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ABSTRACT

Eigenvalues of a finite graph are defined as the eigenvalues of its adjacency
matrix. A growing body of evidence links structural and spectral properties of graphs.
This thesis makes contributions to two areas in this field. Both areas are concerned
with eigenvalue extrema for certain classes of graphs and the structure of the extremal
graphs.

Let G be a finite graph and let A; > Ay be its two largest eigenvalues.

Our first subject is the structure of connected trivalent graphs which minimize
the eigenvalue gap A\; — Ay. This investigation is motivated by experimental obser-
vations made two decades ago by Bussemaker et al. on connected trivalent graphs
with 14 or fewer vertices. Generalizing their empirical conclusions, we describe the
exact structure of the extremal graphs. Our result supports the intuitive idea that
the eigenvalue gap is related to the sturdiness of interconnections within the graph;
the interconnections will be the most fragile for our long, “path-like” extremal graphs.

Our second subject is the spectral generalization of certain classical results in
extremal graph theory. The classical results concern the quantity exz(n,H), defined
to be the maximum number of edges in graphs G on n vertices which do not contain
as a subgraph any graph H from the set H. Analogously, we define spez(n,H) to be
the maximum spectral radius A (G) over the same class of graphs G.

In the spectral analogue of Turén’s theorem, we show that among graphs having
clique number at most ¢, i.e., not containing K, as a subgraph, Turén’s graph T'(n, t)
has maximal spectral radius and that it is the unique extremal graph.

It is easy to see that
2-ex(n,H)/n < spex(n, H), (%)

and that there are graphs H for which the set {spez(n,{H}) -n/ex(n,{H}):n > 0}

is not bounded. We show, however, that if H does not contain bipartite graphs, then



the two sides of (%) are asymptotically equal; we do this by proving that

lim spex(n,H)/n=1—1/t

n—oo

where ? is one less than the minimum chromatic number of graphs in H. The fact that
the right-hand side is equal to the limit of the extremal density lim,, .., ex(n,H)/ (Z)
is the Erdgs-Stone-Simonovits theorem.

The case of bipartite excluded subgraphs is not nearly as well understood; even
for complete bipartite graphs K ;, in most cases the correct order of magnitude of
the function ez(n,{K,:}) is not known. Nevertheless, we show that the order of
magnitude of spez(n, {K,,}) is not greater than the conjectured order of magnitude
of 2 ex(n,{K+})/n for complete bipartite graphs.

Returning to the case of H = {K;,1}, we prove a stability result for our Spectral
Turan theorem for the cases t = 2, 3, which shows that if the spectral radius of a graph
not containing Ky, is close to the bound, then the graph is close to Turan’s graph.

Our last result states that “graphs with hereditarily bounded average degree
have small spectral radius.” The trivial bound for the spectral radius in terms of
the number of edges m is Ay < v/2m, which may be improved upon only slightly in
general. We show, however, that if the graph has hereditarily bounded average degree,
then this may be improved to y/m asymptotically, which we show to be tight. More
specifically, we show that if ,¢ € IN and G is a graph satisfying |E(H)| < ¢t|V(H)|+r
for every subgraph H < @, then

M(G) < (t—1)/2+0(1) + Vin.
This result implies that
AM(G) <14 o0(1)+ V3n,

for graphs embeddable on a fixed surface, improving upon previous bounds by a
constant factor.
A number of problems arise from these results. They are discussed in the final

chapter of this thesis.

vi



CHAPTER 1
INTRODUCTION

1.1 Brief exposition of the subject

Let G be a graph on n vertices and let Ag = (a;j) be its adjacency matrix,
an n X n symmetric matrix given by a;; = 1 whenever {4, j} is an edge of G, and 0
otherwise. The eigenvalues Ay > Ay > --- > )\, of Ag are called the eigenvalues of G,
their multiset is called the spectrum of G. A, satisfies A; > || for all 4 and is called
the spectral radius of G.

In this thesis, we investigate some extremal problems related to the spectrum
of a graph G, given that G satisfies some combinatorial conditions. Specifically, we
consider two types of problems: the minimum eigenvalue gap (A — Ay) for connected
trivalent graphs and bounds on the spectral radius of graphs with restricted sub-

graphs.

Trivalent graphs with minimum eigenvalue gap. Trivalent graphs are regular
graphs of degree 3. For these, it follows easily that \; = 3. We define the eigenvalue
gap of regular graphs to be the difference A\; — \y; the gap is positive if and only if
G is connected. This quantity was first investigated by Fiedler in 1973, who called it
the algebraic connectivity of G. It is in some sense a measure of the strength of the
interconnections of G' (cf. Section 1.2.1 and references there).

In Chapter 3, we consider the eigenvalue gap of trivalent, connected graphs. In
1976, Bussemaker, Cobelji¢, Cvetkovié¢, and Seidel [19] enumerated all 621 connected
trivalent graphs with at most 14 vertices. They ordered the graphs lexicographically
by their spectra and remarked that:

“Our table shows that there is a strong relation between the second
eigenvalue and the connectivity of a graph. This is not surprising in view



of [Fiedler [46]]. But the inequalities in [46] are not sharp in the case of
cubic graphs and the whole question needs further consideration.”

This observation is the motivation for our work involving trivalent graphs. Let

[',, be connected trivalent graph on n > 10 vertices given by:
whenever n = 2 (mod 4), and

whenever n = 0 (mod 4).

In the enumeration of Bussemaker et al., the first graph appearing for each

n > 10 is I',. In Chapter 3 we prove the conjecture implicit in their paper:

Theorem 3.1 Forn > 10, the graph I',, is the connected trivalent graph with mini-

mum eigenvalue gap, and it 1s the unique such graph.

We also make the observation that I',, has maximum diameter among connected
trivalent graphs on n > 10 vertices, and that for n = 2 (mod 4) it is unique with this

property.

Bounds on the spectral radius. The spectral radius satisfies the following in-
equality:

—<)\1a
n

where n is the number of vertices and m is the number of edges in G. In Chapter 4
we investigate upper bounds on the spectral radius of graphs given that they do
not contain certain subgraphs. The inequality above then shows that our results
strengthen classical results in extremal graph theory.

Let H be a set of graphs. Let exz(n,H) be the maximum number of edges in

graphs G with n vertices not containing any graph in H as a subgraph. Analogously,



we define spez(n, H) to be the maximum spectral radius of graphs on n vertices over
the same class of graphs G. (If H = {H}, we write ex(n, H) and spexz(n, H) for
ex(n,{H}) and spex(n,{H?}).) The quantities are linked by the inequality

2-ex(n,H)/n < spex(n, H). (%)

We start our investigation with the case H = K;,4, i.e., graphs having clique
number at most t (for basic graph theoretic definitions, see Section 2.1). Turén’s graph
T(n,t) is defined as the unique complete t-partite graph where all ¢ color classes are of
size either |n/t] or [n/t]. Turan’s theorem states that ex(n, Kiy1) = |E(T(n,t))|, and
that T'(n,t) is the unique extremal graph. We prove the following spectral analogue

in Section 4.3:

Theorem 4.2 (Spectral Turan theorem) Let G be a graph with n vertices not

containing K1 as a subgraph. Then
M(G) < \(T(n,1)).

Equality holds if and only if G is the Turdn graph K(n,t).

This strengthens a result of Wilf [89], who showed that \(G) < (1 — 1/t)n.
This bound agrees with our tight bound if and only if ¢|n.

There are easy examples of graphs for which the set {spex(n,{H})n/ ex(n,{H}) :
n > 0} is not bounded; we show, however, that if H does not contain bipartite graphs,

then the two sides of (x) are asymptotically equal. In Section 4.4 we prove:

Theorem 4.22 (Spectral Erdds-Stone-Simonovits theorem) Let H be a set of
(nonempty) graphs, and let t = mingey x(H) — 1. Then

lim spez(n,H)/n=1-1/t.

The fact that the right-hand side of the equation above is equal to the limit of

n

the extremal density lim,, ., ex(n, H)/ (2

) is the Erdés-Stone-Simonovits theorem.



The case of bipartite excluded subgraphs is much less understood; even for
complete bipartite graphs H, in most cases the correct order of magnitude of the
function ez(n, H) is not known. Nevertheless, we show that the order of magnitude
of spex(n, H) is not greater than the conjectured order of magnitude of ex(n, H) for

complete bipartite graphs. Kévari, Sos, and Turan [64] showed that
2-ex(n, Ko;)/n < ((t=1)"* +o(1))n' /.
In Section 4.2, we prove the following spectral strengthening of their bound:

Theorem 4.7 (Spectral K&vari-Sos-Turan theorem)
spex(n, Ko ,) < ((t = 1) 4+ o(1))n' /5.

Erdés (38, 39] and Simonovits [79] independently showed that Turan’s theorem
is stable in the following sense: if G is a graph with clique number at most ¢ having
almost as many edges as the Turén graph T'(n,t), then by removing only a few edges
from G, it can be made a subgraph of T'(n,t). We prove the following spectral version

of this for ¢ = 2,3 in Section 4.5:

Theorem 4.8 (Spectral stability theorem) For all ¢ > 0 and for t = 2 or 3,
there exist constants ¢ = ¢(t) and N = N(e,t), such that for all graphs G onn > N

vertices with clique number at most t and spectral radius satisfying
M(G) > (1=1/t)n(1 —e),

G can be made t-partite by removing at most cen? edges, and it can be made a subgraph

of T(n,t) by removing at most c\/en? edges.

We now consider graphs with low density. For fixed positive integers ¢ and
r, let H,, be the set of all graphs on at least ¢ vertices with the property that
|E(H)| > t-|V(H)|+r. We investigate spex(n,H,,), showing that the trivial bound
of v/2m can be improved to c(t, 7)++/m for these graphs, where m = tn is the number
of edges and c(t,r) is a constant depending on ¢ and 7. In Section 4.6 we prove the

following theorem:



Theorem 4.9 Lett € IN and r > —(t“gl). If G is a graph on n vertices with the

property that |E(H)| <t-|V(H)|+r for all subgraphs H on at least t vertices, then
M(G) < (t=1)/24/(t+ D)t +2r + Vin,
and asymptotically,
M(G) < (t—1)/2+ Vin + o(1),

where the o(1) refers to n — oo while r and t are fived. Furthermore, the asymptotic

bound is tight.

We also show that the unique extremal graph for r = — (t;’l) is the graph with

t vertices of degree n — 1, all other vertices of degree .

As a consequence of this result, we obtain the following bounds:

Corollary 4.10 Let G be a graph embeddable on a surface of Fuler characteristic x.

Then
M (G) < 144/6(2 - x) + V3n,

and asymptotically,
M(G) <14+ vV3n+o(1),

where the o(1) refers to n — oo while x is fized.

This improves upon previous bounds given by Hong [60] by a constant factor for
all surfaces other than the plane; for the plane, we improve his result by an additive

constant.

A number of problems arise from our results. These are discussed in Chapter 5.



1.2 History

1.2.1  Combinatorial versus spectral properties of graphs

The study of relations between spectral properties and combinatorial properties
of graphs has been the subject of hundreds of papers (we refer the reader to the
monographs [23, 28, 30|, the survey article by Schwenk and Wilson [78], and the bib-
liographies there). Graph spectra have direct applications to Markov chains, random
generation, Hiickel theory in molecular quantum mechanics, and to monomer-dimer
systems in thermodynamics [33, 50, 54, 56, 62, 73, 81].

The spectrum of a graph G encodes many properties of the graph, yet any pre-
cise encoding still remains elusive. Numerous results have given explicit relationships
between a graph’s spectrum and combinatorial properties, such as number of edges,
maximum degree, chromatic number |27, 35, 57, 88|, clique number [89], Hamiltonic-
ity [86, 75|, toughness [3, 15|, etc. More recent developments even connect spectral
properties of matrices related to the adjacency matrix to topological properties, such
as planarity [25] and linkless embedability in IR* [69].

These relationships established to date shed light on the strong correlation be-
tween graphs and their spectra; many offer insight into the larger scheme of this
correlation, yet there is still much to learn. Most inequalities, while tight in many
instances, are very weak in others.

As an example of such results, an important theorem of A.J. Hoffman [57] pro-

vides the following lower bound on the chromatic number x(G) of a graph
X(G) >1— A /A,

This result is related to the remarkable polynomial-time algorithm given by
Grotschel, Lovasz, and Schrijver [51] to compute the chromatic number of perfect

graphs. No purely combinatorial algorithm is known.



Spectral radius. The spectral radius of graphs can be thought of as some sort of

averaging of the degrees of the vertices. It satisfies the inequalities

1 1/2
E(Zdzz) SAISdmax-

Equality on the right implies that G is regular. Equality on the left holds if and only if
the graph is either regular or if it is bipartite and the degree of a vertex is determined
by its color class (the inequality on the left was observed by Hoffmeister [58]).

The spectral radius arises in topological dynamics, where it is related to the
entropy of a topological system given by Markov shifts (cf. [87]). In topological
dynamics, one studies the asymptotic properties of continuous maps. A standard
simplifying trick is that of symbolic dynamics: reducing to a relatively simple topo-
logical space and a continuous map. A particularly interesting class of models is the
Markov shifts. Let Y = {0,1,... ,k — 1}, with the discrete topology, and define

+oo
x=1Iv

with the product topology. The shift 7 : X — X given by T({zn}n) = {Zns1}n
defines a topological dynamical system. Let A be a k& x k matrix with entries in
{0,1}. Define

Xa={reX:a,, =1, VneZ}.

Tn+41

X4 is a compact subspace, invariant under the shift 7. The restriction of T to X4
is called a topological Markov chain. We see that adjacency matrices of (directed)
graphs with & vertices yield topological Markov chains, as these matrices have entries
only in {0, 1}.

The entropy of dynamical systems has many formulations (cf. Bowen [13]),
and as their definitions are quite involved, we refrain from any general definition,
but mention an important result. Let A be an (irreducible) {0, 1}-matrix A, and let
T : X4 — X4 be a Markov shift. Then the topological entropy h(7T') of the dynamical
system is given by

h(T) = log A1 (A),



where A is the spectral radius of A. Topological Markov chains are important as a
source of models for relevant diffeomorphisms, and as a model for which the topo-
logical entropy can be computed. They give added motivation to study the extremal
values of A;.

Much research has been done trying to obtain upper and lower bounds for
the spectral radius under various combinatorial constraints. Extremal graphs under
various constraints have been characterized.

Spectra of trees were studied by Collatz and Sinogowitz [26], Heilmann and
Lieb [56], Lovasz and Pelikan [68], and others. They showed that the star alone has
maximum spectral radius and the path alone has minimum spectral radius. This
study was then taken a step further, to graphs with 1 and 2 cycles, and also to
connected graphs with n 4+t edges, for ¢ fixed. For this last class of graphs, Cvetkovié¢
and Rowlinson [31] confirmed a conjecture of Brualdi and Solheid [18] that for n large
enough, the graph having maximal spectral radius has one vertex of degree n — 1 and
one vertex of degree ¢t + 2 (the remaining vertices have degree 1 or 2, as required).

For a given number m of edges (and no condition on the number of vertices),

Brualdi and Hoffman [17] conjectured that the graph on ¢ vertices, where (;) >m >

t—1

) ) is the unique

(tgl), consisting of K; ; and one additional vertex of degree m — (
graph with maximal spectral radius; this was confirmed by Rowlinson [77].
Hong [59] bounded the spectral radius in terms of the number n of (non-isolated)

vertices and the number m of edges of G as follows:

Al(G) S \/Qm—n—|— 1.

This bound was used by Cao and Vince [21] in their bounds on the spectral radius of
planar and outer planar graphs.

The spectral radius of graphs with restrictions on the chromatic number x(G)
have been studied as well. Wilf [88] showed that x(G) < A;(G) + 1. Cvetkovié¢ [27]
proved that A;(G) < (1 —1/x(G))n, which was later improved by Wilf, who replaced
X(G) by w(@), the clique number of G. In this thesis, we improve upon Wilf’s re-

sult, obtaining the tight bound and determining all extremal graphs. Cvetkovi¢’s



result was improved in another direction by Elphick [35] who showed that A; <

\/ 2m(1 — 1/x(G)), where m is again the number of edges. Hong used this result and
the Heawood Coloring Theorem to give bounds on the spectral radius of graphs em-
beddable on surfaces (compact 2-dimensional manifolds). In Section 4.6 we improve
upon these bounds.

For further information on the spectral radius, the reader is referred to the
survey by Cvetkovi¢ and Rowlinson [32] and the 3rd edition of the monograph by
Cvetkovi¢ et al. [30].

Eigenvalue gap. A particularly interesting application of graph spectra has been
a linking of the eigenvalue gap with the interconnectedness of G, an intuitive, yet
imprecise, concept. We think of graphs as being “highly interconnected” if large
subsets of the graph cannot be cut off from the rest by a small number of edges; graphs
with this property have small diameter. On the other hand, the interconnections are
“weak” and “fragile” if the graph is easy to split, and can be disconnected at many
places. Such graphs have large diameter.

Some interesting results exhibit a relationship between these concepts and the
eigenvalue gap. The first relationship was noticed in 1973 by Fiedler [46], who
bounded the connectivity of G above and below by functions of the eigenvalue gap of
G (in fact, he called the gap the algebraic connectivity of G). Alon and Milman [4]
and Tanner [84] bounded the gap above and Dodziuk and Kendall [34], and Alon [2]
bounded the gap below, by functions of the isoperimetric ratio of G, a more global
measure of connectivity. Similar relationships for the analogous, though somewhat
different parameter of electrical conductance of graphs was shown by Sinclair and
Jerrum [82]. These results may all be considered as discrete versions of Cheeger’s
inequality in differential geometry.

