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Abstract

How many times should a card shuffler shuffle to get the cards shuffled? Convergence
rate questions like these are central to the theory of finite Markov Chains and arise
in diverse fields including Physics, Computer Science as well as Biology. This thesis
introduces two new approaches to estimating mixing times: robust mixing time of a
Markov Chain and Markovian product of Markov Chains.

The “robust mixing time” of a Markov Chain is the notion of mixing time which
results when the steps of the Markov Chain are interleaved with that of an oblivious
adversary under reasonable assumptions on the intervening steps. We develop the
basic theory of robust mixing and use it to give a simpler proof of the limitations
of reversible liftings of a Markov Chain due to Chen, Lovdsz, and Pak (1999). We
also use this framework to improve the mixing time estimate of the random-to-cyclic
transposition process (a non-Markovian process) given by Peres and Revelle (2004).

The “Markovian product” of Markov Chains is like the direct product, except for
a controlling Markov Chain which helps decide which component should be updated.
Direct products as well as wreath products of Markov Chains are special cases. We
show how a coupon collector type of analysis can be used to estimate the mixing
times of these product chains under various distance measures. Using this, we derive

L2-mixing time estimates of a Cayley walk on Complete Monomial Groups, which are
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only a factor 2 worse than those obtained by Schoolfield (2002) using representation
theory. Together with Robust mixing time estimates, we also estimate mixing times
of Markov Chains which arise in the context of Sandpile groups.

In the case of Lamp Lighter Chains, we are lead to estimating moment generating
functions of occupancy measures of a Markov Chain. We sharpen a previous estimate,
due to Peres and Revelle (2004), of how long it takes to visit all the states of a Markov

Chain, and answer some questions raised by them.
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Chapter 1

Introduction

Markov Chains arise in diverse fields including Physics (Statistical Mechanics), Statis-
tics (Queueing theory), Biology (Population Processes), Bio-informatics (gene predic-
tion), Economics (Modelling Economic Growth) and Computer Science (Approxima-
tion Algorithms). One of the central questions is to get quantitative estimates on the
rate of convergence of Markov Chains.

Markov chain Monte Carlo (MCMC) methods have found wide applicability.
MCMC methods are a class of algorithms for sampling from probability distributions
based on constructing a Markov chain that has the desired distribution as its sta-
tionary distribution. Common applications include estimating multi-dimensional in-
tegrals and Approximation algorithms. The “mixing time” of the underlying Markov
Chain is a key component of the running time of the algorithms.

Google’s PageRank™ algorithm! is essentially a Markov Chain based algorithm.
Consider the following random walk on the set of “all” web pages: Suppose we are

currently at a page u. With probability 1—¢q we start over by moving to a page chosen

as originally published
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from the uniform distribution. With probability ¢, we follow a link out of the current
page u (all links equally likely). ¢ = 0.85 is the damping factor and helps handle
pages without links. The stationary distribution of this Markov Chain is essentially
the PageRank of all the web pages. Every once in a while, Google takes one step in
this random walk and updates the current distribution.

One recent landmark in Computational Complexity Theory is the L=SL result
due to Reingold [52]. It gives a log-space algorithm to decide if two vertices of an
undirected graph are in the same connected component. The main ingredient in the
proof is the construction of a new graph which retains the connectivity information
of the old graph and the random walk on the new graph mixes in O(logn) times. The
construction in turn builds on the previous work of Reingold, Vadhan, and Wigderson

[53].

1.1 Approaches to estimating mixing times

There is no “right” approach to estimate the mixing times of Markov Chains. Several
approaches have been suggested each with its own pros and cons. All approaches
seem to have a trade off between easy applicability and tightness of the resulting
estimate. We outline some of the more common approaches below. Assume that the

Markov Chain has N states and that the stationary distribution is uniform.

(a) Coupling: Very sensitive to the Markov Chain but very elegant and usually
provides optimal bounds. There is some “magic” involved in finding the right

coupling.

(b) Spectral Gap: Involves estimating the largest non-trivial singular value of the

transition matrix. For reversible chains, it determines the convergence rate
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exactly. For the mixing time, there is still a O(log N)-gap where N is the

number of states in the chain.

Conductance: Combinatorial in nature and is easy in principle and in case of
Markov Chains with symmetry also easy in practice. However the resulting
bound determines the mixing rate up only to a quadratic factor. Unfortunately,

there are examples showing that this gap cannot be improved.

Representation theory: Used for estimating L2-mixing times of Markov Chains
on groups. In principle, gives optimal results. In practice, has been applied
only for Markov Chains where the generators are invariant under conjugation

or close enough to being so.

log-Sobolev constant: Difficult to estimate, but resulting bound only has a

O(loglog N)-gap for the L?-mixing time.

Entropy constant: Notoriously difficult to estimate, but resulting bound esti-

mates the mixing time within a O(loglog N)-gap.

Comparison Methods: Involves comparing an unknown chain, with a known
chain and deducing mixing time estimates for the unknown chain, in terms of
that of the known chain. One starts by estimating the conductance or Log-
Sobolev constants or spectral gap of the unknown chain in terms of that of the
known chain and then infer mixing time estimates for the unknown chain. Has
wide applicability. Tightness of resulting bound depends on the choice of the

known chain.

Decomposition Methods: Break up the states of the chain into pieces and derive

mixing time bounds on the whole chain, in terms of that of the pieces and the
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projection chain where the pieces are the states. Here also, we estimate the
conductance or Log-Sobolev constant of the whole chain in terms of that of the

pieces and the projection chain.

Other methods include Blocking Conductance, Spectral Profiling, Evolving Sets, Con-
gestion and of course explicitly calculating the t-step transition probabilities. This
thesis introduces two new approaches to estimate mixing times of Markov Chains:

robust mixing time of a Markov Chain and Markovian product of Markov Chains.

1.2 Robust Mixing

The mixing time of a Markov Chain can be viewed in terms of the following two

player game.
0. Let P be a Markov Chain with stationary distribution .

1. Adversary: Picks an initial distribution u

[\

. System: p — ulP

w

. If v is “close enough” to 7 the game ends. Otherwise, go back to step 2.

The goal of the adversary is to prolong the game as much as possible. The mixing time
can then be defined as the length of the game when the adversary plays his optimal
strategy. If P is ergodic, the game will end eventually. Admittedly, the system has no
active role in the game and the role of the adversary is limited. In the case of robust
mixing time, the adversary plays a more active role. In the robust setting the game

proceeds as follows:

0. Let P be a Markov Chain with stationary distribution 7.
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1. Adversary: Picks an initial distribution p and a sequence {A;};~q of stochastic

matrices such that 7A, = 7 for all ¢.
2. Sett=0
3. t—1+1
4. System: p «— plP
5. Adversary: p «— phy

6. If pis “close enough” to 7 the game ends. Otherwise, go back to step 3.

As before the adversary’s goal is to prolong the game as much as possible. The
robust mixing time is then the length of the game when the adversary plays his
optimal strategy. Note that the adversary is oblivious since his moves A, are decided
at the start of the game. Put another way, the robust mixing time of a Markov Chain
is the notion of mixing time which results when the steps of the Markov Chain are
interleaved with that of an oblivious adversary under reasonable assumptions on the
intervening steps.

