN S = 0. We call (G, R, S) realizable
if G can be drawn in the plane, such that only the pairs of edges in R U S intersect,
and all the pairs of edges in S do intersect. It is easy to see that this variant can also
be decided in NP, since we can guess the relationship of the pairs in R and then solve

the resulting AT-graph realizability problem (using Corollary 4.3.2).

Theorem 4.4.2 The realizability of a topological expression can be decided in NP.

Proof :

Given a topological expression ¢ over variables (A;);c; we have to decide whether it
can be realized by regions in the plane. We begin by simplifying ¢, and then we show
how to reduce the problem to a realizability problem (G, R, S) which we know to be
in NP by the remarks preceding the Theorem.

We can guess a satisfying assignment of ¢ and all pairwise relationships between
regions realizing . It is easy to check that the assignment is consistent with the
relationships. We only need to verify that the given relationships are realizable.
Hence we only need to consider explicit, conjunctive topological expression without
negations. We can easily remove occurrences of equal, cover and contains.

Suppose that a topological graph (G, R, S) satisfies:

(&) There are vertices z, 21, 29, 23 in G connected to each other by edges which may

not intersect any other edges.

e For each region R; there is a vertex ¢; (center) and a circle graph B; (boundary)

with at least 3 vertices, and no two edges of B; may intersect.
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&) Each vertex in B; is connected to ¢;, 21, 29, 23; these edges are not allowed to
i i 3 g
intersect the boundary B;, and no edge with endpoint ¢; may intersect an edge

with endpoint z1, 29, or 23.

(V) The boundaries B;, Bj may share vertices unless disjoint(R;, Rj), or

inside(R;, ;) is contained in ¢.
(A) Edges of B;, Bj may intersect only if ¢ contains overlap(R;, ;).

e We say that a vertex v is an in-R;-witness (out-R;-witness) if it does not belong to
B; and is adjacent to ¢; (21, 29, and 23, rsp). using an edge (edges, rsp). which

are not allowed to intersect B;.

(#) If ¢ contains meet(R;, Rj) or cover(R;, R;) then B; and B; share at least one

cominon vertex.

e If disjoint(R;, ;) is in ¢, then there is an out-R;-witness on Bj, and an out-
Rj-witness on B;. If inside(R;, R;) then there is in-R;-witness on B;. If
meet(R2;, Rj), then there is an out-R;-witness on B; between any two vertices
shared with B;, and an out-R;-witness on B; between any two vertices shared
with B;. If covered(R;, R;) then there is an in-R;-witness on the boundary of
Bj between any two vertices shared with B;. If overlap(R;, ;) then there is

an in-R; witness and an out-R; witness on the boundary of R;, and vice versa.

We claim that if (G, R, S) has a weak realization then ¢ can be realized as an Euler
diagram. Take the weak realization of (G, R, .S). We can assume that z lies outside the
triangle 21, 29, 23. Hence by () all other vertices and edges lie inside the triangle. Be-
cause of (&) vertex ¢; must lie inside of B; (21, 22, and z3 being outside). Let region R;
be the interior of B; together with its boundary. Clearly any in-R;-witness lies inside
R;, and any out-R;-witness lies outside R;. For inside(R;, R;), and disjoint(R;, R;)
boundaries cannot intersect and therefore the in/out-witnesses guarantee the cor-
rect relationship. For overlap(R;, Rj) we have in/out-witnesses of overlap. For
meet(R;, Rj) the interior of R; cannot intersect R;, and vice versa because of the

out-witnesses; similarly for covered(R;, R;).
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Now we will show that if ¢ has an Euler diagram then there is (G, R, S) satisfying
the above conditions which is small. This implies that the problem is in NP, because
we can guess (G, R, S).