As a profound application of this relationship, Lubotsky, Phillips, and Sar-
nak [70], and Margulis [72] constructed explicit families of graphs having large girth

and large chromatic number, thus “derandomizing” a celebrated probabilistic proof
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of existence of such graphs by Erdds [37]. To establish that the graphs have large
chromatic number, they used Hoffman’s result mentioned above.

These results also prove the existence of efficient algorithms for random genera-
tion. We want to prove that a random walk of polynomial length on certain graphs of
exponential size will converge to an almost uniform distribution. Sinclair and Jerrum
showed that the eigenvalue gap for the graphs they used implies the required bound
on the electrical conductance. As a consequence, they showed that the permanent of
a dense {0,1}-matrix may be estimated efficiently. (We refer to the monograph of
Sinclair [81] and the article by Lovasz [67].)

Chung [22], Mohar [74], Alon and Milman [4], and Haemers [55] have bounded
the diameter of G above by functions of the gap, and Landau and Odlyzko [66] and
McKay (see [74]) have bounded the diameter of G below by functions of the gap.

Unfortunately, all these results mentioned above yield little information if the
gap is very small.

Bussemaker et al.’s table mentioned on page 1 suggests that this relationship is
much stronger than the existing results indicate. Indeed, the graph with smallest gap
has the largest diameter in each of their lists, and all graphs with maximum diameter
have gap less than that of graphs with smaller diameter. Our results, determining
the connected trivalent graph with minimum gap for all n, and showing that it has

maximum diameter, support this stronger link.

1.2.2  Extremal graph theory

Extremal graph theory is the study of the asymptotic behavior of graph invari-
ants. We do not attempt to do justice here to extremal graph theory, as that is beyond
the scope of this thesis. We refer the interested reader to Bollobés’s monograph [8]
and his survey [9], as well as to the survey of Simonovits [80]. We mention here only
those results which relate directly to this thesis.

Extremal graph theory started with Turan in 1941, although one could argue
that Euler’s result for planar graphs: |E(G)| < 3-|V(G)| — 6, was the first extremal
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graph theoretic theorem. Turan investigated the number of edges a graph G can have,
given that it does not contain K, as a subgraph, a special case of which (¢ = 2) had
already been solved in 1907 by Mantel [71]. Turén showed that no such graph on n
vertices can contain more edges than the Turdn graph T(n,t), and that this is the
unique extremal graph. This graph has ¢ sets of vertices of almost equal size (either
|n/t] or [n/t]), and edges connect all pairs of vertices in different sets. Aigner [1]
has a nice survey of several interesting proofs of this theorem.

In 1946, Erdés and Stone [45] were able to extend Turan’s theorem to the graphs
Kiy1(r), the complete (¢ + 1)-partite graph with = vertices in each color class (this is
T(r(t+1),t+ 1) in our notation above). They showed that the number of edges in

graphs not containing K;(r), depends asymptotically only on ¢ and n, i.e.,

B@) < 0-1/0() + o)

Erdés and Simonovits [42] noticed that this same bound holds for any graph with
chromatic number ¢ 4+ 1, and hence for arbitrary families of graphs H for which
t+1=mingey x(H).

The extremal graphs for a given family of excluded (¢+ 1)-chromatic graphs are
not known in general and it is natural to ask whether the structure must be close
to Turan’s graph T'(n,t). Erdés [38, 39] and Simonovits [79] independently answered
this question in the affirmative. In fact they even showed that the extremal graphs
are stable in the sense that if G is a graph not containing a (¢ + 1)-chromatic graph
H as a subgraph, and G has almost as many edges as an extremal graph, then by
adding and subtracting only a small number of edges transforms G into a subgraph
of the Turan graph T'(n,t).

A bipartite analogue to the problem considered by Turian was posed by Zaran-
kiewicz [90] in 1951. The problem is to determine the maximum number of edges a
graph may contain given that it does not contain the complete bipartite graph K, as

a subgraph. The problem has become known as the Zarankiewicz problem. In 1954,



12

Kévari, Sos, and Turan [64] gave an upper bound. They showed that for any such G,
the following bound holds:

IB(G)| < (s — 1)tV )2,

There does not appear to be a simple extremal graph as in the case of Turén’s theorem,
and for s =t > 3, the question of whether or not this is the correct order of magnitude
is still open. It is conjectured that this bound is asymptotically correct for all s and t.

What is known is that the order of magnitude of this bound is correct for s = 2
and all ¢ (Klein, as reported by Erdés [36]), s = 3 and all ¢ (Brown [16]), and all s
and ¢ satisfying ¢ > s! 4+ 1 (Kollar, Ronyai, and Szabé [63]). Furthermore, the bound
is asymptotically tight for s = ¢ = 2 (Erdés, Rényi, Sos [41] and Brown [16]) and for
s =2 and all ¢ (Fiiredi [47]). In contrast, the best known lower bounds, due to Erdés

and Spencer [43], using a probabilistic argument, gives only Q(n'~2/(s+9).

1.3 Publication status of the results in the dissertation

All major results are in the process of publication in specialized journals. The
dissertation includes results obtained in collaboration.

Section 3.3 represents individual work without coauthors and has been accepted
for publication in the Journal of Algebraic Combinatorics [53]. The remainder of
Chapter 3 represents joint work with Clemens Brand and Wilfried Imrich [14].

Section 4.3 represents individual work without coauthors [52], as does Sec-
tion 4.6. The remaining results in Chapter 4 were obtained in collaboration with

the author’s advisor Léaszlo Babai [6, 7].



CHAPTER 2
PRELIMINARIES

2.1 Basic graph theory

In this thesis, we consider finite undirected graphs without loops or multiple
edges. The definitions below reflect this convention.

A graph G = (V, E) consists of a vertex set V and an edge set F, where every
edge (element of F') is an unordered pair of distinct vertices (elements of V'). Graphs
denoted by the letter GG will always have n vertices, m < (Z) edges, and their vertex
set will for simplicity be assumed to be the set {1,2,... ,n}.

We say that vertices ¢ and j are adjacent if {i,j} € E. In this case we also say
that ¢ and j are neighbors. We denote this by ¢ ~ j. We denote by G the complement
of G defined as the graph on the same vertex set, where two vertices are adjacent in
G if and only if they are not adjacent in G.

An isomorphism of two graphs is a bijection between their vertex sets which
preserves adjacency as well as non-adjacency. Two graphs G and H are isomor-
phic if there is an isomorphism between them; in this case we write G = H. Self-
isomorphisms of a graph are called automorphisms.

The degree of a vertex 7 is the number of neighbors of ¢ and is denoted by d(¢)
or d;. The maximum degree of a vertex of G is denoted dp.x(G). The average degree
of G is
_ Yievd() _ 2m

n n

ave (G) (2.1)

The density of G is the ratio m/ (Z) = dave(G)/(n —1).
A graph is regular if all vertices have the same degree. A trivalent graph is a
regular graph of degree 3. By equation (2.1), a regular graph of odd degree must have

an even number of vertices.

13
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A walk of length k& between vertices ¢ and j is a sequence 7 = ug, uy,... ,ux = J
of vertices such that u;_; and u; are neighbors for ¢« = 1,... k. A path is a walk
without repeated vertices. We view the paths (ug, u1, ... ,ux) and (ug,... ,u1, ug) as
identical.

The distance between ¢ and j is the length of a shortest path between ¢ and j;
the distance is infinite if there is no such path. The diameter of the graph is the
maximum distance between pairs of its vertices. The graph is connected if every pair
of vertices has finite distance. Since the graphs we consider are finite, this statement
is equivalent to the diameter being finite.

A set F' C F is said to cut the graph G if (V, E'\ F) is disconnected. In this case
Fis a cut-set. A cut-edge is an edge e of a connected graph such that {e} is a cut-set.
The edge-connectivity of a connected graph is the minimum size of its cut-sets; this
number is zero if and only if the graph is disconnected.

A closed walk of length k is a walk (ug, uq,... ,u) such that ug = ug. A cycle
of length k is a closed walk of length & > 3 without repeated vertices other than
uy = ug. The cycles (ug,u1,...,ug), (Ug,...,u1,ug), and (uy,ug, ..., ug, ug) are

considered identical. The girth of a graph is the length of its shortest cycle.

n

The complete graph K, has n vertices and all the (2

) pairs of vertices are
adjacent. Complete graphs have density 1.

A graph is bipartite if its vertex set can be divided into two “color classes”
(“red” vertices and “blue” vertices, say), such that vertices of the same color are never
adjacent. A graph is bipartite if and only if all cycles have even lengths.

The complete bipartite graph K, is defined as follows: it has s 4+t vertices and
st edges; the st edges join each of the first s vertices with each of the last ¢ vertices.

A subgraph H = (T, F) of G = (V, F) is a graph such that T CV and F C F.

The edge {i,j} € E is induced by the subset T C V if 4,5 € T. The subgraph
induced by the subset T' C V is the graph (T, F'), where F' C F consists of all edges

induced by T.
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A subset T' C V is independent if no edge is induced by T. We say that T'C V
is a clique if T induces a complete graph. The cliqgue number w(G) of G is the size of
the largest clique 7" C V.

A legal coloring of a graph is an assignment of “colors” to each vertex such that
vertices of the same color are never adjacent (each color class is an independent set).
Colorings of the vertex set will tacitly be assumed to be legal and the adjective “legal”
will be omitted. The chromatic number x(G) of the graph G is the minimum number
of colors for which there is a legal coloring. The graph G is bipartite if and only if
x(G) < 2.

The complete t-partite graph K, . ., is a t-colored graph with n = S i
vertices such that the color classes have sizes nq, ... ,n;, respectively, and each pair

of color classes induces a complete bipartite graph (so the number of edges is m =

Yi<icj<t MiMj)-

2.2 Graph spectra

As general references for matrix theory, we refer the reader to the monographs
by Gantmacher 48| and by Horn and Johnson [61]. In this thesis, vectors will appear
in upright bold face, whereas italics will be used for scalars. Matrices will always be
represented by capital letters. The all ones vector will be written j = (1,1,...,1)%

Before relating graphs to matrices, we recall our most frequently used tool from

linear algebra, the Courant-Fisher theorem on symmetric real matrices.

Theorem 2.1 (Courant-Fisher theorem) Let A be an n X n symmetric matriz
over IR, and let Ay > Ay > --- > A, be its eigenvalues. Let x; be an eigenvector for

the i-th eigenvalue. Then

x' Ax
= —— <7<
Aj = max T (1<j<n),
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and the mazimum 1is attained precisely for eigenvectors corresponding to A;. In par-
ticular,
Al = max Xtﬂ
<117

Eigenvalues enter graph theory via the adjacency matriz.

The adjacency matriz of the graph G, denoted by A = Ag, is the nxXn symmetric
matrix A = (a;;) where a;; = 1 if vertices ¢ and j are adjacent and a;; = 0 otherwise.
In particular, a; = 0 for all 2 € V. The eigenvalues of G are the eigenvalues of A and
their multiset is called the spectrum of G. The spectrum of G is independent of how
the vertices of G are labeled (isomorphism invariant).

We note that since A is symmetric, the eigenvalues of A are real and will be
denoted by

AM>X > 2> A

The trace of A is zero, therefore Y ; A\; = 0.
A vector x = (z1,...,z,)" € IR" can be viewed as an assignment of “weights” to

the vertices: z; is the weight of vertex i. Let y = Ax, where y = (y1,... ,9,)". Then
Y= for j=1,...,n. (2.2)

i~
(The summation extends over the neighbors of j.) In particular if x is an eigenvector

corresponding to eigenvalue A then we have

Az =) = for j=1,...,n. (2.3)
i~j
The quadratic form x*Ax also has a nice interpretation:
x'Ax =Y zz;. (2.4)
i~j
The following well known facts follow easily from the Courant-Fisher theorem

and equation (2.3). (See for example [29] and [49].)

Lemma 2.2 (i) A\ > |A;| for all j.
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(i) A1 has a nonnegative eigenvector.

(111) If G is connected then \; is simple (has multiplicity 1), and the corresponding

ergenvector X s all-positive.

(iv) Let x be an all-positive eigenvector for the connected graph G. Then the corre-

sponding eigenvalue 1s A1 and X s invariant under the automorphisms of G.
(v) If G is bipartite then its spectrum is symmetrical: \; = —Ap_ip1 (1=1,...,n).
(vi) Conversely, if G is connected and Ay = —\,, then G is bipartite.

(vit) dave < A1 < dmax- In the first inequality, equality holds exactly if G is regular;
the same 1s true for the second inequality if in addition we assume that G is

connected.

(viti) If G is reqular of degree d then Ay = d. This eigenvalue is simple if and only if

G is connected.

As an illustration, let us prove item (vii).

For the first inequality, from the Courant-Fisher theorem we obtain that
M > §RA/5IP = 2m/n = dae

If equality holds, then j must be an eigenvector and therefore G is regular.

For the second inequality, let x = (z1,...,z,)" be a nonnegative eigenvector for
A1 and let x; = max; z;. Then, by equation (2.3), \yz; = 3 75 < djz; < dpax T
The case of equality is easily analyzed. d

We deduce one more important corollary.

Lemma 2.3 Let H = (V, F) be a proper subgraph of G = (V, E) on the same vertez
set (F C E). Then

(i) M(G) > A\i(H).
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(i1) If G is connected then A (G) > A\ (H).
(1ii) M (G) — A (H) </2|E\ F|.

Proof: Ttems (i) and (i) are immediate from the Courant-Fisher theorem. (For
item (ii), use Lemma 2.2, item (iii).) For item (iii), let K = (V,E \ F), and let
B be the adjacency matrix of K. Then by the Courant-Fisher theorem, A\ (G) <
M(H) + Ay (K). Moreover, (A (K))' < trace(B?) = 2/ E(K)|. 0

The Laplacian matriz L of G is defined as L = D — A, where D is the diagonal
matrix whose (4,7) entry is the degree of vertex i. L is singular, since Lj = 0.
Moreover, L is positive semidefinite: x'Lx = Y, ;(z; — z;)*. It follows that L has
rank n — 1 if and only if G is connected. Let the eigenvalues of L be 0 = py < p; <
-+ < pnp_1. It is easy to see that for regular graphs, p; = A; — Ay. This is the so-called
eigenvalue gap of G. Applied to L, the Courant-Fisher theorem says that

x'Lx
(GG) = min .
o) = i




CHAPTER 3

TRIVALENT GRAPHS WITH MINIMUM
EIGENVALUE GAP

3.1 Introduction

In 1976, Bussemaker, Cobelji¢, Cvetkovi¢, and Seidel ([19], see also [20]) enu-
merated all connected trivalent graphs with at most 14 vertices. They ordered the
graphs lexicographically by their eigenvalues. The ordering is interesting in that cer-
tain combinatorial properties change gradually (e.g. diameter, connectivity, girth).
Graphs whose second largest eigenvalue is large, tend to be long, path-like; they have
large diameter, small girth, and many cut-edges. Moving down the list, as the second
eigenvalue decreases, the diameter decreases and both connectivity and girth increase.
Those for which the second eigenvalue is smallest are very compact, they have small
diameter, large girth, and high connectivity.

For connected graphs G, we define p; = Ay — Ay to be the eigenvalue gap
of G. The eigenvalue gap was first investigated by Fiedler in 1973, who called it
the algebraic connectivity of G (see [46]). Fiedler and others have shown a direct
correlation between the gap and various graph parameters describing the strength of
the interconnections in G (see page 9). Their results give little information when p; is
minimum. In this chapter, we consider this case and determine the unique extremal
graphs.

According to Bussemaker et al., the connected trivalent graphs with minimum
eigenvalue gap for n = 10, 12, and 14 coincide with the graphs pictured below. These
pictures suggest a general pattern. We define the graph I',, as:

XD <P< X

19
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whenever n = 2 (mod 4), and

whenever n =0 (mod 4).

The main result of this chapter confirms the natural conjecture suggested by

the experimental results of Bussemaker et al.:

Theorem 3.1 For (even) n > 10, the graph T, is the unique connected trivalent

graph with mintmum eigenvalue gap.

In Section 3.6 we show that I',, is the connected trivalent graph on n vertices

with maximum diameter.

3.2 Outline of the proof

Some preliminary definitions are required.

Definition 3.1 A trivalent graph is said to be path-like if it has the form:

where each end block is one of the following:

(the right-hand end block is the mirror image of one of the blocks shown) and each

middle block is one of the following:

{% or or
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We will call end blocks with 5 vertices and middle blocks with 4 vertices small,
end blocks with 7 vertices and middle blocks with 6 vertices medium, and all others
large.

It will be convenient to consider the Laplacian L. = Lg rather than the adjacency
matrix Ag. The Laplacian of G is defined as Lo = Dg—Ag, where Ag is the adjacency
matrix and Dg is the diagonal matrix whose (4,4) entry is the degree of the vertex i.
L is singular, as Lj = 0. Moreover, L is positive semidefinite and has the following
interpretation for graphs: x'Lx = ¥, :(x; — z;)*. It follows that L has rank n — 1 if
and only if G is connected. Let the eigenvalues of L be 0 =pg < p; <+ < ppq. It
is easy to see that for regular graphs, p; = A\ — Ay, as defined earlier.

By the Courant-Fisher theorem, it follows that
. xtLax
We will make use of this fact extensively.

The proof of Theorem 3.1 is in three parts. In Section 3.3 we show that if G is
a connected trivalent graph with minimum eigenvalue gap, then G must be path-like,
with no large blocks. In Section 3.4 we then show that G' can only have small blocks
in the middle. This finishes our proof when n = 0 (mod 4), as T, is the unique graph
with this property. If n = 2 (mod 4), then we are left with two choices, either T',,
or the path-like graph II,, which has two medium end blocks and only small middle
blocks. In Section 3.5 we show that I',, has smaller eigenvalue gap than II,.