Liftings: A Markov Chain P is said to be a collapsing of Q, if the states of Q can
be partitioned so that each state of P corresponds to an element of the partition and
the transition probabilities are those induced by that of Q. We also call Q a lifting of
P. In principle, one can use a lifting to add some “inertia” to the chain which causes
the chain to spread around more quickly. Thus we can hope that Q will mix faster
than P. Chen, Lovész, and Pak [8] showed the limitations of the speed up one can
expect to gain via liftings. If we consider the robust mixing time of Q, we can define a
suitable adversarial strategy which allows the adversary to “cancel” the inertia effect.

Put simply, at each step the adversary averages over the states in each element of the
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partition. Hence the robust mixing time of Q is at least the standard mixing time
of P. This observation together with relations between the robust mixing time and
standard mixing time, allow us to give a simpler (and slightly sharper) proof of the
limitations of reversible liftings, i.e., when Q is required to be reversible.
Non-Markovian Processes: Consider the following random-to-cyclic transpo-
sition process. We start with a deck of n cards in order. At time ¢, we exchange the
card at position ¢ with a random card. This is not a Markov Chain as the transition
probabilities are a function of t. However exchanging the card at position r with the

one at time ¢, can be done in three steps as follows:
e Exchange cards at positions 1 and ¢
e Exchange cards at positions 1 and r
e Exchange cards at positions 1 and ¢

The middle step is the only step which involves knowledge of the random location
r and more importantly does not require the knowledge of t. Hence if we surround
every iteration of the top-to-random transposition Markov Chain by an appropriate
adversarial strategy, we can simulate the non-Markovian random-to-cyclic process.
Hence the robust mixing time of top-to-random transposition Markov Chain gives
an upper bound on the mixing time of the random-to-cyclic transposition process.
We use this approach to improve the mixing time estimate of the random-to-cyclic
transposition process (a non-Markovian process) given by Peres and Revelle [49].
Chapter 3 develops the basic theory of robust mixing. In §3.6 we show that
many upper bounds on standard mixing time already bound robust mixing time.
§ 3.7 contains the result on the limitations of reversible liftings and §4.4 shows the

improved mixing time estimate of the random-to-cyclic transposition process.



1.3 Markovian products

The Markovian product of Markov Chains is like the direct product, except for a
controlling Markov Chain which helps decide which component should be updated.
More specifically, for i = 1,...,k, let P; be a Markov Chain on &; and Q a Markov
Chain on Y. The Markovian product of Py, ... P, controlled by Q is a Markov Chain
on Xj X -+ x X x Y which evolves as follows: Given the current state (z1,...,zx;y),

we do some of the following operations:
(a) for certain values of i, update z; using P;
(b) update y using Q

We start with a random r € [0,1]. Based on r, we decide whether y should be
updated. Based on y and r we select the z; which will be updated. Having made
the decisions, we do the actual updating. Direct products and Wreath products are
special cases. Note that different decision and selection rules may result in different
chains on the same state space with the same stationary distribution.

In Chapter 5, we show how to estimate the mixing time of a Markovian product
under various measures in terms of the mixing times of its components and occupancy
measures of the controlling chain. We also consider the case when the component
chains are not independent and an update to one can change the state of another.
Specifically, we show that if the dependency among the components is acyclic and the
nature of the dependency can be described via the moves of an adversary (in robust
mixing time parlance), the independent case estimate also work here, as long as one
considers the robust mixing time of the components instead of their standard mixing

times.
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For the total variation mixing time, we need bounds on the blanket time of the
controlling chain. The blanket time of a Markov Chain was introduced by Winkler
and Zuckerman [65]. For L?-mixing time, we need bounds on the moment generating
function of certain occupancy measures.

Complete Monomial Groups and Sandpile Groups: In Chapter 5, we derive
the required bounds when the controlling chain reaches stationarity in one step. In
this case, we have a coupon collector type analysis. Using this, we derive L?-mixing
time estimates of a Cayley walk on Complete Monomial Groups, which are only a
factor of 2 worse than those obtained by Schoolfield [56] using representation theory.
Together with robust mixing time estimates, we also estimate the mixing times of
Markov Chains which arise in the context of Sandpile groups.

Lamp Lighter Chains: In the case of Lamp Lighter Chains, the controlling chain
doesn’t have to reach stationarity in one step. Thus in order to bound the L? mixing
times, we need estimates on moment generating functions of occupancy measures of
a Markov Chain. In Chapter 6, we prove tight bounds on the moment generating
functions when the component chains mix slowly, as well as a general (weaker) bound.
We also sharpen a previous estimate by Peres and Revelle [49] which applies when
the factor chains reach stationarity in one step. Finally, we estimate the mixing times

of various Lamp Lighter chains, where the factors themselves do not mix in one step.



Chapter 2

Markov Chain Basics

This chapter develops the basic theory of Markov Chains from a Linear Algebraic

point of view. We give new and simpler proofs of sub-multiplicativity.

2.1 Preliminaries

A discrete stochastic process on a state space X is a sequence of random variables
{X¢}52, which take values in X'. It is said to be Markovian (or memoryless) if the

conditional distribution of X;,; given the past X;, X;_1,... depends only on X;.

Definition 2.1. A Markov Kernel M is a pair (X, [P) where X is a finite state space,

P is a square matrix whose rows and columns are indexed by elements of X and
e (Non-negativity) Vz,y € X, P(z,y) >0

e (Stochasticity) Vo € X,> . _P(z,y) =1

yeX

When X is clear from context we will denote the Markov Kernel by just P.

Definition 2.2. A distribution © on X" is said to a stationary distribution of P if

7P = 7.
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Definition 2.3. A matrix P is said to be doubly stochastic if both P > 0 and both P
and PT are stochastic, i. e., P has non-negative entries with all row sums and column

sums 1.

P(x,y) is the probability that the system moves from state x to state y. Given an

initial distribution g on &X', one can define a stochastic process as follows:
Pr{Xy =i} = u(i) Pr{Xi1 =y|Xi =2, X1, ... } =P(z,9) (2.1)

Note that the distribution of X;,; depends only on X; and is independent of ¢ or

X, for s <t. For 0 < s <t,

Pr{X;.; =z|X, =z} = Z Pr{X; 1 = z|X; =y} - Pr{X; = y|X; = 2}

yeX

= Z Pr{X; = y|X; = z}P(y, 2)

yeX

(2.2)

Hence Pr{X; = y|Xo, = z} = P'(z,y). We represent a Markov Chain by a
weighted graph with vertices X and directed edges corresponding to allowable tran-
sitions (i.e., transitions with non-zero probability). We assume the weights w(z, y)
are non-negative and that for each z, w(z,-) = > w(z,y) > 0. Given the weights,
the transition probabilities are given by P(z,y) = w(z,y)/w(zx,-). If w(z,y) is not
indicated for any edge, it is assumed to be 1. These conventions allow us to represent

random walks on graphs by the graphs themselves. Figure 2.1 shows a two-state

Markov Chain.