First redraw the graph using Lemma 4.4.1 so that the number of contact points
is at most |I|2. Enclose the diagram with a large region Z, on 0Z choose three
points z1, 29, 23, choose z outside Z and connect z to 21, 22,23 with edges outside
Z. Choose ¢; inside each R;. Now we will choose vertices on each 0R; and connect
them to z1, 22, z3 with edges inside Z — R; and to ¢; with edges inside R; (thus ()
is satisfied). Clearly (V) is satisfied. All contact points will be chosen on each OR;.
This satisfies (#) and also (A), because we know that if two edges intersect then
they intersect in an intersection point of their boudaries. If less than 3 points were
chosen on OR;, choose some more. Now it is routine check to see that we can choose
in/out witnesses for disjoint(R2;, R;), inside(R;, R;), meet(R;, R;), covered(R;, R;),
and overlap(R;, R;). Note that we chose at most 7|2 witnesses and at most |I|*

in/out witnesses. Hence (G, R, S) is small and we can guess it in NP. |



CHAPTER 5
CROSSING NUMBERS

5.1 Introduction

5.1.1 Crossing numbers

Let G be a graph with n vertices. Let M be a plane with n holes where each hole is
labeled by a distinct vertex of G (i. e. we have a bijection between V' (G) and the holes
of M). A plane drawing D of G is a collection of simple arcs D = {v;; [{7,j} €
E(G)} such that 7;; connects holes 7 and j on M, and no two arcs share an endpoint.

The crossing number cr(G) of a graph G is the minimum number of crossings

in a plane drawing of G. More formally

cr(G) = min Z i(Yes Vf), (5.1)
D

{e.n)e(§)
where i(a, ) is the geometric intersection number of o and f. To see that this
is equivalent to the standard definition of the crossing number note that geodesics
intersect minimally (or see Lemma 2.3.8).

A straight-line drawing of a graph G is an assignment of vertices of G to the
plane. Edge 77 is drawn as a segment connecting the vertices ¢ and j. The rectilinear
crossing number rcr(G) of a graph G is the minimum number of pairs of crossing
edges in a straight-line plane drawing of G. Clearly rcr(G) > cr(G) for any graph G.
A planar graph always has a planar straight-line embedding;:

Theorem 5.1.1 ([SR34, Wag36, Far48, Ste51]) cr(G) =0 = rcr(G) = 0.

67
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A natural question is whether cr(G) = rer(G) for all G. It turns out [Guy69] that
already Kg is a counterexample, rcr(Kg) = 19 > 18 = cr(Kyg). The gap between cr

and rcr can be arbitrarily large:

Theorem 5.1.2 ([BD93]) For any k > 4 there exists a graph G with cr(G) = 4 and
rer(G) > k.

The algebraic crossing number acr(G), introduced by Tutte [Tut70], is the mini-
mum sum of absolute values of algebraic intersection numbers of pairs of edges in a

plane drawing of G, i.e.,

acr(G):rIBn Z |2(%,’Yf)|,
fe.f1e(3)

where i(a, () is the algebraic intersection number of «, 3. Tutte was interested in a
variant of the algebraic crossing number now called acr—(G) (an exact definition is
below) and asked whether acr—(G) = cr(G) for every graph G. Tutte’s question is
still open.

Pach and Téth [PT00b] introduced the following two versions of crossing numbers.
The pair crossing number pcr(G) is the minimum number of pairs of edges that

cross in a drawing of G| i.e.,

where [cond] is 1 if cond is true and 0 otherwise. The odd crossing number ocr(G)
is the minimum number of pairs of edges that cross odd number of times in a drawing
of G, i.e.,
oer(G) = min " [i(ye, ) # 0 (mod 2)]
{e.rye(%)

The following inequalities follow immediately from the definitions:

ocr(G) < per(G) < er(G) < rer(G), and



69
ocr(G) < acr(G) < cr(G) < rer(G).

No example of a graph G which contradicts acr(G) = per(G) = cr(G) is known.
If a graph which has an embedding in which all pairs of edges cross even number

of times then the graph is planar:

Theorem 5.1.3 ([Han34, Tut70]) ocr(G) =0 = cr(G) =0.