All three parts are proved using similar methods. We let G be a connected
trivalent graph on n vertices with minimum gap p;, and let x be an eigenvector for
p1(G). We assume that G is not in the required form, and then demonstrate a new
graph H of the desired form, i.e., path-like without large blocks, and then show that
the quadratic form given by H evaluated at x is not larger than p;(G), showing that
p1(H) is at most p;(G), and in fact that if G # H that it is strictly less than p;(G),
contradicting the minimality of p; (G).

In the first part, we do this entirely by local methods. We assume that G is not
path-like, and define a sequence of graphs G = Gy, G4, ... , G, obtained from G by
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moving edges to put G into path-like form. The graph G; is path-like for the first ¢
vertices. At each step, we show that if G; is path-like only for the first ¢ vertices and
not the (i + 1)st, then we can rewire G; to get G;;1 which is trivalent and connected,
and whose eigenvalue gap is no larger than G;’s. We bound the eigenvalue gap above
using the Rayleigh quotient, using the vector x. We choose the rewiring carefully so

that (assuming that ||x|| = 1):
0 (G)=x"Lg,x > x'Lg,x >+ >x"Lg, x> pi1(G,).

When we are finished, we have a path-like graph with no large blocks.
We then show that these rewirings are not reversible, i.e., that if G, is a path-
like graph with no large blocks, then any rewiring of the type we did (reversing our

steps) would increase the eigenvalue gap, hence

p1(G) > p1(Ga),

a contradiction.

We then show that G' can only have small blocks in the middle. The method
here is semi-local. We “move” the bigger blocks towards the outside ends. Given a
graph G with a medium block among the middle blocks, close to the “center”, we
produce a graph H which has no medium blocks so close to the center. Given a
positive eigenvector x of p;(G), we make a local change to x and then a global shift

to produce a vector y such that
p1(G) =x'Lex > y'Luy /|yl

The shift is to ensure y L j so that the right-hand side of the above equation is an
upper bound for p;(H). We may then repeat this process of moving the medium
blocks from the middle towards the outside. Any large block may be immediately
collapsed into two smaller ones. After this step, there are only small blocks in the
middle. If n = 0 (mod 4), then we must end up with I',,, and we are done, as we

cannot have medium blocks at both ends by the value of n.
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We now come to part three of the proof, which we only arrive at for n = 2
(mod 4) (and n > 14). For these values of n, we are left with two possible graphs
and need only to determine which has smaller eigenvalue gap. This involves a very
delicate eigenvalue estimate. From an eigenvector for II,, the other candidate, we
construct a vector such that the Rayleigh quotient for Lr is smaller than p,(H,).

Surprisingly, this is the most tedious part of the entire proof.

3.3 Path-like structure

In this section, we will show that if G has minimum eigenvalue gap, then G

must be path-like. We restate the claim here.

Lemma 3.2 Let G be a connected trivalent graph on n vertices (n > 10), such that

among all connected trivalent graphs on n vertices, G has minimum eigenvalue gap.

Then G is path-like.

We make one more elementary definition and then outline the proof of the
proposition. As we mentioned in the previous section, we will prove this by rewiring

the graph. The following definition describes how we will achieve that.

Definition 3.2 An elementary switch in a graph is a switching of parallel edges: let
a~band c~ din G, a o ¢, b d (here ~ and ¢ denote adjacency and non-
adjacency in G), then the elementary switch: SWITCH(q, b, ¢, d) removes the edges
{a, b} and {c¢,d} and replaces them with the edges {a,c} and {b, d}.

We will use only elementary switches to rewire G to put it in path-like form,
choosing the four vertices carefully so that G remains connected and during the

switches the eigenvalue gap never increases. We will then show that any elementary
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switch on a path-like graph either leaves it path-like or strictly increases the eigenvalue
gap. We may then concluded that if G has minimum gap, it must be path-like.

Let x be an eigenvector for p;, considered as a weighting on the vertices; for
v € V we write z, for the weight of vertex v. We assume the vertex set is [n] =
{1,2,...,n} and that the vertices are numbered so that z; > x5 > --- > z,. We call
this a proper labeling of the vertices (with respect to x).

We can now clarify the rewiring. With respect to a proper labeling, we show
that we can rewire to get vertex 1 adjacent to vertices 2, 3, and 4. We can then rewire

to get 2 adjacent to 3 and 4. This now looks like:

1 3
2 4

We show that we can continue in this way, getting a path-like graph, with the
labels increasing from left to right. The trick is not to disconnect the graph while we
are rewiring, and not to increase the eigenvalue gap. We ensure that these do not
happen by choosing our switch carefully. We have the following lemma which aids in

not increasing the eigenvalue gap.

Lemma 3.3 Let G be a trivalent graph and x be an eigenvector for pi. If there are
vertices a,b,c,d in G such that a ~ b,c ~ d,a o ¢c,b ¢ d,z, > x4, and x. > x3, then
SWITCH(a, b, ¢, d) does not increase the eigenvalue gap. If both of the inequalities

are strict, then the gap strictly decreases.

Proof: We may assume that ||x|| = 1, then p; = x*Lx. Let L’ be the Laplacian matrix
of the graph after the rewiring. In light of the Rayleigh quotient, it suffices to show
that

x'['x < x'Lx.
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This follows immediately from

x'Ix —x'L'x = x'(I' — L)x = 22,2 + 22474 — 27,2y — 2224

= 2(zq — x4)(z. — ) > 0. d

We have the following lemma to help with keeping the graph connected during

rewiring:

Lemma 3.4 Let G be a connected trivalent graph on [n| with minimum gap py, prop-
erly labeled with respect to an eigenvector x of p;. Assume that G\ [r] is disconnected
and that each of its components has an edge which is not a cut edge. Then we may

rewire the graph using elementary switches to connect G \ [r], not changing p;.

Proof: Tt suffices to prove the lemma when G\ [r] has two connected components H
and K. We will prove the lemma by contradiction. Assume that we cannot rewire the
graph to accomplish our goal. Let {u;,us} be a non-cut edge in H and {v;,v2} a non-
cut edge in K. Because these edges are not cut edges, both SWITCH(u;, us, vy, v3)
and SWITCH(u1, us, v2,v1) would leave G and G \ [r] connected, so it must be the
case that these switches increase p;. Based on the previous lemma, this only happens
if the weights of one pair are both strictly greater than those of the other pair. We
may assume that x,,,T,, > Z,,%,,. Let w be an element in [r] adjacent to K
and let (v1,v9,vs,...,v;) be a shortest path in G, v, = w (we may possibly need
to switch the roles of v; and v;). For 1 < i < t, SWITCH(uy, us,v;, v;11) and
SWITCH(uy, ug, v;41,v;) would connect H and K, leaving the graph connected, so
= x,, but this is a contradiction, as z,, > x,

by induction, z,,, Ty, > Ty, Tyyy -« - , Ty,

for all v € H. O

3.3.1 Reunring to get a path-like graph

Assume that G is a connected trivalent graph on n vertices, n > 10. We further

assume that among all connected trivalent graphs on n vertices, G has minimum
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eigenvalue gap, and that G is properly labeled. During the rewiring, we will denote

G by Gy to indicate that the first k vertices are in path-like form.

Getting Gy

Connecting 1 to 2. If 1 ¢ 2 then there is a shortest path (1,4,... ,4%.,2) from
1 to 2. Let k be a neighbor of 1 such that k£ # i; and k£ ¢ 7,, then we may apply
SWITCH(1, k, 2,4,), not increasing the eigenvalue gap and leaving 1 adjacent to 2

and G connected.

Connecting 1 to 3. If 1 ¢ 3 then let £ # 2 be a neighbor of 1. By a simple
counting argument, each connected component of G \ {1} contains a cycle. We may
therefore use Lemma 3.4 to assume that G \ {1} is connected. Let (k,7y,... ,i,,3) be
a shortest path from k£ to 3 not passing through 1. Let £ be a neighbor of 3 so that
¢+, and € 4 i,, then SWITCH(1, k, 3, £).

Connecting 1 to 4. (This is identical to the previous rewiring.) If 1 o 4 then
let k be the third neighbor of 1. We may assume (by Lemma 3.4), that G\ {1} is
connected. Let (k,i1,...,4,,4) be a shortest path from k to 4 not passing through 1.
Let ¢ be a neighbor of 4 so that ¢ # i, and £ ¢ i,, then SWITCH(1, k,4, ¢).

Connecting 2 to 3. We may assume that G\ {1} is connected. Let (2,41,... ,,3)
be a shortest path in G\{1}. Let & be the third neighbor of 2 and ¢ the third neighbor
of 3. If r = 2, k ~ iy, and ¢; ~ £, then k cannot be adjacent to ¢ because G \ {1}
is connected, so SWITCH(2, k, 3, ¢) connects 2 to 3, as required. Otherwise, either
k o i, and SWITCH(2, k, 3,4,), or i1 o £ and SWITCH(2, 4,3, £).
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Connecting 2 to 4. If there is a vertex k adjacent to 2, 3, and 4, let £ be third
neighbor of 4, then k # ¢ and SWITCH(2, k,4,£). Otherwise, we may assume by
Lemma 2 that G \ [4] is connected. Let k be the third neighbor of 2, ¢ the third
neighbor of 3, and let v and v be the two other neighbors of 4. If 3 ~ 4 then
SWITCH(2, k, 4, 3). Otherwise, if k # u and k o u, then apply SWITCH(2, k, 4, u).
If one of these relations does not hold, try the same for v instead of u. If the same
relations hold for v, try to get 3 ~ 4 by considering 3 instead of 2 and looking at
u and v; then SWITCH(2, k, 4, 3) will work. If none of these are allowed, then G \ [4]
has a connected component consisting of just {k, £, u, v}, this set having 2 or 4 points
depending on the equalities, and being disconnected from the rest of the graph. This
contradicts the fact that G \ [4] is connected (in fact, in this case G has a connected
component with 6 or 8 vertices, contradicting the fact that G is connected with at

least 10 vertices).

General Steps

We now introduce general steps that deal with the remaining vertices. We
assume at this point that the graph G has the desired connections among the vertices
[r], i.e. we have G,. The next three sets of general steps show how to rewire G, to

get either G, or G, s.

When r is odd. Based on our construction, we only arrive at this case when
r ~r—2and r ~ r—1, so there is only one edge leaving the first r vertices, and it
leaves from 7. We need to connect r to » 4+ 1. Let k be the third neighbor of r and ¢
be a neighbor of r 4+ 1 the furthest possible from » and SWITCH(r, k,r + 1,£). This

gives us Gy1.
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When r is even After rewiring the first » = 2k vertices, there are two edges
connecting these vertices to the rest of the graph. By our rewiring, they come either
both from r, or one from r and the other from r — 1. We treat these separately. First,
let us consider the case where they both come from 7.

Step 1. Connect  to » + 1. Let k£ be the neighbor of r closest to » + 1 and let £ be
the neighbor of r + 1 furthest from r. SWITCH(r, k,r + 1,£).

Step 2. Connect 7 to 7 + 2. We may assume that G'\ [r + 1] is connected. Let k&
be the third neighbor of 7. Let £ be the neighbor of  + 2 furthest from &k in G \ [r].
SWITCH(r, k,r + 2,¢). This does not disconnect because there is a path from & to

one of the other neighbors of r 4+ 2 not using the two removed edges.
Step 3. Connect 7+ 1 to r + 2. We may assume that G \ [r 4 2] is connected. There

are four cases to consider:

CASE I: 741 and r+2 share all three neighbors. Call the neighbors k and £. If & ~ £,
then n = r 4+ 4 and we are done as this is G,,. Otherwise, SWITCH(r + 1,k,r+ 2, /).

This leaves G,,. (See picture below.)

O =

CASE II: diste\y(r + 1,74 2) = 3 and both neighbors of 41 and r 4 2 are adjacent

to each other (then n = r + 6). Let k£ be the smallest among the remaining vertices
(i.e. k =r+3), so zy is largest among the remaining vertices. Let ¢, z be the two
neighbors of k£ and let w = r + 1 or r + 2, whichever is adjacent to £ and z, and call
the other @w. Then SWITCH(w, ¢, k, z) reduces the graph to case III. (See picture
below.)
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CASE MII: distg\p(r + 1,7 + 2) = 2. If we arrive at this case then r 4+ 1 and r 4 2
share one neighbor (because of CASE 1). Call this neighbor & and let £ and z be the
other neighbors of » + 1 and 7 + 2 respectively. Then either k 4 £ and SWITCH(r +
1,4,r+2 k), or k& zand SWITCH(r + 1,k,7 + 2, z). This leaves G, .

CASE 1V: Let k£ and /£ be neighbors of 7 + 1 and 7 + 2 respectively, such that k& ¢ £
and one of them is on a path from r + 1 to r + 2. SWITCH(r + 1, k,r + 2,£).

This completes the case when both edges come from 7.

We now treat the case when the two edges leaving the first r vertices are from
r and 7 — 1. We note that if we arrive at this case, then r ~ r — 1.
Step 1. Connect r — 1 to r + 1. We may assume that G \ [r] is connected and
hence there is a path from » — 1 to » + 1 not passing through . Let k£ be the third
neighbor of r — 1 and let £ be the neighbor of » + 1 furthest from » — 1 in G, \ {r}.
SWITCH(r — 1, k,r+1,¢). If it is also the case that » ~ 7+ 1, then this is G,;; and
skip the following steps.

Step 2. Connect r to r 4+ 2. This is the same as step 2 above.

Step 3. Connect r 4+ 1 to r 4+ 2. This is the same as for step 3 above.

3.3.2  The weights are strictly decreasing

In the previous section we rewired the graph to put it in path-like form with
the weights given by x non-increasing from left to right (for the proper labeling we
considered). Assume that the graph is drawn horizontally like the original example
in the definition of path-like, with the vertices numbered 1 to n, increasing from left
to right. Further, assume that the weights of the vertices given by an eigenvector
x of p; are non-increasing from left to right. We will show that these weights are
in fact strictly decreasing from left to right. We may assume that vertices with the
same vertical position as there is a graph automorphism interchanging them (a set

of points are in the said to have the same wvertical position if they lie on the same
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vertical line — for vertices other than 1 and 2, this is equivalent to saying that vertices
at the same distance from 1 are in the same vertical position). Assume that there
are two adjacent vertices in different vertical positions with the same weight. If this
is the case, then we can find two such vertices ¢ and d (c to the left of d) so that
the a left-most neighbor of ¢, call it a, has greater weight than a right-most neighbor
of d, call this f. Let b and e be the other neighbors of ¢ and d, respectively. It is
possible that some of these coincide, but here are some important observations: a
cannot be to the right of ¢, f cannot be to the left of d, b cannot be to the right of d,
and e cannot be to the left of c. Summarizing what we know about the weights, we
have z, > zy and z, > z, > x, = 24 > x, > xy. We show that for some € > 0,
we may increase z. by € and decrease x4 by € (keeping the vector perpendicular to
j) to decrease the Rayleigh quotient, thus showing that the eigenvalue gap was not
minimum, and hence arriving at a contradiction. We assume that ||x|| = 1, so for the
new vector, the Rayleigh quotient is

Ao+ 2€6(zq + Tp + Tg— Te — Te — Tf — €)
1+ 2¢(z. — x4 + €)

bl

which is greater than A, if
To+Tp — Te — x5 > (A + 1)e.

The left hand side is greater than zero, so choosing an e small enough, we arrive ar

the desired contradiction.

3.8.8  Collapsing large blocks

We have now shown that we may rewire GG to make it path-like without increas-
ing the eigenvalue gap. In order to show that G must have been path-like to begin
with, we need to get rid of large blocks.

We can collapse any block that is large (see page 21). By applying SWITCH(r+
1,7+ 3,74+ 2,7 +4) as often as possible to G (to vertices of the form in the diagram
below), we are left with a graph which has end blocks and middle blocks of the first
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two types (see page 20). By the previous section, we see that the the eigenvector for
the resulting graph must have strictly decreasing coordinates (left-to-right) and such

a switch would strictly decrease p;.

To complete the proof that G must be path-like, it suffices to show that any
elementary switch on a path-like graph which does not result in a path-like graph
must increase the Rayleigh quotient.

If we apply SWITCH(a, b, ¢,d) to rewire without decreasing the Rayleigh quo-
tient, we must find four vertices a,b,c,d such that a ~ b, ¢ ~ d, a ¢ ¢, b A d,
SWITCH(a, b, ¢, d) does not disconnect G, and z, > x4, x. > x3. In a path-like
graph labeled so that the coordinates of x are strictly decreasing from left to right,
these four vertices only exist when a and b are in the same vertical position, ¢ and
d are in the same vertical position, a ~ d, and b ~ c. In this case, rewiring leaves a

graph isomorphic to the original. This completes the proof that G must be path-like.

3.4 Only small blocks occur in the middle

We know from the previous section that G' must be path-like, and in fact that

only small and medium blocks may occur. We will now prove:

Lemma 3.5 If G is a connected trivalent graph on n (n > 10) vertices, then G has

only small blocks in the middle.

The idea of “pushing” medium blocks towards the outside which we previously

alluded to is illustrated in the following picture:
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a k42 c
>
k+1
b k+3 d
«— End Middle —
a k C
k+2 <I:
k+3
b k+1 d

The block containing vertices ¢ and d becomes smaller, and the block containing
vertices a and b becomes bigger. This type of rewiring cannot be accomplished by
the operation SWITCH used in the previous section. For the Rayleigh quotient to
decrease, we need to alter the vector.

If G is a path-like graph with a medium block in the middle, then the following
lemma may be applied to either the eigenvector x or the eigenvector —x to move the

“extra” edge outward, decreasing the eigenvalue, and contradicting minimality.