Definition 2.4. A Markov Chain P is said to be irreducible if for any two states x, y,
there is a positive probability path from x to y, i.e., the graph representation of P is

strongly connected.
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Figure 2.1: Two state Chain

Definition 2.5. A Markov Chain P is said to be aperiodic if the greatest common

divisor of the lengths of all cycles in the graph representation of P is 1.

Definition 2.6. A Markov Chain P on X is said to be lazy, if P(z,z) > 1/2 for all
reX.

Note that a lazy chain is automatically aperiodic, laziness implies cycles of length 1.

Definition 2.7. A Markov Chain P is said to be ergodic if it is irreducible and

aperiodic.
The fundamental theorem on Markov Chains is the following
Theorem 2.8. Let P be an ergodic Markov Chain. The following are equivalent:
(a) All states are positive recurrent
(b) P! converges to A where all rows of A are the same (equal to m say)

(c) m is the unique vector for which =P = .

In particular, if P is a finite ergodic Markov Chain, the conditions above hold, i.e. it
has a unique stationary distribution = and for any initial distribution p, ulP* converges

to .

A special class of Markov Chains which are easier to handle are the reversible

Markov Chains.
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Definition 2.9. A finite Markov Chain P is said to be reversible if the detail balance

condition holds, i.e., for some positive real valued function f on X,

(Va,y) f(2)P(z,y) = f(y)P(y, z) (2.3)

If an ergodic Markov Chain is reversible, then w(z) = f(z)/C is a stationary
distribution of P, where C'= )" f(z). Hence by uniqueness of the stationary distri-
bution, it follows that f is unique up to a multiplicative constant. We are interested
in the time it takes for the t-step distribution to be close to the stationary distribution

7. We start with several distance measures.

Definition 2.10. Let P be an ergodic Markov Chain with stationary distribution 7

and f be any (complex valued) function on X and 1 < p < oo. For p # oo, define
1/p
1 fllpx = <Z 7T(ﬂf)!f(ﬂc)|p> and || flloor = [lflloc = sup[f(2)]  (2.4)

If 1t is a distribution or difference of two distributions, then define ||u||p~ = || fllp.xs

where f(x) = p(z)/m(x) is the density function of p with respect to 7.

Specifically, for p = 1, we have ||u—v|1» = >, |u(z) — v(z)| does not depend on

7. The most commonly used distance measure is the total variation distance.

Definition 2.11. For distributions p and v, their total variation distance is given by

1
e (25)

Lemma 2.12.

1 = vllry = max{u(A) —v(A)} = > (ulw) —v(@)t = min Pr{V, #V.} (2.6)

xT
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where the maximum is taken over all non-trivial subsets A of X (X and 0 are trivial),
W(A) = Y cait(z), at = max(a,0) is the positive part of o and the minimum is

taken over all random pairs V,,,V, such that Pr{V, = x} = a(z).

Definition 2.13. For distributions p and v, their relative entropy, also called Kullback-

Leibler distance or informational divergence, is defined by the equation

D(ill) = 37 ) o5 (555 ) (2.7

D(ullv) # D(v||pn) in general.

Definition 2.14. For two distributions u, v, their separation distance is defined via

sep(y1, v) = max (1 - 5&13) (2.8)

where the maximum is taken over all non-trivial subsets A of X. This is a one-sided

L distance.

2.2 Mixing Time Definitions

We now define the various mixing times of a Markov Chain.

Definition 2.15. Let P be an ergodic Markov Chain with stationary distribution 7
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and p be any initial distribution.

(Mixing time) T (e) = max mtin {|uP* — w||lrv < €} (2.9)

(L, Mixing time) T,(e) = max min {|uP" = 7|pr <€ (2.10)
(Entropy Mixing time) Tn(e) = max mtin {D(uP'||7) < €} (2.11)
(Filling time) Ti(e) = max mtin {sep(uP',7) < ¢} (2.12)

i.e., the time it takes to reach within € of the stationary distribution starting for the

worst initial distribution.

When € is not specified, we take € = 1/2, except for 7 where we take ¢ = 1/4.
This choice of parameters is justified by Proposition 2.26.

For x € X, let J, denote the distribution concentrated at x. Every u can be
written as a finite convex combination of the ¢,’s. Linearity of matrix multiplication,
and convexity of the distances imply that the worst case distribution is always a
point distribution. Hence it is enough to talk about worst initial state instead of

worst initial distribution.

2.3 Properties of Distance Measures

We now look at some properties of distance measures and some relations between

them.
Lemma 2.16. For distributions p, p1, po,v, 0 <a=1—-506<1
(a) D(u||lv) > 0 with equality iff p = v

(b) (Convexity) D(auy + buo||v) < aD(pllv) + bD(po||v)
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(¢c) D(ullv) <log(1/v,), where v, = min, v(z)
Proof. ¢(u) = ulogu is strictly convex.

(a) Jensen’s inequality implies

Evlo(f)] = o(Eu[f]) = ¢(1) =0 (2.13)

for f(x) = p(x)/v(z). Hence D(u||v) > 0. Strict convexity implies that f must

be constant for equality to hold.
(b) Let f(x) = pi(z)/v(z) and g(z) = pa(z)/v(x). Convexity of ¢ implies
D(agia + bsollv) = By [o(af +b9)] < EJad(f) +bo(g)] = aD(gu]jv) +b Diyi )
(2.14)

(c¢) Convexity of D(-||v) implies that for a fixed v, D(u||v) is maximized when p is

concentrated at a single point. O

Like relative entropy, separation distance is not symmetric, but it satisfies the

following

Lemma 2.17. For distributions p, py, po, v and 0 <a=1—-5b <1,
o 0 <sep(u,v)<l1
o sep(p,v) <e <= pu>(1—-ev,
o (Convexity) sep(apy + b, v) < asep(u1,v) + bsep(pz, V).

The various distances we have defined can all be used to upper bound the total

variation distance.
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Proposition 2.18. Let P be an ergodic Markov Chain with stationary distribution m

and (v any distribution. Then the following relations hold
(¢) p<q = llp=llpr <l = 7llga
(0) [l = mll2 < 2[p = 7lloy
(c) =7l < v/2D(p|m)
(d) D(pl|m) < log (1 +|lu—73,)
(¢) lln = 7llov < sep(u, )
(f) D(ul|7) < sep(p, ) log(1/.)
where ||-||2 denotes the usual Euclidean norm.
Proof. (a) Follows from Jensen’s inequality

(b) Follows from Cauchy-Shwarz (||-||2 is the usual Euclidean distance).