This raised the question whether cr(G) = ocr(G) for all graphs (problem #8 in
[PT00a], [Pac00]). The main result of this chapter is:

Theorem 5.1.4 ([PSS05]) For any ¢ > 0 there exists a graph G such that
ocr(G) < (V3/2 + €)er(G).

In contrast to the arbitrary separation of rcr(G) and cr(G) (Theorem 5.1.2), the

crossing number is bounded by a function of odd crossing number:

Theorem 5.1.5 ([PT00b]) Let G be a graph. Then cr(G) < 2(ocr(G))2.

In terms of per(G) better upper bounds on cr(G) are known:

Theorem 5.1.6 ([Val04]) Let G be a graph and let k = per(G). Then cr(G) =
O(k?/logk).

Theorem 5.1.7 ([KMO04]) Let G be a graph. Let S =, d% be the sum of squares
of the degrees of vertices of G. Then

cr(G) =0 ((pcr(G) + 5)log? n)

Following two variations on the definition of crossing numbers are given in [PT00a]:
cr4+(G) in which the incident edges (i.e., edges which share a vertex) are not allowed
to cross, and cr—(G) in which the intersections of incident pairs of edges are ignored
(i.e., the sum in (5.1) runs over pairs of non-incident edges). The +, — variants

are defined for acr, pcr, and ocr analogously. No example is known for which the
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+, — variants differ. The variant ocr—(G) is also called independent odd crossing
number [Szé04]. Tutte [Tut70], in fact, proved a stronger result than Theorem 5.1.3;
he showed that if ocr—(G) = 0 then cr(G) = 0.

5.1.2 Complexity of computing crossing numbers

Let CR be the decision version of the crossing number problem:
INSTANCE: graph GG and an integer k.
QUESTION: Is cr(G) < k7

Similarly let Pcr, OCR, and ACR be the decision versions of the other crossing
number problems. Let n be the number of vertices of G.

CR is NP-complete [GJ83|, even for cubic graphs [HIi04]. On the positive side
CR is fixed parameter tractable [GroOl]: there is an algorithm with running time
O(f(k)n?). For bounded degree graphs there is O(log? n)-approximation algorithm
for (n + cr(G)) ([EGS03], using [ARV04]). No non-trivial approximation algorithms
are known if the degrees are not restricted. Computing the crossing number exactly
seems to be difficult even for very regular graphs, e.g., we do not know the value of
the crossing number of K, for n > 11.

For the other crossing numbers we have: RCR is NP-hard [Bie91], Pcr is NP-hard,
and OCR is NP-complete [PT00b]. We can show:

Theorem 5.1.8 ([SSS03]) Pcr is NP-complete.

5.2 Map crossing numbers

We will consider a variant of the crossing numbers in which the points on the holes
are fixed. A map R on a surface M is a set P = {(ay,b1),..., (am,bm)} of pairs of
distinct points on dM together with positive weights wy, ..., wn,. We require that a;

and b; lie on different components of OM.
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A drawing D of the map R is a set of m simple arcs vq,...,7m in S where ~;

connects a; and b;. Let
cr(D) = i, vj)wiwg,
1<J

and cr(R) = minp cr(D). We define the per(R), acr(R), and ocr(R) analogously.

Remark 1 For every map R,
ocr(R) < per(R) < cer(R), and

ocr(R) < acr(R) < cr(R).

There is no example known which would contradict cr(R) = per(R) = acr(R). We

can, however, separate ocr(R) from both per(R) and acr(R) for maps on the annulus.

Lemma 5.2.1 The crossing numbers of maps cr(R),pcr(R),ocr(R), acr(R) viewed

as functions of wiy,...,wy are continuous.
Proof :
Consider the set V' of vectors v(v1, ..., ) = (i(7, 7j))1<i<j<n for all possible curves

Y,---,Yn- Let V/ be the subset of vectors in V' which do not dominate any other
vector in V. Note that V' is finite and hence cr(R) is continuous in the w; (it is a
minimum of finitely many continuous functions). The same argument applies to the

other crossing numbers. [

Given a point a on dM, let a + ¢ be a point in a small (i.e., one not containing
any other point) neighborhood to the left of a. Similarly a — ¢ is a point in a small

neighborhood to the right of a.