Lemma 3.6 Let G be reduced path-like graph on n vertices (n > 10), with a medium
block as diagrammed above in the upper part of the figure. Let x be an eigenvector
and assume that Ty > Tpy1 > Tryo > 0 (otherwise use —x). Then the eigenvalue gap

of the graph obtained by performing this “push” is smaller than that of G.

Proof: We show this by demonstrating a vector y = (y1,¥s,--. ,Yn) perpendicular
to the j vector which gives a smaller value in the Rayleigh quotient than the small-
est positive eigenvalue of the original graph. This shows that the smallest positive
eigenvalue associated with the new graph is smaller than that of the original graph.

Let G be the original graph, and let the medium block be labeled as in the
upper part of the diagram. Let H be the new graph with the local change (“push”)
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given above. To define the new vector y, we change only two coordinates of x and

then shift the entire vector to keep it perpendicular to j.

T;— 0 ifi<kori>k+3,
Yi=qap— 6 if i =k +1, (3.1)
$k+l‘k+2_mk+1_6 1f22k+2

where 6 = 2(x, — x4 1)/n ensures that > y; = 0, i.e., that y is perpendicular to j. We
may assume that the vector x has norm 1 and then the smallest positive eigenvector
of G, p1(G), is given by

o= Y ai - 3y

i~

The Rayleigh quotient for the graph H and vector y is

Ziwj(yi - yj)2 _ P1(G)
112 ¥ l?

Rayleigh quotient =
We only need to show that ||y|| > 1.
Zyiz = Z(Iz - 5)2 — (Thg1 — 5)2 — (Trt2 — 5)2
+ (2 — 6)° + (Th + T2 — Tpyr — 6)?
= me — 26 Z% +n6* + (zp — Tpy1) (22p + 2Tp 40 — 46)
4 8
=1+ g(xk — iEk_H)z + (:L'k — $k+1)(2xk + 2£L'k+2 — g(azk — .Ik_|_1))

We need to show that this is greater than 1, hence that

4 8
;($k — $k+1)2 —+ (.Tk — a:k+1)(23:k + 21‘]0—}—2 — ;($k — mk—kl)) >0

or using that zy — zx,1 > 0 and dividing through, we need to show that

4 8
E(xk — Tpy1) + 2z + 22540 — ﬁ(xk — Zpy1)) >0

or equivalently
Tk + Tryo > ;(ﬂfk — Tpy1)

which is clearly true, as we assumed that zp > T4 > g9 > 0 and n > 10. This

completes the proof of Lemma 3.6 and hence of Lemma 3.5 too. O



34

3.5 Choosing the optimum between two candidates

We have now shown that G is path-like, has small or medium blocks on the
ends, and only small blocks in the middle. If n = 0 (mod 4), then G must be the
unique graph [',,. If n = 2 (mod 4), then we are left with two candidates for the
minimum gap. Either the graph has a medium block at each end, or it has all small

blocks. The graphs are drawn here:

IL,

The graph I',, has diameter (3n — 10)/4, while II,, has diameter (3n — 14)/4.
Intuitively we would expect the graph with larger diameter to have the smaller eigen-
value p;. The next lemma confirms that this is indeed true, which will complete the

proof of Theorem 3.1.

Lemma 3.7 Let n =2 (mod 4) and n > 14. For this n, p1(Lr,) < p1(I1,).

The idea of the proof is simple: we modify an eigenvector of II,, to get a new
vector, still perpendicular to j. We then show that the Rayleigh quotient for I,
with the newly defined vector is less than the eigenvalue of II,, thus showing that
the eigenvalue of I, is less than the eigenvalue of II,,. The implementation of this
idea, however, is very delicate. There are two different cases to consider for when
the diameter of I',, is even and when it is odd. The proofs are very similar, but each

requires separate analysis.
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3.5.1 n=2 (mod 8)

Definition of x and y.

We will exploit the symmetry of I',, and I1I,, to represent the eigenvector vector of
IT,, and the vector for I,,. The coordinates of the eigenvector for p; (II,,) is a weighting
of the vertices that depends only on the vertical position of the vertex, with the graph
drawn as we have drawn it. Because the graph has as an automorphism the reflection
about the central vertical axis, weights of vertices interchanged by this reflection are
negative of each other. Thus we may specify the eigenvector by a vector x having one
coordinate for each vertical position, counting from the middle. If there is a vertex
on this axis, we start our labeling of x with 0, and note that by symmetry its value
is 0; if an edge is in the middle, we start our labeling with subscript 1.

Because n = 2 (mod 8), in this case we start our labeling with 1. The following
figure shows one half of the graph and establishes the nomenclature. From the vector
x, we define a vector y in a similar way for the graph I',,. Note that for I',, the

labeling starts with 0.

—x3 —Ty —I1 Ty Tz I3 Ty Tz e Tp—1 Tk

e

—Y1 Yo Y1 Y2 Yz Ya Ye—2 Yr—1 Yk
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The components of y are defined in the following way:

Yo = 0, Y1 = T1,
I3 -+ Ty
Yo = T3, Ys = ) Ys = Ty,
2—m
Te + X7
Ys = Te, Yo = ) Y7 = T, SRR
2—pm
. _ Tp—4 T T3 .
Yk—5 = Tk—4, Ye—a = ) Yk—3 = Tk—3,
2—m
Yk—2 = Tk—1, Yr—1 = 2Xg—1 — T2, Yk = Tk + Th—1 — Tk—2-
Since x is an eigenvector for p;(Il,), we may assume 0 < 21 < 9 < -+ < k.

Correspondingly, 0 = yo < y1 < yo < +++ < Y-
The vectors x and y will be tacitly thought of as the n dimensional vectors
which they represent, and we will write
x'Lyx y'Lay
B O 7

We will estimate the numerator and the denominator of these Rayleigh quotients

separately, all in terms of z1, xx_1, and p;, and finally show that

yiAr,y  x'Ap x
lyll? ][

which shows that p;(T',) < p1(I1,,), completing the proof.

=p1 (H'n)a

Relationships among the coordinates.

First we establish a few relationships among the coordinates of x, using the fact
that it is an eigenvector. All of these arise from the eigenvalue equation Ly = p;y
(again here for the vector arising from y)

We can write x5 in terms of xy, z3, and p; from the eigenvalue equation —z; +

2xy — 3 = p1xy. We do the same for zs, ..., Tp_s.

T1+ T3 T4+ e _ Tg—3 + Tp—1

Iy = I T5 = )
’ 2—p ° 2—p



37

We may write z3 in terms of z; and z4 by solving the eigenvalue equations:
-z + 2.’L‘2 — T3 = P1T4 and - 2%2 + 3%3 — Ty = P1T5. (33)

Their solution yields
221+ (2 — p1)xs

BRI

for which we will use the inequalities

(2= p1) (71 +24)

T3 > 3.4
*7 =i 34
and
2(zq + x4)
T3 < , 3.5
- p) 3
which hold as long as 0 < p; < 1. Corresponding inequalities hold for xg, ... , xx_4-

We can write the values on the ends of both graphs in terms of p; and xp_;.

Consider the eigenvalue equations:
—Tp—y + 3Tp—1 — 2T = P1Tp—1 and — 2%k + 221 = P12k

Solving these as well as substituting in the definitions of y; _; and y gives

2 —5p1 + P} 2
= _ = — 36
Tr—2 2— Tk-1, Ty 2_p1$k 1) ( )
2+3p1 — p} 2+ 4p; — p?
Yr—1 = M*xkflu Yr = #l‘kq- (3-7)
2—p 2—p

Additionally using the equation centered around zj_, and substituting the above

values, we may write

Tp3 = —Tp_1+ (2— p1)ze_y = (1 — 5p1 + p})Tp_1. (3.8)
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Estimating the Norm.

We will write ||y|| in terms of ||x||, z1, zx_1, and p;. The norms of x and y are

Ix||? = 2(2? + 222 + 22 + 22 + 222 + -+ 22, + 222, + 222 ) + 20 _, + 4k2,
VI =208 + v + 95 + 205 +yi + -+ + 20h_s + Yi_s + Yos) + A0p_ + 4y

Their difference is

Iyll? = |Ix||*> = 4(—23 + 3 — a2 + -+ yp_y — 7p_y) + (dyp_, + 4y — 227, — 4x3}).

(3.9)

Call the two summands S; and Ss, respectively. First we consider S;. Substituting

the definitions (3.2) of vs, ¥, - - -, Yr_4, most of the squares cancel, giving:

Sy = 4(_33% +y92, _l"g +---+y2_4 —mi_2)

= (e +23) + (ws + 3a)? = + (Ths + Thms)” — (Ths + T4)?)

= m (—ZB% + 2.2?3(164 — 1'1) + - 237k—4(5vk—3 - Ik_ﬁ) - 2.2?k_31'k_1 — l‘i_l) .
We may now insert the bounds for z3 in terms of z; and x4, and the similar bounds
for zg, ..., and z;_4 to give a bound for S; from below. The bound gives a telescopic
sum, where all the middle terms cancel out. We also write x;_3 in terms of x;_; from

above. We have:

4
sl=m(—x%—2x1x3+2w4<z3—w6>+---+2wk—s<ka—1—wk—4>-wi1)

> s o = 2 s () = ) +
— | —x7 — 271 x T ) T3 —
@—p 2| T T W p) (T -y (BTN T

+ (26 + x9) (26 — x9) + - - - + (Tha + Th—1)(Th—a — xk—l)) - 332—1]

4: 2 2 4 2 2 ‘|
> ——— |—z] — 2x23 — T, + (a:—x_)
(2—p1)2[ S (N [CEpIVE S

1
> X ((32 — 52p1 + 281 — 4p)xi + (=32 + 40p; — 4p§)mi—1>.

Here we let A = (2 — p1)%(4 — p1)(1 — p1) to make things simpler.
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We now consider S,. Using the equations found above, we may write everything

in terms of p; and z_;. We have:

1
Sy = 2=y (4(2 +3p1—p1) +4(2+4p1 — p7) — 22— p1)? - 4(2)2) Th_y
1
= Z(32 + 248p; — 328pF — 867 + 198p] — T2p] + 80%) 77 _,.

We may then bound the norm of y by:

1
lyll? = |Ix||* + Sy + Sy > ||x||* + Z(32 — 52py + 28p% — 4p3) 22 +

1
+ K(288p1 — 332p° — 86p% + 198p% — 7207 + 8p%) xi_,.

A Bound for y'L'y.

Here we wish to find an upper bound for y’'Lyy in terms of x*Lgx, 71, Tgp_1,
and p;.
We have:

x'Ix = 2(2(301)2 +2(2g — 11)° + 2(x3 — 29)* + (24 — 23)* + - +
+2(zp-5 — T-6)> + 2(Tha — T5)> + (T3 — Tp_4)”
+2(zp_y — Tp_3)? + 2(h_1 — Th_2)® + 4(z) — wk—1)2)
y'L'y = 2<2(y1)2 + (v = 91)" +2(ys — 12)* +2(ya — y3)* + - +
+ (k=5 — Yr—6)" + 2(Yr-1 — Yk—5)" + 2(Yn—3 — Yp—s)’

+ (Yr—2 — yk_3)2 +2(yp—1 — yk_2)2 + 4(yx — yk—1)2)-
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Notice that the contribution at the very center of each is the same, as is the contri-
bution of the last two terms of each. Subtracting, we get:
y'L'y —x"Lx =2 ((yz — 1)+ 2(ys — y2)” + 2(ya — y3)* —
— 2wy — x1)? — 2(x3 — x9)® — (24 — 333)2> 4ot
+ 2((yk5 — Y—6)” +2(yk—1 — Yr—5)" + 2(Yb—3 — yb—4)’ —
— 2(zp—s — Tp—s)’ — 2(Th—s — Th—s)’ — (Th—s — Ik—4)2>
+ 2((%—2 — yk—3)2 + 2(yp—1 — %—2)2 + 4(yx — yk—1)2 —
— 2(wp—2 — Tp—3)” — 2(Th—1 — Th—2)” — 4(zp, — $k—1)2)-
Let the two parts of this be T}, the part contained on the first four lines, and
T, the part from the ends, contained on the last two lines.

First we investigate T;. Comparing the contributions between z; and z, with

those from y; to y,, using the substitutions we found above, we have:

(Y2 —y1)> +2(ys — ¥2)* + 2(ya — ¥3)° —

—2(zy —z1)? = 2(x3 — 29)* — (24 — 23)> =

2
= L(I;} — ml)(ml + 2.’L‘3 —+ $4).
(2=pm)?

We have similar equations for the other terms, giving:

_
(2—p1)?

+ (k-3 — Tp6)(Th-6 + 204 + Tp_3)

T, = (x4 — 1) (21 + 223 + 24) + (27 — 24) (24 + 226 + 27) + - - +

o
- m [xi—s — 22 + 2x3(zy — 21) + 276(T7 — 4) + - +

+ 2z 4(Tp-3 — Thg)|-
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Substituting the bounds for z3, zg, ..., we have:

P ) 4
el gy (e =)

T <

+ (@a2r)(on —2) + o+ (506 + 0 )(on s — 7o)

2(8 — 5p; + p?
<PEZIMEA G .

Writing x_3 in terms of p; and x;_; from above, we have:

2
T < B (=8 + 50 — p})at +

+ (8 — 85p; + 267p% — 225p% + 85p% — 150% + p%)22_, |.

We now consider 7T,. For both I',, and II,, the last two terms are equal, hence

they cancel and we are left with:

T, = ((yk—z — yk—3)’ — 2(zp—2 — ﬂfk—l)Q)

= ((%1 - l’k—s)z —2(7gp2 — mkl)z)-

Using the substitutions already mentioned, we can write all of this in terms of x;_;
and pq:
2

T, = %(272 — 836p; + 95607 — 515p% + 141p% — 1907 + p%)z?_,.

We may now combine these to get the desired bound:

2
y'Ly =x'Lx + Ti +Tp < x'Lx + 5| (=8 + 5p1 — pl)1 +

+ (280 — 921p; + 1233p7 — 74003 + 226p] — 37p5 + 295 )22, |.
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The Rayleigh Quotient.

Now comes the easy part. We combine inequalities (3.16) and (3.17).

y'L'y x'Lx+T+T,
IylI2 [+ S: + S,
[x[|*A + p1(280 — 921p; + -+ )af s + pa (=8 + 5p1 + - -+ )at
FIIXIZA + p1(288 = 3320y + - - )2, + (32— 52p; + - - - )

< p1.

This last inequality certainly holds whenever 0.1 > p; > 0. The smallest possible
graph considered here is n = 18, and already n = 18, p;(II,,) < 0.05, so this is always
valid. d

3.5.2 m=6 (mod 8)

Definition of x and y.

This section is very similar to the previous one. As above, we exploit the
symmetry. x is an eigenvector for p;(Il,) as above, only now we have a component

2o and no ¥y, by the symmetry.

—Iy Ty T Ty T3 T4 s Tg I7 Trp—1 Tk

O

Y Y2 Y3 Ys Ys Y Ye—1 Y Yr+1
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We define the components of y as

I + )
Y1 = T, Y2 = Y3 = g,
2—p
s
Ys = Ty, Ys = Y = T, ey (3.10)
2—p
Yk—1 = Th—1 Yk = 2Tp—1 — Tp_2, Ykt1 = Tk + Tp—1 — Th—2-

Estimating the Norm.

The norms of x and y are

lz||> = 2(x? +25+ 225+ a5+ + 275+ 227, + 277, + 213),
Il = 2007+ 295 +y5 +¥s + -+ Vies + Yy + 205 + 2¥5 1)

The difference is

yll* = l|lz]]> = 4(ys — 25 + y2 — 3f + -+ + Yoy — Th_y) — 225_, — 47} + 4yp + 4yp,.
(3.11)

Solving the eigenvalue equations

—Tp_9 +3Tp—1 — 2T, = P1Tp_1

—2Tp_1 + 27 = p1Tg

for z_5 and x, we may express all end components of the vectors in terms of p; and

Tp—1-
_ 2=5p+
T2 = —F T
2—p
2
T = T
2—p
2+3p1 — p}
Ye = ——F Tk-1
2—p
2+4p; — pj
Ye+1 = ——Tk—1-

2—p
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Then the last terms in expression (3.11) are

2(4 + 60p; + 33p%2 — 28p3 + 4;)‘1*)372
(2 _ p1)2 k—1

For 0 < p; < 1 certainly 33p? — 28p% + 4p% > 0. Thus, dropping these terms yields a

_2552—1 - 4552 + 4y,3 + 41/134-1 =

lower bound,

8(1+ 15p1)
(2—p1)?

To deal with the remaining terms on the right side of equation (3.11), we

— 224y — Az} + 4yp + dyp, > ;. (3.12)

make z3 explicit in the eigenvalue equation —zy 4+ 223 — 4 = p13, and accordingly,
Tgyeee yLE—2-

Ty + 24 _ Tst _ Tg—3 + Tp—1

, Tg = , 3.13
2—p1 " 2—p (3.13)

I3 =

Then, substituting the definitions (3.10) of y2, ¥s, - - . , Yx_3, most of the squares cancel,

Alys — a5+ s —ag+- -+ Yp g — Thy) =

= ﬁ ((331 + x2)2 —(z2 + 3:4)2 + (24 + 335)2 — oo — (T3 + ﬂfk—1)2)
(3.14)

T} + 229 (21 — 24) + 225(24 — T7) + -+ + 204 _3(Tp_g — Tp_1) — 332—1) :

4
(2= p1)? (

Eliminating x, and x3 from the eigenvalue equations

—x1 4+ 319 — 223 = p1T3
—Ty+2x3 — T4 = pP173
yields
(2 — p1)$1 + 21’4 2(161 + 334)

R (R AN RN

where the inequality holds as long as 0 < p; < 1. Corresponding inequalities hold for

Ts,...,Zr_3. Note that the differences (z; — z4), (x4 — 27), ..., (Tp_4 — x1_1) are all
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negative. Using these bounds for zy, s, ...,z 3 into equation (3.14), we obtain a

lower bound. The sum is telescopic. We have:

Aly; — x5+ e — g+ + Yz — Thy)

4 2

4
(2—p1)? i (4—p1)(1=p1) ((

+ (ratar)(wg —a7)+ -+ (Tpoa + Tp_1)(Tp_a — ﬂfkl)) — ﬂfill

> T + 24) (21 — 24)

= 4(8 —5p1 + pi) L2 g2
= oA T ) (3.15)

Dropping z; in the last factor does no harm to the inequality. Combined with in-

equality (3.12) we get in the end

4p1(115 — 149p; + 30p2) p1(115 — 149p,)
Ty
2—p)2(4—p)(1—p1) "t (2= p1)?

lyll* = ll]* > Ty 1.