(¢) Pt f(x) = p(x)/m(x). i — il = Ex(|f — 1)) and D(ul}r) = Ex(f1n /). Put
h(u) = (44 2u)(ulogu — u+ 1) — 3(u — 1) (2.15)

and observe h(1) = h'(1) = 0 and h”(u) > 0 for all w > 0. Hence by mean value

theorem, for u > 0,

B () (2.16)
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for some u' between 1 and u. Hence h(u) > 0 for u > 0. Hence

3(E.[1f ~ 1) < (B [Vi+27y/Flosf—7+1])
<E.[A+2f]-E.[flogf — f+1] (2.17)

Hence we have || — 7|2 < 2D(u||r). This inequality is called Pinsker’s inequality.

(d) Put f(z) = p(z)/m(x) and observe that D(u||7) = log ([], f(z)"®). Also

Lt g =3, =14+ Y w(@)(fl2) = 1)* =) u(x)f(z) (2.18)

Now the result follows by the arithmetic mean-geometric mean inequality.

(e) Suppose sep(u, ) = €. Then by Lemma 2.17, i > (1—¢)m. Write p = (1—€)n+ev

for some distribution v. Then ||u — 7||rv = €||v|rv < € = sep(p, 7).

(f) Suppose sep(pu, ) = €. Lemma 2.17 implies that u = (1—¢)m+ev for an appropri-

ate distribution v. Lemma 2.16 implies D(u||7) < e D(v||7r) < sep(u, w) log(1/7,). O

2.4 Examples

In this section, we will illustrate some examples of Markov Chains.

Example 2.19. (Random Walk on a Cycle) Fix N > 2. Here the state space is
identified with Zy the ring of integers modulo NN. If the chain is currently at state x,

then it goes to states x — 1,z and x + 1 with equal probability. The transition matrix
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P is then given by

1/3 ify=az+lory=z—lory==x
P(x,y) = (2.19)

0 otherwise

Figure 2.2 shows the graph for N = 6. Self loops ensure that the chain is aperiodic
(Otherwise the chain is aperiodic only for odd N). From symmetry, it follows that

the stationary distribution is uniform. Since P is symmetric the chain is reversible.

Figure 2.2: Random walk on a cycle

Example 2.20. (Random Walk on Hypercube) Fix n > 2. Here the state space
X is the set of all binary vectors of length n. For two binary vectors X and vy, let
H(X,y) denote their hamming distance, i.e., the number of coordinates where they
differ. Put an edge from X to y if H(X,y) = 1 and add self loops (of weight 1/2) to

ensure aperiodicity. The graph of the hypercube for n = 3 is shown in Figure 2.3.
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The transition matrix P is given by

1/2n if HX,y) =1

X1

PXy)=41/2 ifx=y (2.20)

0 otherwise

Again by symmetry the stationary distribution is uniform and P = P implies P

is reversible. In this case, the number of states N = 2",

Thick edges have weight
1/2 while thin edges
have weight 1/2n

Figure 2.3: Random walk on hypercube

Example 2.21. (Random Walks on Graphs) Let X = (X, E,w) be a weighted
digraph. Assume that X is strongly connected and that the greatest common divisor
of all cycle lengths is 1. Then we can define a Markov Chain with state space X as
follows. Given the current state z, we move to state y with probability P(z,y) =
w(z,y)/d" () where d*(z) = > w(x,y) is the out-degree of z. Similarly d™(z) =
Zy w(y, x) is the in-degree of x. X is said to be Eulerian if all vertices have equal in
and out degrees. In addition if all the out-degrees are equal, then the graph is said

to be bi-reqular. Thus undirected graphs are always Eulerian and regular undirected
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graphs are bi-regular. The random walk on a bi-regular graph is reversible iff the

graph is undirected.

In general the stationary distribution is not obvious from the edge weights. How-
ever if X is Eulerian, the stationary distribution is proportional to the out-degrees.
A famous examples of a Markov Chain on a non-Eulerian graph is the Winning
streak graph shown in Figure 2.4. It corresponds to the fortune of a gambler who
plays a game where he wins $1 with probability 1/2 and loses all his winnings with

probability 1/2.

Figure 2.4: The winning streak graph

Note that the Winning streak graph is neither Eulerian nor reversible. The sta-
tionary distribution in this case falls off exponentially with m(z) = 27**! for z < N

and 7(N) =27V,

Example 2.22. (Cayley walks on Groups) Another class of examples are Cayley
walks on groups. Cayley walks give a rich class of examples of Markov Chains with
lots of symmetry. The random walk on the cycle as well as the walk on the hypercube
can be realized as Cayley walks on appropriate groups.

We start with a group G (written multiplicatively) and a distribution P on G.
Assume that the support of P (points of G where P is positive) generates G. The

Markov Chain starts at 1. If the current state of the chain is g € G, then we pick
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Random-to-top cycles (1,2,...,1)
Random-transposition  transpositions (i, )
Adjacent-transposition adjacent transpositions (i,7 + 1)
Rudvalis Shuffle transpositions (1,n) and (1,7 — 1)

Figure 2.5: Some card shuffling schemes

s € G with probability P(s) and then move to the state g -s. Because the transition
matrix P is doubly stochastic, the stationary distribution of this chain (if ergodic) is
uniform. Also the Cayley walk on G driven by P is reversible iff P is symmetric, i.e.,
Vs € G,p(s) =p(s™).

Popular examples in this category are the card shuffling chains where G = 5,
the symmetric group on n letters. Usually P is uniform on a subset S of G which

generates it. Figure 2.4 gives some examples of card shuffling chains.

2.5 Singular Value Decomposition

Now we digress a little and recall basic facts about singular value decompositions.

Definition 2.23. Let A be any N x N-matrix. By a singular value decomposition
(SVD) of A, we mean two orthonormal bases {d;}2 ", {W;}Y ;" together with scalars

09 > 01 > -+ > oyn_1 > 0 which satisfy

A quick self contained proof that shows that every square matrix has a Singular
Value Decomposition. The existence of Singular value decomposition for a matrix A

also follows from the Spectral Theorem applied to the matrix AAT.

Proof (adapted from [62]). We assume that A is invertible (the general case can be
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handled by limiting arguments). Define subspaces L; and unit vectors u; as follows:
Let L_; = RY. For i > 0, assume we have defined L, ;. Choose a unit vector
u; € L;_1 such that [|Ad]ls < [|AU;]|o for all unit vectors U in L; ; (such a U exists
since the closed unit ball is compact). Having defined u;, let L; be the orthogonal
complement of U; in L;_;. By construction we have an orthonormal basis Uy, ..., Uy_1
of RV,

Now define unit vectors w; and positive scalars o; so that Au; = o;w; holds for all
1. Since A is invertible o; and w; are well defined. We now establish that w; is an
orthogonal family of vectors.