Lemma 5.2.2 Let R be a map on an oriented surface M. Let R' be a map obtained
by replacing (a;, b;) by two pairs (a —e,b+¢) and (a +,b — ) with weights w—, w4
such that w— + wy = w;. Then cr(R') = cr(R). The same is true for the other

crossing numbers.
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Proof :

Given an optimal drawing for R we can draw both v+ and y_ in a small neighborhood
of ;. This shows cr(R’) < cr(R). Given an optimal drawing D’ for R’ drawing ; in
either a small neighborhood of v—, or v gives cr(R) < cr(R’). The same argument

applies to the other crossing numbers. [ |

5.2.1 Map crossing numbers on annulus

Let M be an annulus. We will call the two components of M outer boundary and
inner boundary. Let a be a non-trivial simple closed curve in M. Let a be on the
outer boundary and b on the inner boundary of M. There is a correspondence between
integers and isotopy (rel boundary) classes of curves with 9y = {a, b}. Fix a curve ~
with @y = {a,b}. Then DE(v), k € 7Z are representatives of these classes. For arcs

v, 3 connecting the outer and inner boundary:
i(D&(7), Do () = k= L +i(y, B). (5.2)

Note that i(y, 3) = |i(v, 3)| for any two curves 7, 3 on the annulus.

Let m be a permutation of [n]. A map Ry corresponding to 7 is constructed as
follows. Choose n + 1 points on each component of 0M and number them 0,1,...,n
in the clockwise order. Let a; be the vertex numbered ¢ on the outer boundary and
b; be the vertex numbered 7; on the inner boundary, ¢ = 1,...,n. We ask a; to be
connected to b; in Ry.

We will encode a drawing D of R; by a sequence of n integers xy,...,x, as
follows. Fix a curve /3 connecting the zeros and let v; be such that i(3,v;) = 0. We
will connect a;, b; with arc Dai(v;) in D. Note that for i < j, 5(%,%-) = [m > 7j]
and hence

” ; Ly
i(Da! (i), Do’ (7)) = i — aj + [m; > 7]

We have

acr(Ry) = cr(Ry) = min { Z |z — xj + [m > mj]|wiw; ‘ i € Z,i € [n]}, (5.3)
i<j
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per(Ry) = min { Z[xz —xj + [m > 7] # Olw;w; ‘ xj €EZL,i € [n]}, (5.4)
1<j
ocr(Ryr) = min { Z[% —xj +[m > m;] Z 0 (mod 2)]w;w; ‘ x; €L,i € [n]} (5.5)
1<j

Consider the relaxation of the integer program for cr(Ry):

cr’(R;) = min { Z |z — xj + [m > mj]|wiw; ‘xz eRyi € [n]} (5.6)
i<j
Since (5.6) is a relaxation of (5.3), we have cr/(R;) < cr(Ry;). The following lemma
shows cr’ (Ry) = cr(Ry).

Lemma 5.2.3 Let n be a positive integer. Let bj; € Z and let a;; € R be non-
negative, 1 <1 < j <n. Then

min{Zaij‘xi — xj + bjj| ‘xz eER,i € [n]}
1<J

has an optimal solution with x; € Z, i € [n].

Proof :
Let ¥ be an optimal solution which satisfies the maximum number of z; —x; +b;; =
0, 1 <i<j<n W.lLo.g, we can assume ] = 0. Let G be a graph on vertex

set [n] with vertices i,j being connected if 2} — x;‘ +b;; = 0. Note that if i, j are
*
J
It is enough to show that G is connected.

connected by an edge and one of x7, x7 is an integer then both 7 and x; are integers.