(3.16)

A Bound for y'L'y.

The contributions to x*Lx from the four edges between —z; and z; in ', are
equal to the contribution in y*L'y from the edge between —y; and y; in II,,.
Comparing the contributions between z; and z, with those from y; to y,, we

write

§=2(y1 —12)> +2(y2 — y3)® + (y3 — va)? — (z1 — 12)® — 2(z9 — 73)% — 2(z3 — 74)°.

Inserting from equations (3.10) and (3.13) brings
—p}
6= W(QM - 1'1)(371 —+ 2.’E2 =+ 1'4) < 0.

In the same way all other edges between z, and z;_; may be compared. Edges
between x,_; and z; contribute as much as edges between y, and yxy;. The only
exception are the edges between y,_; and y, and their mirror images on the other
end of IL,, which are not counterbalanced by edges in I',,. Their contribution is

2 4p%(4 - /91)2 2

4(yk—1 - yk) = ka—l-
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Now for the difference of the quadratic forms, we have the bound:

4pi(4 = p1)® , 64}

trt t 2
Yy Ly—XLX < (2—p1)2 ‘(L‘kfl mmkil

(3.17)

The Rayleigh Quotient.

Now comes the easy part. We combine the inequalities (3.16) and (3.17).
2
ytL/y - x'[x + (;%511)2 aji_l
Iy (1 x| + 22t 52 |

_ (2 = p1)*[[x|* + 64p12i 4 <p
(2 = p)?Ix]1? + po(115 — 149py)}

The last inequality holds as long as 115 — 149p; > 64 and p; > 0. The smallest

possible graph considered here is for n = 14, and already p; ~ 0.12709; for larger n

the eigenvalues will be smaller. O

3.6 The graph I', has maximum diameter

In this section, we make the following observation:

Proposition 3.8 Among all connected trivalent graphs on n vertices, I',, has mazi-

mum diameter. For n =2 (mod 4), it is the unique graph with mazimum diameter.

Proof: Let G have diameter d and let D = (v, ... ,v4) be a diameter (a walk of length
d). Then there cannot be another edge between two vertices of D. Every vertex has
degree 3, and therefore there are d 4+ 3 edges leaving D. The vertex v, must have
two distinct neighbors, neither of which is adjacent to vz, as this would contradict D
being a diameter, and both of which must be of distance at most d from v,. We apply
the same argument at the other end. The vertices vs, ... ,v4 3 have collectively d — 6
edges leaving D, thus they determine at least (d — 6)/3 vertices not on D. Together
this is
[d+4+(d—6)/3] <n.
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Rearranging, we get
d<|3(n—2)/4].

These are tight for T',,, for all n. To determine for which graphs equality holds, we
can draw a diameter horizontally, draw one edge pointing up from each vertex (two
out of the ends) and connect them in such a way that ends get identified in threes,
the two from each end do not get identified, and ends do not get identified that would
shorten the diameter. There is a unique way to do this if » = 2 (mod 4), and for
n =0 (mod 4), we get precisely all path-like graphs with all but one block of smallest
size, the remaining block being of medium size. Thus there are (n — 4)/4 blocks and

[(n —4)/8] different graphs with maximum diameter. O



CHAPTER 4

SPECTRAL EXTREMA FOR EXCLUDED
SUBGRAPHS

4.1 Introduction

Many classical results in extremal graph theory study the maximum number of
edges ex(n,H) among all graphs G on n vertices which do not contain any of the
graphs H € 'H as a subgraph. In this chapter we consider a spectral analogue of
ex(n,H), namely we ask for the maximum spectral radius spez(n,H) of graphs G
on n vertices, over the same set of graphs. (If H = {H}, we write ez(n,H) and
spex(n, H) for ex(n,H) and spex(n,H), respectively.) Spectral results are stronger
than the classical results: from the fact that the average degree satisfies the inequality
dave(G) < A1(G), we see that spex(n,H) is an upper bound for the extremal average
degree 2 - ex(n, H)/n, or equivalently that n - spex(n,H)/2 is an upper bound for
ex(n,H). We define the spectral density to be A(G)/n, and remark that this is an
upper bound for the density of G' (recall that the density of a graph with n vertices
and m edges is m/ (Z))

We consider two fundamental families of excluded subgraphs H: the first is when
‘H consists of the complete graph Kj; the second when H consists of the complete
bipartite graph K,;. In both of these cases, the asymptotic bounds we get for n -
spex(n,H)/2 are the same as those for ex(n,H). In general, it is not the case that
the spectral radius of a graph and its average degree are the same; the spectral radius
can be of a larger order of magnitude than its average degree. For example. if H
consists of P3, the path of length 3 alone, it is easy to see that 2- ex(n, P3)/n = 2. yet
spex(n, P3) = \/n — 1. We will that graphs with the Hereditarily Bounded Property

P, , discussed is Section 4.6 constitute another example.

48
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In 1941, Paul Turan [85] determined the exact value of ez(n, K;;;). He found
that the unique extremal graph is the ¢-partite graph T'(n,t) whose t color classes
have size [n/t] or |n/t]. Edges connect all pairs of vertices belonging to different
color classes. The density of T'(n,t) is asymptotically 1 — 1/¢. In fact the number of
edges is never more than (1 — 1/t) (Z)

Wilf proved a spectral version of Turan’s result, showing that the density bound

given by Turan’s theorem holds the spectral density as well:

Theorem 4.1 (Wilf [89]) Let G be a graph on n vertices not containing K;.1 as a
subgraph, then A (G) < (1 —1/t)n

We establish the following spectral version of Turan’s theorem, tightening Wilf’s

result and determining the extremal graphs.

Theorem 4.2 (Spectral Turan theorem) Let G be a graph with n vertices not

containing K1 as a subgraph. Then
A (G) < M (T(n, 1))
Equality holds if and only if G is the Turdn graph K(n,t).

(Our result coincides with Wilf’s bound if and only if ¢|n.)

Nosal proved a more general result for the case t = 2:

Theorem 4.3 (Nosal [76]) If G is a triangle-free graph with m edges, then

A < /.

Using Mantel’s theorem that a triangle-free graph G can have at most |n?®/4]

edges (this is Turan’s theorem for ¢t = 2), we see that

M(G) < y/|[n?/4] = M (T (n,2)).

Erdés-Stone [45] and Erdgs-Simonovits [42] generalized Turan’s theorem to any

non-bipartite excluded subgraph H, and in fact to any set H of non-bipartite excluded



a0

subgraphs. They found that the asymptotic density of the graphs not containing any
graph H € 'H as a subgraph depends only on the smallest chromatic number among
graphs H € H. Let H be a set of graphs, and let ¢¥/(H) denote the subchromatic
number of H, one less than the minimum chromatic number of graphs in H. They

proved:

Theorem 4.4 (Erd&s-Stone-Simonovits theorem)

n—oo

lim ez (n, H)/@ =1—1/%(H).

If 'H contains a bipartite graph, then the extremal graphs have 0 density, a fact which
also follows from the K&vari-Sos-Turan theorem below.

We show that the density upper bound of Erdés-Stone-Simonovits remains valid
asymptotically as a spectral density upper bound. This result strengthens the Erdés-

Stone-Simonovits theorem. We state our result.

Theorem 4.5 (Spectral Erdés-Stone-Simonovits theorem)

nh_)nc}o spex(n,H)/n =1—1/¢y(H).

A bipartite analogue to the problem considered by Turian was posed by Zaran-
kiewicz in 1951 [90]. He asked for ex(n, K ) (he actually only asked for n < 6). The
problem has become known as the Zarankiewicz problem. In 1954, Kévari, S6s, and

Turan gave an upper bound for ez(n, K, ). They showed that

Theorem 4.6 (K&vari-Sos-Turan [64]) Let G be a graph on n vertices not con-
taining K, as a subgraph. Then

2-|E(G)| < (t —1)Yent Vs,

There is no simple extremal graph as in the case of Turdn’s theorem, and it is still
an open problem for s =t greater than 3, whether or not this is the correct order of
magnitude. It is conjectured that this bound is asymptotically correct for all s and ¢.

We prove the following spectral version of Theorem 4.6:
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Theorem 4.7 (Spectral K6vari-S6s-Turan theorem) If G is a graph on n ver-

tices, not containing K, as a subgraph, then
M(G) < ((t=1)Y* + o(1))n' e,

Our bound is stronger than the K&vari-Sés-Turan bound and is of the correct
order of magnitude and also asymptotically correct whenever this is true for Theo-
rem 4.6.

Erdés [39] and Simonovits [79] independently showed that Turan’s theorem is
stable in the following sense: if G is a graph with clique number ¢ having almost as
many edges as the Turan graph T'(n,t), then by removing only a few edges from G,
it can be made a subgraph of T'(n,t). We prove the following spectral version of this

result for ¢t = 2 and 3.

Theorem 4.8 (Spectral stability theorem) For all ¢ > 0 and for t = 2 or 3,
there exists a constant ¢ = c(t), such that for all graphs G on n vertices not containing

Ky 1 as a subgraph, if G has spectral radius satisfying
M(G) = (1-1/tm(1 —e),

then removing at most c - € - n? edges can make G t-partite and removing at most

c- /e -n? edges can make G a subgraph of the Turdn graph T(n,t).

Our last investigation targets graphs with hereditarily bounded average degree.
Let t € IN and r > —(“gl). We consider graphs G which have the Hereditarily
Bounded Property P, ,:

|E(H) <t-|V(H)|+r,  VH<G, [V(H)| >t (Prr)

If the set H;, consists of all graphs K on at least ¢ vertices for which |E(K) >
t - |E(K)| + r, then graphs with the Property P,, are exactly those which do not
contain elements of H as a subgraph. Notice that ex(n,H) = tn + r, whereas the

graph K,,_; has the Property P,, and has spectral radius vtn — t2.
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The trivial upper bound on JA; is
A< V2m < itn+r,

which can be improved a little using a result of Hong [59] to give:
A < /(28— Dn+ 1.

We show that for graphs with hereditarily bounded degree, the coefficient of y/n can

be significantly improved.

Theorem 4.9 Lett € IN and r > —(t;’l). If G s a graph on n vertices with the

Hereditarily Bounded Property P, ,, then

M(G) < (t=1)/24/(t+ 1)t +2r + V1,

and asymptotically,
M(G) < (t—1)/2+ Vin + o(1).
The asymptotic bound s tight.

We also show that the unique extremal graph for r = — (tzl) is the graph having
t vertices of degree n — 1, all others of degree ¢ (if n < ¢, then this is just K,).
As a consequence of this result, we obtain the following bounds for graphs

embeddable on arbitrary surfaces.

Corollary 4.10 Let G be a graph embeddable on a fized surface of Fuler character-
wstic x. Then

M(G) <1+4/6(2—x) + V3n,
and asymptotically,
AM(G) <14 V3n+o(1).

This improves upon previous bounds for all surfaces obtained by Hong [60].
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4.2 Zarankiewicz problem

We establish the following spectral analogue of the K6vari-Sés-Turén theorem:

Theorem 4.7 (Spectral K6vari-S6s-Turan theorem) If G is a graph on n ver-

tices, not containing K, as a subgraph, then

M(G) < ((t =1 +o(1))n=1s.

4.2.1 Preliminary definitions
First, we consider an easy case which illustrates the idea of the proof.

Proposition 4.11 If G is Cy-free, then Ay < {/2(n —1).

Proof: Let D = (Dy;) be the diagonal matrix of degrees of G, I the n x n identity
matrix, and J the n X n matrix of all 1’s. Notice that the (7,7) entry of A? is the
number of common neighbors of ¢ and j (if ¢ = j, then it is just the degree). We have

A% < D+ (J —I), where the inequality is coordinate-wise. It follows that:
M=\AH <MD +MJI-1)<(n=1)+(n—-1). O

By a more careful estimate of A;(A?) we can obtain v/n — 1 as an upper bound.
We will use a more careful analysis in the general case below.

We use the following notation (for W C {1,... ,n} and x = (z1,... ,2,)" € R"):

SW = Z i,

iew
Sy = ( Z m,) ,
iew
Py(r):=>_ .
iew

Omission of W indicates the entire set itself.
We now establish some lemmas we will need. The proofs of the first two are

straightforward; we refer the reader to [65].
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Lemma 4.12 For r a positive integer and W C {1,... ,n}, we have
(Tw) <wriyal, e, Sp< W A,
iew iew
Lemma 4.13 Let x be a nonnegative vector, and a and b nonnegative real numbers.
Then

( ) m) ( ) m;’) < WS 28, e, Py(a)Puw(b) < [W|Pw(a+b).
iew iew iew
We will need the Koévari-S6s-Turan upper bound on the maximum number of

edges in a K, ;-free graph to obtain the following:

Lemma 4.14 Let G be a graph on n vertices not containing K,;. G has at most

(t — 1)Y/sn1=1/2 yertices of degree at least n*=4/2s.

Proof: If G had more than this many vertices of this degree, then it would have more

than (t — 1)'/*n'='/%/2 edges, more than are allowed by Theorem 4.6. O
We will also need the following inequality:

Lemma 4.15 Let X andY be disjoint subsets of {1,... ,n}. Further, let a and b be

positive integers and set s =a +b. Then

(S ) (T at) < ixprppe 3§ a
€Y

1€X 1EXUY

i.€.,

Px(a)Py(b) < |X|"*|Y|*/*P(s).

Proof: This follows easily from Holder’s inequality, which in our case implies that

Px(a) < |X|¥*Px(s).



35

4.2.2 Ky -free graphs

We start by considering the case s = 2, namely the case of graphs not containing
the complete bipartite graph K, ; as a subgraph. We will pay special attention to the
error term. In the next section we will consider the case s > 2 and we will not be
concerned with lower-order terms.

We prove the following theorem:

Theorem 4.16
spex(n, Kyy) < ((t -2 4 0(1))711/2.

Proof: We will actually prove that

1

t— 1)t/ 4 S

spex(n, Kyy) < (t — 1)1/2711/2 + W(

We let G be a graph on n vertices not containing K,;, and let x be a nonnegative
eigenvector for A\;(G). The theorem follows by bounding the expression A? 3", zZ. We
may rewrite this as:
MYt = Y0 =Y (D) = Ddal + S dyr,  (@41)
i i i N e i i#j
where d; is the degree of vertex 7 and d;; is the number of common neighbors of ¢ and
3. To simplify the notation a little, we will use P = _; 27 and Px = Px(2) = Y;cx 27.
We can immediately get a reasonable bound on this using only the fact that d; < n
and d;; < t—1, by virtue of the fact that G does not contain K,,. Using Lemma 4.13
we may immediately conclude:
NP => diz} + ) diyziz; <nP+ (t —1)nP < tnP,
i i#j
implying that A; < ¢'/2n1/2. (This is analogous to Proposition 4.11.) To correct the
constant to (¢ — 1)'/2, we need to examine the two terms a little more carefully.
We will partition the vertices of G into a set U of vertices with high degree and
a set of vertices with low degree, and split our terms up into multiple parts.
Let D = (2t 1)n)"”" and U = {z € V': d(x) > D} and W = V'\ U. We then

claim that U cannot be too big.
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Claim 4.1 |U] < (2n/(t - 1)),

To prove the claim, let v = |U| and assume that G is labeled so that U =
{1,...,u}. Let N; C [n] be the set of neighbors of i, then the family of sets
{Ni,...,N,} has the property that any two members intersect in at most (¢t — 1)
points. Thus the union of any k& sets must contain at least D+ (D —t) +---+ (D —
(k — 1)t) elements, whenever k < (2n/t)"/2. Thus the family of sets cannot have

(2n/t)'/? members as

(2(2m)1/2 —(2n))? — 1) t)% > n. 0

Now armed with the maximum number of vertices with large degree, we may
complete the proof. We split the first summation on the right-hand side of (4.1) into

two parts
< nPy +2Y%(t —1)Y?*n}2 Py,

where the first term is the dominant term. Now, using the fact that d;; <t — 1, the

second summation becomes:
Zdijaziazj <(t-1) Z ziz;+ (t—1) Z z;zj+ 2(t —1)SySy
1£] 2,j€EU t,jEV
(t — uPy + (t — 1)nPy + 2(t — 1)y/unPy(2) P (2)
< (t— )Py + 22(t — 1) 2Py + (t — 1)\/unP
< (t—1)nPy + 22 (t — 1)Y2012 Py 4 214 (1 — 1)34p3/4 P,

IN

where the first term here is also the dominant term. We are now done if we ignore
terms of lower order, as nPy+(t—1)nPy < (t—1)nP and all other terms are of lower

order. However, by further analysis, we may determine the error more precisely:

MNP < (t—1)nP +4/2(t — 1)nP + 214t — 1)*/4p?/4p

1 1\2
< ((t —1)Y2pt? 4 st = 1)Y4pt/ 4 ﬁ) P.
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Thus we have shown that A\, < (t — 1)Y/2n'/2 4 O(t'/4n!/*), n

4.2.3 K,y-free graphs

Theorem 4.17
spex(n, Ks) < ((t — 1)1/s + 0(1))n171/5.