We need to show that w; Lw; for 0 <i < j <N — 1. Fix such an 7 and j. When

we chose the vector U; in L;_;, U; was also a candidate (but was rejected). Consider

the subspace spanned by u; and u; and define f : [0, 27] — R via

f(0) = ||A(cos 0i0;) + A(sin 04;)|)5 (2.22)

Now f is a real valued differentiable function which attains its maximum at 6 =
0. Hence f’(0) = 0, which translates to Au;, LAG;. Hence w; Lw;. This gives a
decomposition of A = USWT, where U and W are unitary matrices with columns U;
and w; respectively and X is a diagonal matrix with entries o;. The decomposition

implies AT = WXUT and hence ATw; = o;U; as well. O

We refer to Horn and Johnson [29, Chapter 3] for an introduction to SVD and its

properties. Some basic facts about singular values we use without proof:

Lemma 2.24. Let A be any real square matrix with singular values og > o1 > -+ >
on—1 > 0 and (possibly complex) eigenvalues po, p1,...,pn—1 arranged in decreasing

absolute value.
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(a) A always has an SVD; o? are the eigenvalues of AAT and are uniquely deter-

mined by A.

(b) If L is an invariant subspace of A, then the SVD of A is the direct sum of the

SVD of A restricted to L and its orthogonal complement.

(c) oo(A) is the Fuclidean norm of the operator A; in particular if for some vector
X, the subspace spanned by X is invariant under A, then o1(A) is the Euclidean

norm of A restricted to the orthogonal complement of X.
(d) oo(A) > |pi| for all0 <i < N —1.
(e) If A is normal (ATA = AAT ) then o;(A) = |p;(A)].

(f) hmt—»oo Uz(At)l/t = |p1|

2.6 Lower bounds

In this section we address the basic results which allow us to give bounds on the
mixing time of a Markov Chain. We first show sub-multiplicativity of the L; mixing
time. The usual approach to proving sub-multiplicativity is to either use Coupling
arguments or expand the entries of P*** in terms of the entries of P* and P'. Our
approach is very simple and proves sub-multiplicativity in all norms simultaneously.

We basically show that sub-multiplicativity is built into the definition of mixing time.
Lemma 2.25. Let € > 0 and P a stochastic matrix for which 7lP = 7. Let p > 1 be

arbitrary and suppose that |uP — 7|, < €, for all distributions . Then

IuP = 7llpx < emin (| — 71, 1) (2.23)
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Proof. Let § = ||p — w||pv. Put vy = (p— 7)7/0 and vy = (m — p)* /5, where
/T =max(f,0) is the positive part of the function f.

Since || — 7|lrv = 3, (u(i) — 7(3))", it follows that v, and v, are distributions

and that u — 7 = 0(1y — 12). Hence

pP—m=(u—mP=0((1h —m)P — (1, — 1)P) (2.24)

Therefore
[P = mllpr < 0 (AP = 7llpr + 2P = 7lpr) < 20€ = €llpn — 7y (2.25)
*

Proposition 2.26. Let P be an ergodic Markov Chain with stationary distribution m
and p > 1. Then
7y(€d) < Tp(€) + T1(0) < Tp(€) + T,(0) (2.26)

In particular, T (e§/2) < T (e/2) +T(§/2).

Proof. Let t = T,(e) and s = 7;(5). Applying Lemma 2.25 we have

(e = )P e < €| P — 7|1 < €6 (2.27)

The statement about 7 (¢) follows from the fact that 7 (e/2) = 7 (e). *

Once the variation distance falls below half, it falls at an exponential rate. Also
for p > 1, we have 7,(¢/2) < T,(1/2) + 7 (¢/2), i.e., except for a different burn in

time, the LP distance falls just like the total variation distance.
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Corollary 2.27. For every 6 < 1/2,

T(e) < T(5) [%w (2.28)

Before we establish a lower bound for the mixing time, we need the following

Lemma 2.28. Let A be a real matriz with (possibly complex) eigenvalue p. Then

there is a non-zero real vector Z such that ||ZAll2 > |p|||Z]|2

Proof. Assume that p # 0 (p = 0 is trivial). Let |p| = r and X+ ty be a non-zero left
eigenvector corresponding to p. Here + = /—1. If y = 0, then p is real and we can
take Z = X. If X =0, then again p is real and we can take Z =y.

Suppose both X and y are non-zero and ||XA||s < 7||X||2 and ||yA|l2 < r||y||2. Since

A Xy are real XA and (yA are orthogonal to each other. Hence
r? (% + ol3) = XA + A5 = [KA[3 + IVAIZ < r*(IX+ o¥]13) (2.29)

a contradiction. Hence one of X or y can serve as Z. ]

Proposition 2.29. Let P be an ergodic Markov Chain with stationary distribution
w. Then

log(1/¢)
B 2 fog1/D (2:50)

for any eigenvalue p # 1 of P.

Proof. Let r = |p| and X+wy be the eigenvector corresponding to p. Since P is ergodic,
m(i) > 0 for all states i. So choose ¢ > 0 small enough so that 7 + ¢X and 7 + ¢y
have all positive components. Note that since p # 1, the left eigenvector X + vy is
orthogonal to the right eigenvector 1 corresponding to the eigenvalue 1. Hence X and

y have zero sum and therefore m + ¢X and 7 + ¢y are both valid initial distributions.
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From Lemma 2.28, ||Z,P!||y > r!||Z]]2 for Z, = X or y. If Aq(t), Aa(t) denote
the Ly distance from stationary distribution after ¢ steps with initial distributions

T+ X, ™ + cy respectively and A(t) = max(A;(t), Ay(t)). Since [|-]|2 < ||-||1, we have
(Vt >0), A(t) >er' (2.31)

Suppose T' = 7;(€) and put t = T« for some large constant «v. Then by sub-
multiplicativity, we have A(t) < €. Hence we have c¢'/*r” < e. Taking the limit as

o — oo we have the result. ¢
Since ||-||rv = ||-|l1/2 this translates to the following

Corollary 2.30. Let P be an ergodic Markov Chain with stationary distribution .
Then

log(1/2e)
T = fou(i/Ta]) (232)

for any eigenvalue p # 1 of P.
This motivates the following

Definition 2.31. Let P be an ergodic Markov Chain with stationary distribution 7.