Suppose that G is not connected. There exists non-empty A C V(G) such that
there are no edges between A and V(G) — A. Let 14 be the characteristic vector of
the set A (i.e., (14); = (i € A)). Let f(A) be the value of the objective function on
T =717"+ X-14. Let I be the interval on which the signs of the z; — z; + b;;, 1 <
i < j < n do not change. Note that I is not the entire line. Since f(\) is linear on

I and an open neighborhood of 0 is in I we have that f is constant on /. Choosing
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x = z* + A4 for A an endpoint of I gives an optimal solution satisfying more

i —z;+bj; =0, 1 <1< j <n,a contradiction. [ |

Theorem 5.2.4 Crossing number of maps on annulus can be computed in polynomial

time.

Proof :
Note that cr’/(R;) is computed by the following linear program L.

min ) y;jww;
1<j

v

Yij $i—35j+[7Ti>7Tj]a 1<i<y<n

vij 2 —vi toj—[m>ml, 1<i<j<n

The dual L] of Ly is

max Z sz [772' > Wj]wiwj

1<j

Qijl Swjwj, 1<i<j<n
QT =-Q

Q1 =0

Question 6 Let R be a map on annulus. Can ocr(R) be computed in polynomial

time?

Conjecture 3 For any map R on annulus cr(R) = per(R).

5.2.2 Example of a map with ocr(R) < pcr(R)

We will show that the map R in Figure 5.1 gives an example with ocr(R) < pcr(R).

Lemma 5.2.5 Let R be a map on the annulus given by m = [1,4,3,2] and weights
a,b,d,c (in this order), where a < b <c¢ <d and a+c > d. Then cr(R) = pcr(R) =
ac + bd and ocr(R) = be + ad.



I6)

Figure 5.1: Weighed map R on the annulus such that ocr(R) < pcr(R).

Remark 2 If the reader is interested only in the separation of ocr(R) and cr(R) then
it is enough to verify the upper bound on ocr(R), and check that

0 ab a(c —b) —ac
—ba 0 bd b(a — d)
Q=
alb—c) —bd 0 b(d — a) + ac
ac b(d—a) bla—d)—ac 0

is a solution of the dual problem L.

Proof of Lemma 5.2.5:

The upper bounds follow from the drawings in Figure 5.1, the left drawing for crossing,
algebraic and pair crossing numbers, the right drawing for the odd crossing number.
The lower bounds are tedious case analyses.

Claim: pcr(R) > ac+ bd.

Proof of the claim: Let D be a drawing of R minimizing pcr(D). We can apply
twists so that the edge d is drawn as in the left part of Figure 5.1. Let «, 3,7 be the

number of clockwise twists that are applied to arcs a, b, ¢ in the left part of Figure 5.1
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to obtain the drawing D. Then,

per(D) = ed[y # 0]+ bd[f # —1] + ad[a # 0] + be[8 # v] + abla # B] + acla # v + 1].

(5.7)
If v # 0 then per(D) > ed+ ab because at least one of the last five conditions in (5.7)
must be true; the last five terms contribute at least ab (since d > ¢ > b > a), and the
first term contributes cd. Since d(c —b) > a(c —b), e¢d + ab > ac + bd, and the claim
is proved in the case that v # 0.

Now assume that v = 0. Equation (5.7) becomes

per(D) = bd[ # —1] + be[B # 0] + ad[a # 0] + ac[a # 1] + abla # f]. (5.8)

If § # —1 then per(D) > bd+ac because either v # 0 or av # 1. Since bd+ac > be+ad,
the claim is proved in the case that 5 # —1.
This leaves us with the case that § = —1. Equation (5.8) becomes

per(D) = be + ad[a # 0] + acla # 1] + abla # —1]. (5.9)

The right-hand side of Equation (5.9) is minimized for a = 0. In this case pcr(D) =
bc + ac + ab > ac + bd because we assume that a + ¢ > d. O
Claim: ocr(R) > bc + ad.