Proof: We restrict ourselves to the case s > 2, as the case s = 2 is just Theorem 4.16.

MP(s) =Y (e =3 ()

i=1 i=1 > jevi
S Z Z d(’Ll, ,is)wil s Ty
=1 i,=1
where d(iy, ... i) is the number of common neighbors of the s (not necessarily dis-
tinct) vertices iy, ... ,is. If the vertices are distinct, this is at most ¢ — 1, otherwise it

can be at most n. We will show that we need only consider the case when the s-tuple

(41,...,1s) is distinct, showing that

'i_l e il diy, ... is)Tsy - -z, < ((t—1) 4 0(1))n* ' P(s), (4.2)

and thus completing the proof of the theorem.

We break the sum up into two parts. The first part is all summands for which
the s-tuple consists of s distinct vertices, and we call this > giginet- FOT these s-tuples,
the number of common neighbors is at most ¢ and this sum may be bounded above
by

Z <(t—1) z": zn:mzlmz < (t—1)n* tP(s),

distinct i1=1 =1

by Lemma 4.12. The part which remains we call >, qistinct- Lhis may be bounded

above by

. . . 2
d(i1, .. 505 9,7)Ti; - T, Ty
1

11=1 ts—2=17

- ()5

n
non-distinct =
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This is clear because if the s-tuple is not distinct, there is at least one equality, and
this can happen in (;) ways. We will show this is o(n®*!), thus completing the proof.

Let U be the set of vertices with degree at least D = n'~'/2*_ and let V be the
set of remaining vertices. By Lemma 4.14, we see that |U| < (t — 1)"/*n!=1/?5. We
now split each of the sums up into parts corresponding to U and V', and then use the
fact that if at least one vertex is from V', then the number of common neighbors can

be at most D. Hence the sum is bounded above by

oo S iy cemi, Y 20 < DS*TPP(2) + nSi Py (2).
11=1 ig—o=1 j=1

The first term is bounded by
DS*2P < Dn*"2P(s) = o(n* 1) P(s).
The second term, consisting of all elements from U, is bounded by
nSy 2Py(2) < nu® *Py(s) < o(n® 1)P(s).

This completes the proof of the theorem. O

4.3 Turan’s theorem

We restate and prove our spectral analogue of Turan’s theorem

Theorem 4.2 (Spectral Turan theorem) Let G be a graph with n vertices not

containing K1 as a subgraph. Then
M(G) € M(T(n,1)).

Equality holds if and only if G is the Turdn graph K(n,t).

We will first prove the theorem, then we derive some consequences.
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4.8.1 Proof of the spectral Turdn theorem

We adapt Zykov’s proof of Turan’s theorem [91] (see also [80]). He showed that
if G does not contain K;,; as a subgraph, then there is a t-partite graph H with at
least as many edges as G. He used the idea of symmetrizing: two vertices in G are
called symmetric if they have the same set of neighbors. Symmetrizing a vertex v
to a vertex u means to remove all edges from u and to add all edges between u and
vertices adjacent to v. If G does not contain K, i, then after symmetrizing, the new
graph H also does not contain K; ;. Zykov showed that it is possible to symmetrize
successively to produce a graph H in such a way that H is t-partite and H has no
fewer edges than G.! Turan’s theorem then follows by an easy analysis of complete
t-partite graphs.

Let x be a nonnegative vector associating a weight z; to each vertex :. We show
that it is possible to symmetrize to obtain a t-partite graph H without decreasing the
quadratic form at x, i.e.,

x'Ayx > xPAgx.

Our Spectral Turan theorem will then follow by analyzing the complete t-partite
graphs (Lemma 4.19).

Let Ng(v) be the set of neighbors of v in G, and wg(v) = Yieng() Ti be the
weighted sum of the neighbors of vertex v. We will prove the following lemma, similar

to the approach of Zykov, with the observation of Erdés (see footnote on this page):

Lemma 4.18 Let G be a graph not containing K1 as a subgraph, and let x be a
positive vector. Then there exists a complete t-partite graph H that dominates G with
respect to the weighted sum of neighbors in the sense that wy(i) > wq(1), for all
1€V, and

x'Apx > xtAgx.

Equality holds if and only if G =2 H.

1Zykov’s proof was rediscovered by Erdés [40] (see also [12], Theorem 7.8), who made the addi-
tional observation that H degree-dominates G, i.e., dg(z) > dg(i), for all : € V.
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The special case of x = j, implying d; = wg(i) and x*Agx = 2 - |E(G)|, can be
interpreted as Zykov’s proof of Turan’s theorem.
Proof of Lemma 4.18: The second claim of the theorem follows immediately from the
first. Indeed, x*Agx = ¥, z,wg (7).

We prove the lemma by induction. For ¢ =1 it is trivial.

Let ¢t > 1, and assume the lemma is true for all ¢ < ¢t. Let vy be a vertex such
that wg(v) is maximum. Let Vj be the set of neighbors of vy, and let Vi = V' \ V.
Symmetrize all non-neighbors of vy to vy. Call this graph K. The graph K dominates
G with respect to the weighted sum of neighbors. Indeed,

VueVy: Ng(u) C Ng(u), which implies wg(u) > we(u); (4.3)

and for u € Vi, we have: wi(u) = wi(vy) = wg(ve) > wa(u).

Let Gy be the subgraph of K induced by V, (V, also induces Gy in G, as the
edges in Vj are unchanged). Gq does not have K; as a subgraph, otherwise with v, the
graph G would contain K;,;. Thus by induction there is a complete (¢t — 1)-partite
graph Hy on vertex set V; for which wy, (i) > wg, () for all ¢ € V. Let H be the
complete t-partite graph on vertex set Vy UV}, formed by adjoining all vertices of V;
to all vertices of Vi. (H is similarly obtained from K by replacing the edges given by
Gy with the edges from H,.)

The graph H satisfies the conclusion of the lemma:
wy(u) = wg(u) = wi(vy) = wg(ve) > zg(u), for u eV,
and letting w(V4) := Y ey, zi, as have
wy(u) = wyy(u) + w(V1) > wgy(u) + w(Vy) > we(u), for we V.

If equality occurs, then equality occurs in every inequality, in particular in (4.3),
which implies that all vertices of V; are adjacent to all vertices of V; in G. Hence

equality holds for GGy, and we are done by induction. O

By applying the lemma to an eigenvector of A\;(G), we remark that the lemma
implies that
M(G) < M(H),
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and equality holds if and only if G is a complete t-partite graph.

We now analyze the complete t-partite graphs.

Lemma 4.19 Let G be a complete t-partite graph on n vertices. Then A\ (G) <
M (T (n,t)) and equality holds if and only if G is the Turdn graph T(n,t)).

Proof: 1t is easily verified (cf. [29], §2.6) that the characteristic polynomial of G is

\ koo, k
AR — : A+ n;
and hence A; is the unique positive root of
= A+ny
Consider the function:
ny—6 it ng + 6
P\ =———+ :

At =6 izz/\+ni+A+nk+5'

Notice that F'(0,A;) = 0. Computing the derivative with respect to 8, we have:

A A
Fs(6,)) = -
5(6,) A+n1 =62 (A+ng+6)?

which is negative for A > 0 and 0 < § < (ny —ng)/2. We conclude that if ny > ny+2,
then decreasing the size of the largest set by 1 and increasing the size of the smallest
set by 1 increases the spectral radius. Thus the Turan graph is the unique extremal
graph, as it is the only ¢-partite graph with largest and smallest sets differing in size

by at most 1. 0
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4.3.2  Consequences

We now determine the spectral radius of T'(n,t) and show that Theorem 4.2

implies Turan’s theorem. We will prove the following:

Proposition 4.20 If G is a graph on n vertices having spectral radius satisfying
M(G) < M (T(n,t)), then |[E(G)| < |E(T(n,t))|.

Note that we do not make any assumptions on the clique number of G. The

following corollary is then immediate:

Corollary 4.21 Theorem 4.2 implies the edge bound of Turdn’s theorem.

The proof of Proposition 4.20 is straightforward, yet a bit tedious. We calculate
the spectral radius of the Turan graph. The spectral radius of a graph gives the
bound |A;n/2] on the number of edges. We show that this is equal to the number of
edges in the Turan graph, completing the proof.

We will use the notation n = kt +r, 0 < r <t throughout.

An easy calculation shows that

|E(T(n,1))| = (g) (k+ 1) + (t ; ’") K2+ r(t — r)k(k +1). (4.4)

There are only two orbits of the vertices under the automorphism group of
T(n,r), and hence the eigenvector associated to A;(G) has only two distinct compo-
nents. Thus A; is the largest eigenvalue of the matrix:

(r—1)(k+1) (t—nr)k
( r(k+1) (t—r—l)k) '

Solving, we have

1
M (T(n, 1)) = §<kt+r—2k—1+\/k2t2+2ktr+2kt—4kr+r2—2r+1>.

If G is any graph with clique number at most ¢, then Theorem 4.2 and the
bound |E(G)| < |nA1(G)/2] gives the following bound on the number of edges:

B(G)| < E(kt+r—2k— 1+ VE2t2 + 2ktr + 2kt — 4kr + r2 —27‘—|—1)J.
(4.5)
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We will show that the bounds given in (4.4) and (4.5) are equal for all n and t.
We may assume that r > 0, as for » = 0 the two quantities are equal without taking
the integer part. Let 6 = nA(T(n,t))/2 — |E(T(n,t))|, i.e.

1
6=Z(kt+r)(kt+r—2k—1)+

4 (ke ) (Rt 4 T — 1 2K — k(b + 1)(— 1) -

- %r(r 1)k +1) - %(t S (=7 — 1) — r(t — Pk + 1).

We need to show that |6] = 0, i.e. that 6§ < 1. Solving for the radical we get

1 1 1,1, 1, 1
§+ K+ Skrt+ ~kt — Skr+ —r? — ~r =
+ R Skt Skt — ke — o

_ i(kt o) (Rt 7 — 1= 2k)2 + 4k(k+ 1)(t — 1)

and then squaring, simplifying, and moving everything to the left we have
1 1
6% + 5(k%t2 + 2ktr + kt — 2kr + 1> — )6 — FFk+Dr(t—r) =0.
Let the expression on the left be f(6). We see that
1
f(0) = _Zk(k +r(t—r) <0.
(Equality holds only when » = 0.) Additionally, we have

1
f(1) = Z(2k2t2 — k%rt + 3ktr + 2kt + k*r? + kr? — dkr + 2% — 2r + 4) > 0.

This shows that f(6) has one positive root, and that it is strictly less than 1. This
completes the proof of the proposition. O
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4.4 FErddss-Stone-Simonovits Theorem

We restate and prove our result for arbitrary families of excluded graphs.

Theorem 4.22 (Spectral Erdds-Stone-Simonovits Theorem) Let 'H be a set
of graphs such that mingey x(H) =t + 1. Then

lim spez(n,H)/n=1-1/t.

The Turan graph T'(n, t) has chromatic number ¢ and therefore does not contain
H. On the other hand,
Jim M(T(n,t)/n=1-1/t.

This implies
lim sup spez(n, H)/n > 1 —1/t.

n—oo
We need to prove the reverse inequality for liminf. We reformulate this statement,
which constitutes the nontrivial part of our spectral version of the Erd&s-Stone-

Simonovits theorem.

Theorem 4.23 Let H be a graph of chromatic number x(H) = t+1. Then for every
&€ > 0 there exists N = N(H,§) such that every graph G with n > N wvertices not

containing H as a subgraph satisfies
M(G)/n<1-1/t+¢&.

For a graph L and a positive integer r, we define the graph L(r) by replacing
each vertex of L by r independent vertices, and replacing each edge of L by a complete
bipartite graph between the corresponding r-tuples. (L(r) is the lezicographic product
of L with K,. Cf. e.g. [5], page 1466.)

Following Erdds-Simonovits [42] we note that it suffices to prove Theorem 4.23
for the case H = Ky 1(r), r and t fixed. Indeed, for any H let r be the maximum
size of an independent set of H and let ¢t = x(H) — 1. Obviously, H is a subgraph of

Kiiq(r).
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The proof of Theorem 4.23 relies on Szemerédi’s powerful uniformity lemma.
Before stating this lemma, we need some definitions.

Let U and W be disjoint subsets of V(G). Let e(U, W) be the number of edges
between the sets U and W. Define the density of the pair (U, W) to be?

e(U,W)

dUW)= ——~,
GW) = Tow]

We say that the pair (U, W) is (e, §)-uniform if for all pairs of sets U’ C U, W' C
W satistying |U’| > 6|U| and |W’| > §|W| we have |d(U,W) — d(U',W')| < e.

We may now state Szemerédi’s result.

Theorem 4.24 (Szemerédi’s Uniformity Lemma [83]) Given ¢ > 0 and an in-
teger m, there is an M = M/(e, m) such that the vertex set of every graph with n
vertices, n > m, can be partitioned into classes Vy, ... , Vi, where m < k < M, such
that |Vo| < en, |Vi| = |Va| = --- = |Vk|, and all but at most E(’;) of the pairs (V;, V;),

1 <1< j <k are (g,¢)-uniform.

Proof of Theorem 4.23: First we describe the idea informally. We consider a Szemerédi
partition of V(G) into k blocks, for some k > ¢ (k will not depend on n). We then
remove all edges from within the blocks themselves, obtaining a k-partite graph, and
removing also those edges lying between pairs of blocks that are not (&, €)-uniform, for
some ¢ larger than some threshold. In this way, all the remaining edges are between
vertices of different color classes, and if there is at least one edge between two color
classes U and W, then d(U, W) is above the predetermined threshold and the pair
(U,W), is (e,¢e)-uniform. Call this resulting graph I

We will need a technical lemma (of independent interest) which states that
under certain conditions, if I' contains a K., then I' contains a K;,;(r), and hence
so does G. Thus I' cannot contain K;,; and we may apply (Theorem 4.1) to bound
its spectral radius. We use Lemma 2.3, item (iii), to show that the edges we removed

cannot contribute much to the spectral radius.

2The reader should beware that in this section we are using d to denote density rather than
degree. These are, however, easily distinguished from each other by the number of arguments.
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The main work of our proof is contained in the following technical lemma. (A

similar lemma, with a stronger condition and a stronger conclusion, appears in [24].)

Lemma 4.25 Given k,r,7,¢,6 such that ¢ < /4% and § < (1 — 2¥e)F", there exists
an R = R(k,r,7,e,6) such that the following holds. If T is a graph on the vertex set
{1,...,k}, G is a k-partite graph on disjoint sets V1, ..., Vi, each set of size at least
N, and for all {i,7} € E(T), the pair (V;,V}) is (e, 6)-uniform with density at least
T, then I'(r) C G.

Proof: Without loss of generality we may assume that I" is complete. Indeed, if T is
not complete, let G’ be the graph obtained from G by adding all edges between V;
and V; whenever {7, j} € E(T) and apply the lemma to find K,(r) in G'. This Ky(r)
contains the desired I'(r) in G.

We will actually prove the lemma under the following slightly weaker condition

on 6:
§<(r—e) (1 =3e) (1= (2" = 1)e)". (4.6)

Before we proceed with the proof, we make two more definitions. Let G be a
graph, S a subset of the vertices of G, and z a vertex of G. Let Ng(z) is the set of
vertices in S adjacent to z. If X is a set of vertices, then Ng(X) = NyexNs(z).

The proof is by induction on k. For £ = 1, the lemma is true with
R(1,r,1,e,6) =

We assume that the lemma is true for k& = ¢ (with the weaker condition (4.6) for §),
and prove it for the case k =t + 1.

Let K =t + 1, and assume that r, £, 6, 7, are given, and that they satisfy the
hypotheses of the lemma (again, for the weaker condition on §). We further assume
that G is given on sets Vi,..., Vi1 such that (V;, V) is (e, 6)-uniform with density

at least 7, and all sets have size at least M, where

M = max {7‘/(1 — 6)T,N(t,’f‘,7' —&,2¢,6/(T — 5)’")/(7' - E)T}.
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We will find X = {zy,...,2,} C Viyq, such that if V/ C Ny (X), fori =1,... ¢, then
the conditions of the lemma are met for the graph G’ induced on the sets V/,... V.
Then set X together with the K,(r) from the inductive step is the desired Ky (r).

Let U = V;y1. Within U, we will find a set of large size such that all elements
have large degree in each of the V;. From this set we choose x;. We then restrict to
the neighbors of x;, and repeat the procedure, finding an z,, etc.

Defining the degree of a vertex z in a set S to be ds(z) = [{y € S : z ~ y}|, we
let U' = {y € U : dy,(z) > (t —¢)|V4|} and UL = U \ U'. Notice that

_ Ull(r — )|V,
dUT, V) < | |(L e) Vil — e
UV

which is a contradiction of (e, §)-uniformity of (U, V;) whenever |U| > §|U|. Thus

we have shown
Fact 4.1 U] > (1— 8)|U].
Fori=2,...,t, let U'={y e U :dy(z) > (1 —¢)|Viy1|}. As above, we have

Fact 4.2 |U*| > (1 —6)|U" | fori=2,...,t.

We now choose z; € U* arbitrarily. (We note that that U has size some constant
fraction of the size of U, and has at least r vertices by our initial assumption on M.)