Its relaxation time, denoted 7, is defined as

1
Tiel = —_— 2.33
S GYIF) (2:33)

where the maximum is taken over all non-trivial eigenvalues p of P. Equivalently,

Tre = min max{|p|" < 1/e} (2.34)
t  p#l

where the maximum is taken over all non-trivial eigenvalues p of P.
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Note that unlike other measures of mixing time the relaxation time does not have
a parameter associated with it. Corollary 2.30 thus shows that the relaxation time is
a lower bound on the total variation mixing time. Some authors define the relaxation
time to be the inverse spectral gap, i.e. max,.;(1—|p|)~". However, for all 0 < 6 < 1,
we have
0 1 1 0

< < = 1 2.
1—60 = log(1/6) — 1—10 1—9+ (2:35)

since log(1 + ) <z for all -1 <z < 1.
We now show that the lower bound given by Proposition 2.29 is asymptotically

the best possible.

Theorem 2.32. Let P be an ergodic Markov Chain with stationary distribution w
and eigenvalues {\;}. Let r = max;{|\i|: \i # 1}. Suppose for some ¢,6 > 0, there

exists initial distributions {p}iso for which ||pPt — 7||o > 0ct. Then ¢ < r.

Proof. We first show that P is ergodic implies r < 1. We already know that since P is
ergodic, 1 is a simple eigenvalue. We only need to show that |[\;| < 1if A; # 1. Since
A; are the roots of a polynomial of degree N = |X|, the only choice for A\; # 1 and
|Ail = 1isif \; is an N’th root of unity. But ergodicity of P implies that all powers of
P are also ergodic. But if we have a non-trivial N’th root of unity as an eigenvalue,
then PV will not have 1 as a simple eigenvalue.

Let S(t) = oa(P"). Then [|mP" — |y = [[(ue — m)P[|2 < oo(P)||pe — w2 < 25(2)

since p; and 7 are distributions. Hence we have
o\ /1 9
c< 5 S(t) (2.36)

Taking the limit as t — oo we have ¢ < limsup S(#)'/*. But Lemma 2.24 implies

lim sup S(¢)Y/t = r. *
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Note that this immediately implies the same result for all the L, norms as ||-[|s >

d|+||p.~ for a suitable § > 0 which depends only on the size of the matrix and .

2.7 L? Lower bounds

In this section we derive a lower bound on the L? mixing time, which takes all eigen-

values into account.

Definition 2.33. Let P be an ergodic Markov Chain with stationary distribution .
e By 7. we mean the smallest stationary weight, i.e., m, = min, 7(z)
e By IT we denote the diagonal matrix with entries 7(z).
o Define S(P) = IIPVIT |

S(PP) and P have the same eigenvalues. Hence our lower bound for 7 (¢) could have
been stated in terms of the eigenvalues of S(P) also. Also IP is reversible iff TP = PII.
Consider what happens if we run the chain with time going backwards starting

from stationary distribution. In order to do that we need to calculate

Pr{X, = 2[Xys1 = y} = Pr{X; = 2} Pr{Xy41 = y[X; =z} _ w(x)P(g);,x)

Pr{X;y1 =y} m(y
Definition 2.34. The reverse of the chain P denoted P has the same state space X

— —
and transition matrix P (z,y) = 7(y)P(y,z)/w(x), i.e., P = 7Pl

Thus P is reversible iff P = P. Also S(F) = S(P)”. Thus P is reversible iff S(P)
is symmetric, in which case it is unitarily diagonalizable with real eigenvalues.
If P is ergodic 1 is a simple eigenvalue of P. The right eigenvector corresponding to

1 is the constant vector while the left eigenvector corresponding to 1 is the stationary
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distribution 7. In case the stationary distribution was uniform the constant vector
is both a left and right eigenvector of P. In this case, we can write the vector space
as a direct sum of the one dimensional space spanned by the constant vector and its
orthogonal complement. This makes calculations a lot simpler. However, when 7 is
not the uniform distribution such a clean decomposition is not possible. However, all
is not lost. Consider S(P). Since S(P) and P have the same eigenvalues, let us look
at the left and right eigenspaces of 1. Let /7 denote the vector whose components

are \/m(x).

VAS(P) = VivIIPVIL = 7PVIL = aVI | = Vi (2.38)
S(P)y/7 = VIIPVIL 7 = VIIPL = VIII = /& (2.39)

Thus /7 is both the left and the right eigenvector of S(IP), and we can decompose
the space into the linear span of /7 and its orthogonal complement. We first observe
that oo(S(P)) < 1. This is because oo(S(P)) < 1 iff S(P)S(P)" has its eigenvalues
bounded by 1.
T — —
S(P)S(P)” =S(P)S(P)=S(PP) (2.40)

—
Since PP is a stochastic matrix all its eigenvalues are bounded by 1. Since S(-)

preserves eigenvalues, it follows oo (S(PP)) < 1.

Proposition 2.35. Let Q be a stochastic matriz with 71Q = n. For x € X, let d,

denote the initial distribution concentrated at x. Then

10:Q — 7[l2» = -1 (2.41)
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Proof. Observe that 6,Q = Q(z, -).

(Q(z,y) —m(y))*
m(y)

= Q(x(;jiy —2Q(z,y) + 7(y) (2.42)

1Qz,) =75 =D

7

x) ()

s @(ai)(‘@(y,x) Q@)

H
since 7(z)Q(z, y) = 7(y) Q(y, z). O
This immediately gives the following

Proposition 2.36. Let P be a Markov Chain with stationary distribution m and let
1= po,p1,-..,pN_1 be the (possibly complex) eigenvalues of P arranged in decreasing

absolute value. Fort > 0, there exists an initial state x € X for which
N-1
1P (2, ) = i3, > D ool (2.43)
j=1

Proof. Fix t > 0, and consider Q = P* with eigenvalues {pt}. Let z € X’ be arbitrary.

Applying Proposition 2.35 to Q, we see that

1Q(z, ) = 7z = -1 (2.44)
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Now averaging over x,

— tr(QQ) — 1 (2.45)
= Z 0;(S(Q))?

from (2.40). Since the singular values of a matrix majorize the modulus of the eigen-

values (see [61] for a proof), we have

> oilSQ@)* 2 D 1a(S@)1F =D 10 QF =) Ipi(P)* (2.46)

>0 1>0 1>0 1>0

since S(-) is a similarity transformation. Here {p;(A)} are the eigenvalues of A ar-
ranged in decreasing absolute value.
The terms corresponding to i = 0 are all equal to 1 in (2.46). Hence (2.45) implies

the result. ) ¢

This allows us to deduce an lower bound on the L? mixing time of a Markov
Chain. Note that unlike Proposition 2.29, this lower bound takes the multiplicity of

the eigenvalues into account.

Corollary 2.37. Let P be a Markov Chain with stationary distribution © and for
0 <6 <1, let my denote the number of non-trivial eigenvalues (with multiplicity) of

P with absolute value > 0.

logmg)/2 + log(1/e)
log(1/0)

(P, e) > ( (2.47)
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2.8 Upper Bounds

We now turn to bounding the mixing time from above.