Proof of the claim: Let D be a drawing of R minimizing ocr(D). Let a, 3,7 be as

in the previous claim. We have

ocr(D) = cd[y]o 4+ bd[B+ 12 + ad[a]a + be[ S+ ]2 + abla+ B + acla+ v+ 1]o, (5.10)

where [z]9 is 0 if z = 0 (mod 2), and 1 otherwise.

If 5 # v (mod 2) then the claim clearly follows unless v =0, =1, and o« = 0
(all modulo 2). In that case ocr(D) > bc + ab+ ac > be + ad. Hence, the claim is
proved if § # 7 (mod 2).
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Assume then that 8 = v (mod 2). Equation (5.10) becomes
ocr(D) = cd[B]a + bd[B + 1]o + ad[a]s + abla + B]a + acla + B + 1]s. (5.11)

If « =1 (mod 2) then the claim clearly follows because either cd or bd contributes to

the ocr. Thus we can assume o = 0 (mod 2). Equation (5.11) becomes
ocr(D) = (ed + ab)[fl2 + (bd + ac)[ + 1]2. (5.12)

For both =0 (mod 2) and 5 =1 (mod 2) we get ocr(D) > be + ad. 0 |
Usingb=c=1,a = (v/3—1)/2, and d = 1+a we obtain the following separation.

Corollary 5.2.6 There exists a map M on the annulus with ocr(M)/per(M) = @

. 3
Conjecture 4 For every map M on the annulus, ocr(M) > %cr(M).

We can prove a weaker version of the conjecture 4 where v/3/2 is replaced by 1/3.

Lemma 5.2.7 For every map R on the annulus
cr(R) < 3ocr(R).

Proof :
We first consider the special case of unit weights. Let R consist of pairs of points
(a1,b1),...,(ap,by) with weights w; = wg... = wp = 1. Define the function
odd(i, j, k) to be the odd crossing number of the map consisting of just three pairs:
(aj, i), (aj,b;), and (ay,by). Note that odd(i, j, k) is either 0 or 1.

Let D be a drawing of R minimizing ocr(D). If two curves 7, and 7, intersect an

odd number of times in D then their contribution to ocr(D) is 1. Now,

ocr(D) = ¥ [i(r,7s) = 1 (mod 2)] = % S [i(rs) = 1 (mod 2)].

r<s " r<st¢{r,s}
(5.13)
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By definition, odd(i, j, k) = 1 implies that i(y,,7s) = 1 (mod 2) for at least one pair
r,s € {i,7,k}. Therefore,

> odd(i, k) < > [i(yr7s) = 1 (mod 2)]. (5.14)

i<j<k r<s,tég{r,s}

Let us look at the problem differently. Consider the drawing Dj in which ;. is
not crossed by any other curve. Obviously, cr(R) < cr(Dy,). We have

cr(Dy) = > odd(i, j, k),

i<j s.t. kg{i,j}

since three arcs can be drawn without crossings if their odd crossing number is zero.

Hence,

S|

1 1
< _E < = k)< =.3. i k).
cr(R) < " cr(Dy) < 0 E N odd(i, j, k) < —-3 . E odd(i, j, k)
k i<j s.t. k&{i,j} 1<j<k
(5.15)

Combining with (5.14) and (5.13) we obtain

3(n—2)

cr(R) ocr(R) < 3ocr(R).
By Lemma 5.2.2 the result extends to maps with integral weights. Scaling extends it

to rational weights, and continuity (Lemma 5.2.1) to real weights. |

5.3 Example of a graph with ocr(G) < pcr(G)

We modify the map R from Lemma 5.2.5 to obtain a graph G separating ocr(G)
and per(G). The graph G will have integral weights on edges. From G we can get
an unweighted graph G’ with ocr(G’) = ocr(G) and per(G') = per(G) by replacing
an edge of weight w by w parallel edges of weight 1 (this does not change any of
the crossing numbers). If needed we can get rid of parallel edges by the subdivision

operation which does not change any of the crossing numbers.
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We start with the map R from Lemma 5.2.5 with following integral weights:

a = {ﬁQ_lmJ,b:c:m, d= {\/nglmJ,

2

where m € Z will be chosen later.