We let V! = Ny.(z;) and repeat the process with the V;'’s and the same U. Let
U? be the successive subsets of U obtained for the sets V;'; choose z, € U different
from x;. We repeat this r times in all, finding z; ... , z,, getting sets V' = V", where
VrC---CVICV;and Vi = Ny.({z1,...,7,}). (Again, we can always find these r

vertices by the initial assumption on M.) By our methods, we have |V/ 1| > (r—¢)|Vj]
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for each j and hence |V/| > (7 —¢€)"|V;|. The sets V{,...,V/ are (¢, ¢')-uniform with

density at least 7’ for

Vil > (r—e)"|Vil,

g = 2¢,

& = d
(1—e)’

=7r—c¢

We only need to show that these new values satisfy the hypotheses of the lemma for
k=t.
It is immediate that &' < 7/2, as

T '+ €

€< 4t+1 - 4t+1

hence ¢ < 7//(4"™! — 1) and we conclude

/ /

;L T T
g€ =2<2- m < E
The second hypothesis is also straightforward:
1) (T—e)(r=3e) - (1 — (2" — 1)e)"

(tr—e) (r—e)
=(r=3e) - (7= (2" = 1)e)"
— (7_/ _ 6!)7-(7_/ _ 361)7- . (TI _ (2t _ ]_)EI)T

Thus we may choose

1
(r—e)

and the lemma is true by induction. O

R(t+1,r,1,e,6) = R(t,r, 7' €&

Proof of Theorem 4.22. Let H = K;1(r). It remains to show that for every £ > 0
there exists an R(t,r, &) such that spex(n, Kii1(r)) < (1 — 1/t + &)n.



69

We use Lemma 4.25. Given r,t,&, let 7, €, and 6 be arbitrary positive constants
satisfying 7 < £2/3, ¢ < 7/4%, and 6§ < (7 — 2%)". Let G be a graph on n > R =
R(t,r,T,e,6) vertices not containing K, ,(r) as a subgraph. Set m = min{[1/7],t}
and take a Szemerédi partition of G into £ parts, where m < £ < M(m,e). Remove all
edges with an end in the one set of smaller size (at most en? edges), remove edges from
within sets (at most n?/k edges), from between pairs of sets that are not e-uniform
(at most en? edges), and from between pairs of sets that have density less than 7 (at
most 7n? edges). Thus we have removed at most (2 +7)n? < £2n?/2 edges. Call the
resulting graph I'.

I' does not contain K1, because if it did, then by Lemma 4.25 it and hence G
would contain K;,(T"). By Wilf’s theorem (Theorem 4.1) it follows that

M) < (1-1/t)n.

Moreover, since we deleted at most £2n?/2 edges, we conclude by Lemma 2.3, item

(iif), that

MG) SMI)+E&n< (1 —-1/t+&)n. O

4.5 Stability of the Spectral Turan theorem

We now consider graphs that do not contain K;.; as a subgraph and have
spectral radius close to that of the extremal graph T'(n,t). We will prove the following

result concerning the stability of the extremal graphs.

Theorem 4.8 (Spectral stability theorem) For all ¢ > 0 and for t = 2 or 3,
there ezist constants ¢; = c¢1(t) and ¢y = c3(t), such that for all graphs G on n

vertices not containing K; 1 as a subgraph, if G has spectral radius satisfying

M(G) > (1=1/t)n(1 —¢),

2

then: (i) removing at most cien® edges can make G t-partite; (i1) removing at most

1/2

cel/?n? edges can make G a subgraph of the Turdn graph T (n,t).
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We remark that item (ii) follows from item (i) by a straighforward analysis of
t-partite graphs (Proposition 4.30).

We will first present a proof of the case t = 2, as this proof is remarkably simple.
We will then discuss a technique that could be applied to the general case. We apply

this technique to prove the theorem for the case t = 3.

4.5.1 Triangle-free graphs

We prove the following theorem, representing the nontrivial part of Theorem 4.8

for t = 2.

Theorem 4.26 For everye > 0, if G is a triangle-free graph and \(G) > tn(l—¢),

2

then G is at most en® edges away from being bipartite.

Proof: Let x be a nonnegative eigenvector for \;(G) and assume that G is labelled
so that vertex 1 has maximum weight, i.e., z; is maximum, and among the neighbors
of 1, x5 is maximum. We donte by d; the degree of vertex i. From the eigenvalue

equations at vertices 1 and 2, the following inequalities hold:

)\1.1‘1:2271' S d1$2 S dlxl, (47)
21

)\133222.’171' S dz.’l?l. (48)
22

Multiplying these two together and simplifying, we have:

A <didy < (dy +dy) /2. (4.9)

It follows from (4.9) that there are at most en vertices not adjacent to either 1 or 2;
call this set B. Removing all edges adjacent to a vertex in B, i.e., at most en? edges,

leaves a bipartite graph with bipartition given by 1 and 2. d
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4.5.2  General method

Our general method uses lexicographical cliques. Let x be an eigenvector for G
and let (vy,...,v,) be a clique; the clique is lezicographic if: v; is a vertex with maxi-

mum weight given by x among vertices of G v; is a vertex of maximum weight among

common neighbors of vy, ... ,v;_1, fort = 2,... 7; the clique is lexzicographically mazx-
imal if there is no lexicographic clique on 7 + 1 vertices containing {vq,... ,v,.}, i.e.,
the vertices vy, ... , v, have no common neighbor.

We make the following observation, which is a slight strengthening of our Spec-

tral Turan theorem (Theorem 4.2).

Proposition 4.27 Let G be a graph on n vertices not containing K1 as a subgraph.
Let x be a nonnegative eigenvector for \i(G), and let {vy,... v} be a lexicographi-
cally mazimal clique. Then M\ (G) < A\ (T(n,r)).

Proof: We mimic the proof of Theorem 4.2. Let V; be the set of all vertices adjacent
t0 U1y Vi1, Vig1y ... 0, for e = 1,... t. Fore =1,...,r — 1, let U; be the set
of vertices not adjacent to v;, and not adjacent to at least one of v;yq,...,v.. We
then symmetrize all vertices in U; to v; to create an r-partite graph Go,. We claim
that this does not decrease the quadratic form at x. As in Section 4.3, we write

x'Ax =¥, z,w(v), where w(v) = ¥, z;. For v € V; UU; we have

we(v) < wa(t) < we, (1),

the second inequality follows from the fact that Ng(i) C Ng, (i), the first follows

because {1,...,i} is as a lexicographic clique. Thus
A(G) £ Ai(Go) < A (T(n, 7). O

It follows from this proposition that if A;(G) > (1 —1/t)n(1 —¢) and e < 1/¢%,
then any lexicographically maximal clique has size at least .
Let {vy,..., v} be a lexicographically maximal clique. Let V; be the set of all

vertices adjacent to vy,...,v; 1,Vi11,...,0, for 2 = 1,... t. The sets V; induce a
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t-partite graph Gy. Call the set of remaining vertices B. Removing all edges with an
end in B leaves a t-partite graph. Our general idea is to show that B can never be
too large, given that A; is large. This holds for ¢ = 2, as we showed above. For t = 3,
we show that it also holds, but does not seem to follow easily as it did for ¢t = 2.

For a lexicographically maximal clique {v,...,v:}, and all 1 < r < ¢, we
examine the eigenvalue equations at the first r vertices:

M@+ Fz) =) o4+ )
il iror

The following lemma will help in working with the equation above.
Lemma 4.28 Let x1 > --- > x, > 0, and assume A is a number satisfying
AMay+ - +ay) <ayzy + -+ apy.

It then follows that

Agmax{al’a1+a2 a1+---+an}.
n

SRR
Proof: The proof uses a technique called Abel rearrangement. For convenience, define

Zp41 = 0. Setting M = max{ay, (a1 +0a2)/2,...,(a1+---+a,)/n}, we have a; +- - -+

ap < k- M for all k. The conclusion follows immediately from rewriting the sum:
AMay+ -+ a,) <ayzy + -+ apy
= o+ )= i)
< i'LM(xZ — Tiy1)
i=1

M(zy+ -+ ) O
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4.5.8 t-partite graphs

We mentioned above that the second claim of Theorem 4.8 follows from the first
with an analysis of ¢-partite graphs. We first show that if a ¢-partite graph has one

of its color classes too large, then the spectral radius is small.

Lemma 4.29 Let G be a complete t-partite graph on n vertices, and assume that one

color class has size ny = (1/t + 6)n, for some 6 > 0. Then
M(G) < (1—1/t)n(1 — 6%/t).

Proof: It follows from the arguments in the proof of Lemma 4.19 in Section 4.3 that
for n; fixed in a complete t-partite graph, the spectral radius is maximum for all
other color classes having equal size. We may assume all ¢ — 1 other classes have size
nyg=---=mn, = (1/t —§/(t — 1))n and get equal weight. Thus the spectral radius is

bounded above by the largest eigenvalue of the 2 x 2 matrix

0 t—1)(1/t=6/(t—1))n
((1/1: +8n (t—2)(1/t—6/(t— 1))n) '

Let f(\) be the characteristic polynomial of this matrix. This is a quadratic with one
positve root. The proposition is then proved by showing that the positive root is to
the left of (1 —1/t)n(1 — 1/t)8?%, i.e., that f((1 —1/t)n(1 —1/t)6*) > 0. We have:

8%2n?

F((L=1/t)n(1 = 8%/t)) =

which is greater than 0 for all £ > 1 and 0 < 6 < 1, as required. O

<t4 — 12— 338 + 2026 + 1267 + 62),

We may now use this to show that in Theorem 4.8 that (ii) implies (i).

Proposition 4.30 Let G be a graph on n vertices not containing K;1 as a subgraph
satisfying M (G) > (1 — 1/t)n(1 — €). Let x be a nonnegative eigenvector for \i(G)
and let {vy,...v;} be a lexicographically mazimal clique. Assume that there are at
most on vertices not adjacent to t — 1 vertices of the lexicographically maximal clique.
Then removing at most (6 + t3/2c'/%)n vertices, i.e., at most (6 +13/2'/?)n? edges, G

can be made a subgraph of Turdn’s graph T(n,t).
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Proof: Let B be the set of at most én vertices not adjacent to t — 1 vertices of the
clicue {v1,...,v}. Let Gy be the t-partite graph obtained from G by symmetrizing
with respect to {1,...,t} in the same way as in the proof of Proposition 4.27, in this

case only changing the adjacencies of vertices in B. We have
M(Go) > M(G) > (1 —1/t)n(1 —e).

Proposition 4.30 then shows that no color class in Gy can be larger than (1/t++/te)n.
Thus removing at most v/ten vertices from each color class of Gy, and the vertices B,

we transform G into a subgraph of Turan’s graph. O

4.5.4  Graphs not containing Ky
Here we prove the following theorem:

Theorem 4.31 For every € > 0 there is a ¢ such that every G on n vertices not
containing Ky as a subgraph and satisfying

M(G) > gn(l _e) (4.10)

2

1s at most cen® edges away from a t-partite graph.

Proof: We will actually show that the ¢-partite graph given by a lexicographically
maximal clique (the vertices of this are all vertices of G' adjacent to ¢ — 1 vertices of
the clique) contains at least n(1 — ce) vertices, proving the theorem.

We prove the theorem for ¢ = 20. For convenience, let § = 20e.

The proof is by contradiction. Let G have vertex set {1,...,n} and assume
it is labeled so that (1,2,3) is a lexicographically maximal clique with respect to a
nonnegative eigenvector x. (If there is no lexicographically-maximal 3-clique, then
by Proposition 4.27, we would already have a contradiction.)

We assume that our stronger claim is false, i.e., the set B of vertices adjacent to
at most one vertex among 1, 2, 3 has more than én vertices. We will derive a series of

conditions on G, eventially arriving at the contradiction \(G) < (1 —1/3)n(1 —¢).
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For i = 1,2, 3, let B; be the set of vertices adjacent to ¢ only among {1, 2, 3}; let
By be the set adjacent to none of {1,2,3}; then B = BUB,UB,UBs. Let b; = |By],
and b = |B| = by + by + by +bs. Notice that b = n — (dia +di3+ dss), where d;; denotes

the number of common neighbors of vertices ¢ and 5. We have:

Mzy < dipxs + (dy — dig)xe = diazs + (diz + b1z (4.11)
M2y < dipxs + (dy — dig)xr = diazs + (daz + ba) 24 (4.12)
Mzz < di3zy + (d3 — diz)x1 = diazs + (daz + b3) 21 (4.13)

Proposition 4.32 Ifb > én, then

0 o
d1+d2+d3§2n—§n:2n(1—1).

Proof:
n—d,-j < (n—dz)—i-(n—dj)ﬁdw Zd1+d]—n
dlz + d13 +d23 Z 2(d1 + d2 + dg) — 3n.
n <b=mn— (dip+ di3 + dsz) < 4n —2(dy + dz + d3)
And hence

Condition 4.1 d; + dy + d3 < 2n(1 — §/4).

Proof: By the previous proposition, if this were not true, then b < én, and removing
all edges with an endpoint in B, i.e., at most én?, results in a 3-colorable graph

determined by {1,2, 3}. O
The following two conditions follow from (4.7) and (4.7).
Condition 4.2 d; > (2n/3)(1 —¢).

Condition 4.3 d; + dy > (4n/3)(1 — ).
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Considering only vertices 1 and 2, we have

4 2
n—d12§2n—(d1+d2)<2n—?n(1—5)=?n(1+26).

The second inequality follows by Condition 4.3.

We will write down the first three eigenvalue equations together as:

M@+ o +23) =) 2+ Y 7+ Y2 < 1Ty + 4y + a3z,

il in2 i~3
where we bound each summand by the best z; possible, ¢ = 1,2,3, and a; is the
number of summands that get this bound. Notice that no z; cannot appear in all

three summations, as this would imply a K;. We have:

aq S 2(71 — dl) — (b2 +b3)
a; + ag S Q(Tl—dlg)—b

a1+a2+a3=d1+d2+d3
It follow immediately from Lemma 4.28 that

Proposition 4.33 For A\, we have

a1 +ay a1 +ay+a
Algmax{al, 1 2 a1 2 3}

4.14
o (114

We will now examine all three of the terms individually. We would like to show
that each is too small, i.e., implying that A; < (2/3)n(1 —¢).

For the third term of (4.14), we have:

3 3 3 4 3
for all § > 4e.

Using Condition 4.3, we see that

4
a;+ay <2(n—dp)—b< ?n(l + 2e)én

2 8 2
mta 2n (6—§>n<?n(1—5),

2 =3
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In light of Proposition 4.33, we see that a; must be larger than (2/3)n(1 — ¢).

Thus we may assume:

2
Condition 4.4 d; < ?n(l +e).

Proof: 1f not, we would have:

a < 2(n—dy) < 2%(1 —2).

7
Condition 4.5 by + b3 < gen.

Proof: 1f not, we would have:

a1 S 2(7’L - dl) - (b2 + bg)
2
< 2(71— ?n(l — a)) — gsn
2n
=— —en
3
From these conditions, others follow:

Condition 4.6 z; > z(1 — 2¢).

Proof: If 5 < x1(1 — 2¢) then

)\11)1 S dl.’L'g S dl(]_ - 26).’L‘1
and hence

)\1 S d1(1 — 28)
2
< ?”(1+g)(1 %)

2n
< —(1=-¢),
(1)

using Condition 4.4.
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Now comes the complicated part. It follows from (4.11,4.12,4.13), that

Mzt < digzizy + (dy — dig)m129 = digzi73 + (by + di3)
/\1.CE§ < d12I2$3 + (d2 — d12)331-732 = d12I2333 + (b2 + d23)
Aizozs < d13l"§ + (ds — dy3)z120 = d1333§ + (bs + das3)

Adding these three together, we have

M@H§;%E)<

by +b

1 1
2 +di3 + d23) + dyoz1 23 + §d12332$3 + §d1337§
by + b3

< x4y (b1 +

1 1
= T1Z (’fl —dyy — ) + dipzi23 + §d12$2$3 + §d13$§

by +b
:x1x2<n— 2 5 3) — dypz1 (29 — 73)

1 1
+ §(d12 + d13)$§ — §d12$2($2 — z3)
B
< 1179 (” — 5) — dya(zg — 333)<331 + %)

and hence

1
Al (mf + ZC% - §$2(x2 — $3)> S

@+@)_m2 dy

T
< 179 (n — 2 —Ty + —x5 — (332 - Is)dm (331 + 52)

Rearranging a little, we have

(22 + 22) < 1179 (n + ===

2 T 2 Al 2
- (372 — $3)d12($1 + 272/2) + /\1372(332 - 373)/2
d B 3x A
S mlmz(n =+ 51 — (1 - 28)5) — (.’L‘2 - wg) <d1272 — ?1%2)
d B —
= z125(n + 51 -(1- 25)5) = 2 o - 22(3d1y — A1)

Let S = #2572 - 19(3d15 — A1), i.e., the last summand in the equation above. We

may now make a very strong assumption on d;,.
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Condition 4.7 di; < %n.

Proof: Otherwise we would have 3d;5 > 2n/3, from which it follows that S > 0 and
hence:

d b
Al(xf + x%) < 7,79 (n + ?1 -(1- 26)5),

which implies

1 dy b
A < = — —(1—2¢)=]).
1—2<"+ 5 ! E)2)
By Condition 4.4 we have
1 (2n/3)(1+¢) 6n)
A< S MEERETE) (1= 2e) —
1_2<n—|— 9 ( 5)2
2 1
- ?"(1 — (38— 2+ 65/2))
2n
< —(1—e). O
3
We now have
5 2
d2:d12+(d23+b2)<§+§'n

and using Condition 4.6:

Mzy < doy < dyzo(1 + 3e)
and
omn 2
A1 < dg(a+3e) < 3(1 +ee)(1+3e) < gn(l —e)

This last inequality holds for e < 0.025. If € > 0.025, then G itself cannot have more
that 6 - n* > n?/2 edges (we took § = 20), hence the result trivially follows.
Thus we have completed the proof of Theorem 4.31. O
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4.6 Graphs with hereditarily bounded average degree

In this section we consider graphs with the Hereditarily Bounded Property P,,.
A graph is said to have the Hereditarily Bounded Property P, if

|E(H)| <t-|V(H)|+r, VH<G, [V(H)| >t (Prr)

For r > 0, we may safely omit the requirement that |V (H)| > t+k, as all graphs
on fewer vertices trivially satisfy the condition. For negative r, the requirement on
the size of V(H) is important, as the inequality fails for subgraphs on few vertices;
the term t|E(H)| + r is negative. By defining k£ in the way we did, and having the
requirement that |V (H)| > t + k in the condition, we are considering all subgraphs
for which the inequality makes sense.