Proposition 2.38. Let P be an ergodic Markov Chain with stationary distribution
7. Let o1 = 01(S(P)) denote the second largest singular value of S(P). For any initial
distribution pu,

[1P" = 7|2 < o[l = 7||2r (2.48)

Proof. Since /7 S(P) = S(P)/m = /7, the subspace generated by /7 is invariant
under S(P). Hence o, is the Euclidean norm of the operator S(IP) on the orthogonal
complement of /7.

Put Z= (u—m) and y = ZVII ' and note that y is orthogonal to /7. Hence it

follows that for all ¢ > 0, ||y S(P)!||2 < ot||y]l2- Note that
7S(P)' = yS(P') = ZPVIT (2.49)
and ||>_<’\/ﬁ71|]2 = |IX||2,- Hence we have

—1 —|
P = 7lgm = [|2P" 2 = [2P'VIT la S 0} ZVIT |l = ol — 7o)z (2.50)
]

Corollary 2.39. Let P be an ergodic Markov Chain with stationary distribution m
and o1 = 01(S(P)), then

B log(1/€) +log(1/\/T)
T(€e/2) =Ti(e) < Ta(e) < log(1/04)

(2.51)

Proof. Since the worst case initial distribution is a point distribution. The maximum

value for || — 7|2~ is when p is concentrated at state x for which 7(x) = 7. In that
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case,

A=m) gy = (2.52)

T s T

=75 =

This together with Proposition 2.38 gives the upper bound on 73(¢). Standard rela-

tions between [|-||rv, ||-|[1 and ||-||2,x/2 gives the rest. O

For reversible chains (and more generally when P and P commute), the difference

between the upper bound and lower bound is not too much.

Theorem 2.40. Let P be an ergodic Markov Chain with stationary distribution ™ and

PP = PP. Let1= 00, P15 -+, PN—1 be the eigenvalues of P, arranged in decreasing

log (l) <19 g (i) + log 7. (2.53)

modulus. Then

2¢ - Zel 2¢

— «—
Proof. Since PP = PP, S(PP) is normal. Thus 0;(S(P)) = |p;(S(P))| = |p:(P). Hence
we can take p = p; in Corollary 2.30 and o7 = |p;| in Corollary 2.39. Combining we

have the result. O

Cayley walks on abelian groups are an important class of Markov Chains where
P commutes with P. For chains P which do not commute with P there can be a
substantial difference between the lower bound and the upper bound. In particular it
is possible for an ergodic Markov Chain P to have ¢; = 1 in which case Proposition

2.38 gives us no bound on the mixing time.

Example 2.41. (no immediate reversal walk) Let X be a d-regular graph which
is aperiodic. Hence the stationary distribution is uniform. The usual random walk
on X has states as the vertices. Consider the following random walk. The states are

the directed edges of X, i.e., X = {(u,v) : {u,v} is an edge of X} and the transition
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rule is as follows:

1/d if w=wvand {v,x} is an edge of X
P((u,v), (w,z)) = (2.54)

0 otherwise

The new walk is exactly like the usual random walk on X, except that at each step we
remember the previous vertex as well. Since we never make use of that information
in the new walk, the mixing time of the new walk and the usual walk should be the
same (choosing a random edge going out of a random vertex is the same as choosing
a random edge). However, o1(S(P)) = 1 in this case. In fact o,(S(P)) = 1 for
¢=0,...,n—1and |X| = N = nd. Hence it is possible for a Markov Chain to have

a constant fraction of its top singular values as 1 and still mix fast.

If P has sufficient holding probabilities, then A, ((P + F) /2) and o1(S(PP)) can be
bounded in terms of each other. This was first observed by [41] and used by [20] to
bound the mixing time of non-reversible Markov Chains. This allows us to estimate
the mixing times of non-reversible Markov Chains with sufficient holding probabilities

in terms of a related reversible Markov Chain.

Proposition 2.42. Let A be a stochastic matrix and mA = 7w for a distribution 7.
Let 6 > 0 such that A(z,z) > 0. Put oy = 01(S(A)) and Ay = A\ ((A + <K)/Q) Then
O'% S (1 — 25) + 25)\1 and )\1 S 1.

In particular, if 6 =1/2, 03 < )\ < 0.

Proof. Write A = 61 + (1 — §)A’ for stochastic A" which also satisfies TA" = 7. Let
B = S(A), 01 = 01 (S(A)) and A = A\ ((A + A)/2).

Since S is linear, preserves eigenvalues and satisfies S(E) = S(C)" we have S(A) =
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oI + (1 —9)B’ and

M((B+B7)/2) =6+ (1—8)M(B +B7)/2) (2.55)

Since /7 is an invariant subspace for both I and B’, we have the following extremal

characterization of o; and ;.

o= max [JAX]; and M = max (A'XX) (2.56)
XLy [IK]2=1 XLy, [X]2=1

Since | (A'X,X) | < ||A'X]|2][X]|2, we have \; < a7.

Choose X L v/, |[X||2 = 1 such that ||S(A)X||z = o1. We now have

ot = [IS(A)]3

= ||0X+ (1 — 6)B'X|3

2.57
— S2RI2 + (1 O IBRIZ 4+ 61— 0) (R BR) + 51— o) (BRz) 0V
/ T
<6+ (1—06)2+26(1—90) <z @z>

where we used the fact that A’ is stochastic implies all singular values of B’ are
bounded above by 1.
Now using (2.55) we have

A1 —0
1-96

02 <64 (1—=6)%+25(1 —9) = (1—26) + 20\ (2.58)

*

Thus if we add sufficient holding probabilities to a non-reversible Markov Chain,
it cannot mix much slower than its additive symmetrization. However, usually non-

reversible chains mix faster than their symmetrizations. Even in the case of reversible
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chains, the gap between the lower bound and upper bound can be improved in some
cases. The mixing time bound given by Proposition 2.38 only takes into account the
largest non-trivial singular value of S(P). In many cases when all the singular values
are known, the multiplicative overhead of O(log1/m,) in the upper bound can be

reduced. This is usually the case when the Markov Chain has lots of symmetries.

Proposition 2.43. Let P be an ergodic Markov Chain with uniform stationary dis-

tribution w. Let x € X be arbitrary. Then fort > 0,

P (2, ) — 7%, = N(B'BY) (2, 2) — 1 (2.59)

Moreover, if PPt has equal diagonal entries,
AP = 7y < ' = 73, < (o (PPY) — 1) (2.60)

where tr(A) is the trace of the matriz A.