We replace each pair (aj,b;) in the map by w; pairs (aj1,0;1),- - -, (@4, biw;)
where the a; ; (b; j) occur on OM in clockwise order in a small interval around of
a; (b;). By Lemma 5.2.2 the resulting map R with unit weights will have the same
crossing numbers as R. We then replace the boundaries of the annulus by cycles and
obtain a graph G. We give weight W = 1 + cr(R) to the edges in the cycles. This
ensures that in a drawing of G minimizing any of the crossing numbers the boundary
cycles are disjointly embedded without self-intersections and that no edge intersects
the boundary cycles.

Given a map R on annulus, the flipped map R’ is obtained by flipping the
order of points on one of the boundaries. There are two different ways of disjointly
embedding the 2 boundary cycles of G on the sphere (depending on their relative
orientations). In one of the cases the drawing D of G gives a drawing of Ry, in the

other case it gives a drawing of the flipped map R’l.

Figure 5.2: The flipped map R’1 resulting from opposite embedding of the boundary
cycles of G.
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Lemma 5.3.1 ocr(R}) > 2m? — 4m.

We will need the following result, which we prove later.

Lemma 5.3.2 Let 0 <aj <ag <---<ap be such that ap, <ay+---+an_1. Then

max (Zyz) —22%-2 :<Zai) —22&%.
lyil<a; \ \;—{ i—1 i=1 i=1
Proof of Lemma 5.3.1:

As before let w; = a, w9 = b,wg = d,wqy = ¢. In any drawing of R’l each “bunch”
the edges split into two classes, those with even number of twists and those with odd

number of twists. We can estimate (5.5) as follows.

4 4
ocr(R') = min Z (;) + Z (wz 5 Z) + Zki(wj —kj) | >
O<kiswi \ ;53 i=1 i#j
1 a2 & (w; — x;)
= 3 [ ) _
2l_1wz+o<r§}l12wz ; ) +; 2 +§xz(w3 zj)
= = = j
LA A 2 4 4 2
RS S . : 2_ . 5.16)
w; + <Z wz) + min 2 Z Y; (Z yz) >
23 \= wil<wi/2 \ 5 i=1
1 & 1
2
SO T 5D Wi
=1 =1
2
1 3+1 3—1
5 (f; m—l) +2 2+<f2 m—l) —dm | >2m® —4m

Proof of Theorem 5.1.4
For the graph G, by Lemma 5.2.5, we have

3
ocr(G) < ocr(R) = wiwg + wawy < §m2,



81

and by Lemmas 5.2.5, and 5.3.1, we have
cr(G) > min{er(R),ocr(R')} > min {\/§m2 — 2m, 2m? — 4m} .

For any ¢ > 0 there exists m such that ocr(G) < (v/3/2 + ¢)cr(Q). |

Proof of Lemma 5.3.2:

Let y1, ..., yn achieve the maximum value. Replacing the y; by |y;| does not decrease
the objective function. W.l.0.g., we can assume 0 < y1 < yp < --- < y,. Note that
yi < yj then y; = a; (otherwise increasing y; by € and decreasing y; by ¢ increases
the objective function for small ¢).

Let k be the largest ¢ such that y; = a;. Let k& = 0 if no such i exists. We have

y; = a; for e <k and ypy1 =+ =yp. f Kk =n we are done. Let
k 2 k
FO =Y a+m—kt| —2(> af+(n— k)
i=1 =1
We have

k
Fly=2m—k) | > ai+(n—k-2)t
=1

Note that for ¢ < ag,q we have f’(¢f) > 0 and hence the only optimal choice is

t = apy1- Hence yg,1 = ag1, a contradiction with our choice of £. |
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