The set of graphs satisfying Property P, can be easily interpreted in our lan-
guage of forbidden subgraphs. Let H,, be the set of all graphs K on at least ¢ vertices
having more than ¢ - |V(K)| + r edges, i.e., those with large average degree. Then
graphs satisfying P, are exactly those which do not contain any graph in H as a
subgraph.

We now restate our result:

Theorem 4.9 Lett € IN and r > —(“;1). If G is a graph on n vertices with property

P, ,, then
M(G) < (t=1)/24/(t+ 1)t + 2r + Vin,

and asymptotically,
M(G) < (t—1)/2+ Vin + o(1).

Furthermore, the asymptotic bound s tight.

Notice that if Gy is a subgraph of G for which the edge bound is tight, then any
other vertex of GG can be adjacent to at most t vertices from Gy. The intuition is that
if n is large, and G is a graph satisfying this property with maximum spectral radius,
then most of the vertices are only adjacent to the ¢ vertices that have maximum

weight (given by an eigenvector). We will show that this intuition is correct.
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4.6.1  Proof of the result

When discussing Property P, ,, it will be convenient to set s = (tgl) +r, as

the condition r > —(thl) can then be rephrased as s > 0, and as we will show,
the extremal graphs will have the graph I'(n,t) defined in the next paragraph as a
subgraph, with the addition of s edges.

Let I'(n,t) be the graph on vertex set {1,...,n}, vertices 1,...,t inducing a
complete graph, and all other vertices adjacent to {1,... ,t}. If n < t+1, then ['(n,t)
is just K,. Notice that I'(n,t) has the property P, for all s. For s = 0, we will show
that I'(n, t) is the unique extremal graph. For larger values of s, the extremal graphs

will have I'(n,t) as a subgraph and have s additional edges.

I'(nt)
t+1
1 r+2 1
Kt Kt
t t
n

Define ITI(n,t,s) to be the graph on vertex set {1,...,n}, with I'(n,t) as a
subgraph, and adding all edges between pairs of vertices in {t + 1,...,t 4+ s}. If
n < t+ s, then II(n,t,s) is just K,.

Let S(n,t,s) be the set of all graphs on n vertices having the property P,
and let S,,(n,t, s) be its subset containing only those graphs with m edges. Define
Q(n,t,s) to be the set of subgraphs H of II(n,t,s + 1) with the property P,,, and
having at most s edges among the vertices {t + 1,... ,t + s+ 1}. Let Q,,(n,t,s) be
its subset containing only those graphs with m edges.

The following theorem is a strengthening of Theorem 4.9 above. The strength-

ening is in the sense that we give a strong characterization of extremal graphs.
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Theorem 4.34 For all G € S(n,t,s), there exists a graph ' € Q(n,t,s) for which
AM(G) < A(D).

The bounds given in Theorem 4.9 then follow immediately from estimates for
A1(II(n, t, s+1)). The fact that the bound given is asymptotically tight (within o(1))
follows from the value of A;(I'(n,t)). We will calculate these below.

We remark that Brualdi and Solheid [18] proved this theorem for ¢ = 1, and
that Cvetkovi¢ and Rowlinson [31] determined the extremal graphs for all s, and n
large enough, confirming a conjecture of Brualdi and Solheid. The extremal graphs all
have I'(n, 1), the star, as a subgraph; for s = 3, the additional edges form a triangle,
and for s > 3 (and n large enough), they form a star with center at ¢ + 1.

As in the proof of Theorem 4.2, we will show that for any vector x, there is a
graph in Q(n,t,s) whose quadtratic form at x is at least that of G’s. The theorem

above then follows by letting x be an eigenvector for A;(G).

Theorem 4.35 For everyx € R"*, zy > --- > x, > 0, and for all G € S,,(n,t,s),
there is a graph T € Q,,(n,t,s) for which

x'Aex < x'Arx.

Proof: The proof is by induction on n. The theorem is clearly true for n < ¢t. Assume
n > t and let Gy be the graph obtained from G by deleting all d,, edges on vertex n and
set X = (1,... ,%,_1)" Then by induction, there is a graph 'y € Q,, 4, (n — 1,t, )
for which

t t
X AG,Xo < Xy Ar,Xo.

The contribution to the quadratic form of G of the d, edges adjacent to n is bounded
above by the contribution of edges from n to the first d,, vertices, i.e.,

Y iwy < (x1+ -+ Ta, )Tn-
Let I'y be the graph I'y with the addition of vertex n and the edges from n to the
first d,, vertices. We have

x'Agx < xtAp1 X.
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It is possible that I'; does not have property P, ,, but if it does, i.e., if d, < t, then
I'y € Qn(n,t, s) and we are done. So we may assume that d, > t.

Let Fi be the set of edges from n to vertices {t+1,...,d,}. We will create the
desired graph " € Q,,(n,t, s) from I'; by moving the edges in F;. We do this in such
a way that T € Q,,(n,t, s), and so that

x"Ap, x < x"Arx (4.15)

holds, thus proving the theorem. We will verify (4.15) edgewise, i.e., for each edge
{i,n} which we move to {j,k}, we do so in such a way that j < ¢ and j < n, so that
z;xn, < zjzr. We first replace any edge in Fy by any edge missing in I'(n,t) missing
from I';. If we can replace all edges from Fj in this way, we are done. Othwerwise,
call the resulting graph I'y and the set of remaining edges Fs.

The graph I'y has I'(n, t) as a subgraph, so there are are at most s edges among
the vertices {t + 1,...,n}, and these can all be moved to within the first s + 1 of
these vertices, in particular, all edges from F, can be replaced by edges {t + 1,i},
where ¢ <t + s+ 1. This new graph is I', for which the theorem holds.

All that remains is to check the bounds. We do this in the form of two lemmas.

Lemma 4.36 The spectral radius of I'(n,t) is:

t—14++4tn —3t2 -2t +1 t—1
M(D(n, 1)) = v : = ——+Vtn+o(1).

Proof: The value of A1(I'(n,t)) is easily computed as there are only two vertex orbits

under automorphisms and hence A;(I'(n,t)) is the largest eigenvalue of

t—1 n—t
. O

Any graph G € Q(n, t, s) having maximal A\;(G) we may bound above by writing
it as the edge disjoint union of a graph with s edges (among the set S) and I'(n,t).
Thus by Property 2.3 (iii), it follows that

M(D) < (t—1)/2 + V25 4+ Vin. (4.16)
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To improve the error term, we consider the graph II(n, ¢, s+1). T is a subgraph
of this, so its spectral radius is bounded above by the spectral radius of II(n, ¢, s+ 1).
We compute the value of A;(II(n,t,s+ 1)) in the following lemma:

Lemma 4.37 The spectral radius of II(n,t,s) is:
A ((n, t, s +1)) = (£ —1)/2 + Vin + o(1).

Proof: There are three vertex orbits under the automorphism group, hence three

wieghts for the eigenvector, and A (II(n,t,s + 1)) is the largest eigenvalue of

t—1 s+1 n—t—s—1
t S 0
t 0 0

and hence the largest root of
FA =X —(s+t—1DXN—(tn —t* —st+s)A+st(n —t—s—1).

To see that the largest root is not more than A;(I'(n,t)) + o(1), we may substitute
(t —1)/2+ +/tn in for A above. We have

1 1
F((t—1)/2+Vtn) = i <3t5/2+2t3/2 —t1/2)n1/2+§ <3t3—65t2 —t2—12st—3t+25+1).

This is bigger than zero for n large enough (s and ¢ are fixed), which implies that
M(O(n,t, s+ 1)) < (t —1)/2 + V/tn, proving the claim. O

The proof of Theorem 4.9 is then complete by (4.16) and Lemma 4.37. O
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4.6.2  Consequences and applications to graphs embeddable on surfaces

Corollary 4.38 The graph I'(n,t) is the unique extremal graph for s = 0.

Proof: Notice that for s = 0, there is a unique graph I' € Q(n,t,0). If G € S(n,t,0)
is any graph with extremal spectral radius Ay, then for the eigenvector x of A (G), we
have A\ (G) < x*Ap(,nx. The maximality of A (G) implies equality and hence that x
is an eigenvector for I'(n,t). The eigenvector equation for I'(n,t) shows that the first

t vertices must be adjacent to every other vertex, and hence that G = I'(n, t). O

We have some immediate corollaries. The first is due to Collatz and Sino-

gowitz [26] and to Lovasz and Pelikan [68].

Corollary 4.39 Let T be a tree, then A < /n — 1, with equality if and only if T s

the star.

Proof: This follows from Corollary 4.38 and Lemma 4.36. O

By Euler’s formula for graphs embeddable on surfaces (compact 2-dimensional
manifolds), we have |E(G)| < 3|V(G)| — 3x, where x is the Euler characteristic of

the surface. This gives us

Corollary 4.10 Let G be a graph embeddable on a surface of Fuler characteristic x.
Then

M(G) <1+4/6(2—x)+V3n,

and asymptotically,
M(G) <14+ V3n+o(1),

where the o(1) refers to n — oo while x is fized.

For all surfaces other than the plane, our bound improves the coefficient of \/n
in previous bounds given by Hong [60]. Hong showed the bound ¢; 4+ /can, where
c1 > 0 and ¢y > 3 are constants depending only on x, and for all surfaces other than

the plane, ¢y > 3.
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For planar graphs, we improve the best previous bound, but the improvement
is negligible. Our result gives 1 4+ 1/3n, whereas previous bounds were 4 + 1/3n given
by Cao and Vince [21], improved to 2v/2 + v/3n by Hong [60].

4.6.3 Addendum

Since the writing of this chapter, Tom Hayes and I have improved upon Corol-

lary 4.10, showing that if G is embeddable on a fixed surface X, then
Al(G) S V2n + C,

where c¢ is a constant depending only upon the surface ¥. We have also shown
that for n large enough, the extremal graphs have two vertices of degree n — 1. This
uniquely determines the extremal graph for the plane (for n large enough), confirming

a conjecture of Cao and Vince [21] that the extremal graph is P,V P,_, pictured below.

Cao and Vince actually conjectured that the graph above has maximum spectral
radius among all planar graphs on n vertices, for all n. We show that this is not true
for small n, for example when n = 8, the graph below has larger spectral radius then

Cao and Vince’s graph.



CHAPTER 5
OPEN PROBLEMS

Here we list several open problems related to the work in this thesis.

Connected graphs with minimum gap

Problem 5.1 If n = 0 (mod 4), then the trivalent graph with minimum gap has
diameter D = 3(n — 4)/4. There are |(n — 4)/8] graphs with diameter D. Is it true

that the graphs with maximal diameter have gap smaller than all others?

Problem 5.2 It seems quite natural to ask for a generalization of our result for

connected d-regular graphs.

Bojan Mohar and I suggest another generalization for the problem: connected
graphs of minimum degree d rather than d-regular graphs. We define p;, the second
smallest eigenvalue of the Laplacian matrix of G, to be the eigenvalue gap (p; is no
longer equal to A\; — Ay). p; increases with the addition of edges, and therefore one
would expect most vertices to have degree d. (Unlike before, when the degree is odd,
we may now consider any n € IN, rather than just even n.) It is not immediately
clear that an extremal graph will have cut edges, and indeed regular graphs of even

degree cannot have cut edges.

Conjecture 5.1 Assume n =0 (mod d+ 1). Then the connected graph on n with

manimum degree d having minimum eigenvalue gap py s pictured below:

87
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Kg

N /i /i 4

Conjecture 5.2 Let G be a connected graph on m wvertices of minimum degree d
having minimum eigenvalue gap pi(G) among all connected graphs on n vertices of
manimum degree d. Then G s path-like, and except for some blocks near each end,
all blocks occurring in the middle are of the form:

Kg-1

Problems related to the Spectral Turan theorem

A generalization of Turan’s theorem, conjectured by Erdds, and proved inde-
pendently by Bollob4s and Thomason [10] and Erdgs and Sos [44] is given in the

following theorem.

Theorem 5.3 (Bollobas, Thomason, Erdés, and Sé6s) Let G be a graph on n
vertices and assume that G has as many edges as the Turdn graph T(n,t). Then

either G 22 T'(n,t), or there is a vertex v whose neighbors N(v) induce a graph having

more edges than T(d,,t —1).

If G has more edges than the Turan graph, then Bondy [11| showed that the

neighbors of any vertex v with maximum degree have more edges than the corre-
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sponding Turan graph T (dpax,t —1). His method uses a refinement of Zykov’s proof.

We conjecture that both of these results hold in the spectral case as well:

Conjecture 5.4 Let G be a graph on n vertices and assume that A\ (G) > A\ (T(n,t)).
Then either G =2 T(n,t), or there is a vertex v whose neighbors N(v) induce a graph
Gy satisfying M\ (Go) > M(T(|N(v)|,t — 1)). Furthermore, if \(G) > A\ (T (n,t)),
then the conclusion holds for any vertex v having mazimum weight given by a positive

ergenvector for Ap.

In 1970, Nosal [76] showed that if a graph G does not contain a triangle, then
A1(G) < /m. This implies our Spectral Turan Theorem for the case ¢t = 2, by using
Turén’s theorem for the maximum number of edges. The theorem is stronger in the
sense that for all triangle-free graphs it gives a bound on the spectral radius in terms
of the number of edges.

Elphick [35] (see also [60]) proved the following result, where x(G) is the chro-

matic number.

Theorem 5.5 Let G be a graph with m edges and chromatic number x(G). Then

M(G) < \/2m(1 = 1/x(G)).

We conjecture that this bound holds with the clique number in place of the

chromatic number:

Conjecture 5.6 Let G be a graph having n vertices and m edges having clique num-
ber w(G). Then

M(G) < \/2m(1 - 1/w(G)).

We remark that for w(G) = 2 this is Nosal’s theorem.
In fact, we make the following stronger conjecture, which, together with the

theorem of Elphick, would imply the previous conjecture.
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Conjecture 5.7 Let G be a graph having n vertices and m edges not containing Ky 1
as a subgraph, and let x be a positive vector. Then there is a t-partite graph H with

n vertices and m edges, for which

x'Agx > xtAgx.

Graphs with a prescribed number of edges

Far less work has been done on the minimum spectral radius under specified
conditions, as compared to maximum spectral radius. Collatz and Sinogowitz [26]
and Lovasz and Pelikan |68 determined that among all trees on n vertices, the path
is the unique graph with minimal spectral radius. We do not dare make a conjecture
as to the exact graph for all m and n, yet we do make the following conjecture which

would give quite a bit of structure to the extremal graphs.

Conjecture 5.8 Let G be a graph on n vertices with m edges having minimum spec-

tral radius. Lett be such that |E(T(n,t—1)] <m < |E(T(n,t)|. Then G ist-colorable.

It is obvious that any regular graph with the required number of edges will have
desired spectral radius, and that for m = |E(T'(n, t))|, the “most regular” graph is the

Turan graph, which is the unique t-colorable graph with n vertices and m edges.

Graphs with bounded average degree

We recall for t € IN and r > —%, that a graph G has the Hereditarily Bounded
Property P,, if |[E(H) <t-|V(G)|+ r for all subgraphs H < G on at least t vertices
(see Section 4.6). We remarked that Cvetkovi¢ and Rowlinson [31] proved that for
t = 1 and n sufficiently large, the extremal graph consists of a star and one vertex of
degree r + 2. We conjecture that the structure of extremal graphs is similar, even for

larger t:
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Conjecture 5.9 For allt € N and r > —(tzl), there is an N such that if G is a
graph on n > N wvertices with the property P;, and G has mazimal spectral radius
among all such graphs, then G 1is the unique graph having t vertices of degree n — 1,

and one vertex of degree r + (“2’1).

We showed in Theorem 4.35 that G must have I'(n,t) as a subgraph (see
page 81), and that it must have r + (tgl) additional edges among the vertices
t+1,...,t+ s+ 1. Our conjecture states that for n large enough, there is a unique
extremal graph whose additional edges form a star.

Our next problem considers Property F;,, where ¢ and r are not required to be

integers. Our results show that:
M(G) < (s, t)+4/[t]n.

Problem 5.3 Let t,7 € IR, ¢t >0 and s > —(Lt;”). Is it true that if G has Property
P, ,, then
M(G) < (s, t)+Vin?

Perhaps even this stronger statement may hold:
M(G) < (s, t) +4/[tn?

We may also ask for a generalization of this property, where the hereditary

bound on the number of edges is not linear.

Problem 5.4 If for a graph G, |E(H)| < c¢- |[V(H)|? holds for all H < G, does it
follow that A;(G) < 2¢- |[V(G)|? What can be said if the exponent of 2 is replaced

by some other constant less than 27

We note that A\;(G) < v/2cn? is a trivial upper bound, and that 2¢ would be
best possible, as seen by Wilf’s theorem. If this question were true, then the Spec-
tral Erdés-Stone-Simonovits theorem would follow from the Erdés-Stone-Simonovits

theorem and Wilf’s theorem would follow from Turan’s theorem.
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