Proof. Applying Proposition 2.35 with Q = P* we get
[P (z, ) = 7l = NB'PY)(@,2) - 1 (2.61)

In case the diagonal entries of P'P* are all equal, then N (PtFt)(x,x) = tr(IP’tFt)
gives the result when p = ¢, for some x € X. By convexity the equality becomes an

inequality for an arbitrary initial distribution pu. O]

H
If P is the transition matrix of an ergodic Markov Chain for which P* P has equal
diagonal entries, then the stationary distribution has to be uniform. This follows

from the identity:
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t—o0 t—o00

=% {H&W} ) Bl e
= Zw(y)w(m) =7(x)

Y

lim (]P’t]P’ = lim { IP)t 1t( ,x)}

H
where the last equality comes from the fact that both P! and P! converge to matrix

whose columns are 7.

Definition 2.44. A Markov Chain P is said to be vertex transitive iff for any pair of

states x1, xo, there is a bijection F': X — X which satisfies
Yy, ya € X, P(y1,y2) = P(F(y1), F(y2)) and  F(x1) = x9 (2.63)

Note that if P is vertex transitive then the stationary distribution has to be uni-
form. Random walk on groups are the most common examples of vertex transitive

Markov Chains. The most common application of Proposition 2.43 is via the following

Corollary 2.45. Let P be a ergodic reversible vertex transitive Markov Chain with

eigenvalues {\;} N3t Then for any initial distribution p

4P = w3y < P = w3, < YN (2.64)

i>1

Example 2.46. Consider the lazy random walk PP on the n-dimensional hypercube.
Here |X| = 2™. It is easy to see that flipping 0 and 1’s and permuting the coordinates
leave the chain unchanged. Hence the chain is vertex transitive. By looking at the

characters of the abelian group Z%, one can show that the eigenvalues of P are ¢/n

n

for £ = 0,...,n and the multiplicity of f is (e

). If we only consider A\; = 1 — 1/n,
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we get 7(1/4) = Q(n) and 7(1/4) = O(nlog N) = O(n?). But using Corollary
2.45 it follows that 7(1/4) < 73(1/2) < (nlogn)/2 + O(n) substantially better than
O(n?) bound. Since the multiplicity of 1 —1/n is n, Corollary 2.37 implies 75(1/2) >
(nlogn)/2 — O(n) as well.

Even though we only have 7(1/4) = Q(n), the actual answer is 7 (1/4) ~ ™%
so the upper bound is more correct than the lower bound. The lower bound of %

for 7 can be established using a coupon-collector argument.

2.9 Relation Between Mixing Measures

In this section, we derive relations between mixing times under various distance mea-

sures. See §2.2 for the definitions.

Proposition 2.47. Let P be a Markov Chain with stationary distribution 7, € > 0.

Recall 7. = min, 7(z). Then
(a) 1<p<g<oo = Ty(e) < Tyle)
(b) T(e) < Tn(2€%)
(¢) T(e) < Ti(e)
(d) Ti(e) < Toc(e)
(¢) To(e) < Ta(Ve)

(f) Toole) < Ti(emy) < Ty (e)elir)

log(1/¢)

Proof. Results (a) — (c) are direct consequences of Proposition 2.18.

(d) This follows from the relation sep(u, 7) < || — 7||oo
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(e) From Proposition 2.18 it follows that for all t > 0,

2 (2.65)

2,7

D(pe||m) < log(L + |lpe = 7l5.7) < [lpee — 7]

Hence ||y — 7||2.r < /€ implies D(p]|7) < e.

(f)
pu() — m(x)

()

I = 7|00 = max
x ﬂ-*

< L3 pta) o) = T (2.)

Hence ||y — 7||1 < eme = ||t — 7||oo < €. Hence To(e) < Ty(em,). Sub-

multiplicativity implies 77 (emr,) < 71(€) log(1/7.)/ log(1/e) O
— —
Lemma 2.48. For an ergodic Markov Chain P, Tz(P) = Tt(P ) and T (P) = To.(P)

Proof. From the definition of P we have

«—

Pz,y) Py x)

Vt >0,V € X,Vy e X,
m(y) ()

(2.67)
Ti (PP, €) is the smallest ¢ for which Va,y € X, P'(y,z) > (1 — e)m(x) and T (P, €) is
the smallest ¢ for which (1 — )7 (z) < P'(y,z) < (14 €)m(x). Hence the result. [

We now relate the filling time to the mixing time.

Lemma 2.49 (Sinclair [58, Lemma 7]). Let Q be a stochastic matriz whose rows and
columns are indexed by X and 7Q = 7 for a distribution w. Fix e > 0 and suppose
that for all x € X, ||Q(z,-) — 7(")||ltv < €2/2. Fory € X, put Z, = {z € X :
Qy,z) > (1 —e)m(2)}. Then n(Z,) > 1—¢€/2 for ally € Y.

Proof. Let p, = Q(y, ) be the distribution after one application of QQ starting from
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initial state y. Then from Lemma 2.12 we have

/2> [y —rllry = S (1@ -y () = 3 (1(2) -y (2) 2 e1-7(2,)) (2.68)

z€X 2€Z(y)
Hence 7(Z,) > 1 —¢/2. O

Proposition 2.50. Let P be an ergodic Markov Chain. Then
H
T:(P,2c — €2/2 — 2 /2) < T(P,€%/2) + T(P,€%/2) (2.69)

In particular Tz(P,13/16) < T (P,1/8) + T(F, 1/8).

Proof. Let 51 =T (P,€%), sy = T(F,EQ) and t > s; +5,. Fixy € X and let z € X be

an arbitrary initial state. For any J C X, we have

P'(z,y) = ZPt_SQ(x, 2)P*2(z,y) > ZIP)t_SQ(x, Z)FSQ(y, z)ﬁ(y) (2.70)

zeX ze) 71'(2’)

Define

A={z|P7%2(x,2) > (1 —e)m(2)} and B = {z|<ﬁ82(y, z2) > (1 —e)m(2)}
(2.71)

By Lemma 2.49 and ¢ — s > s; we have m1(AN B) > 1 — . Hence taking Y = AN B
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in (2.70), we have

~—

Play) > 3 P (s, ) By, )T

z€ANB 7T(Z

> (1 —e)n(y) Z P2 (z, 2)

z€ANB

= (1 —e)n(y)P"*2(z, AN B)

~—

(2.72)

> (1 =e)nly) (r(AN B) — [P (z,) — 7|v)
>m(y)(1—e)(1—e—€/2)
Hence for all z,y € X, we have P!(x,y) > (1 — 2e + €2/2 + €3 /2)n(y). *

Proposition 2.50 was proved by [58] for reversible chains. Our proof is an extension
of the same idea to general Markov Chains. As a consequence we are able to relate
the filling time to the entropy mixing time as well. We start by establishing sub-

multiplicativity of 7¢(-).

Proposition 2.51. Let P be a Markov Chain with stationary distribution w. For
6,6 >0, Ti(e8) < Ti(e) + T (6)

Proof. Let S = T;i(e), T = T¢(6) and p any initial distribution. By choice of S,

pP¥ = (1 — €)7 + ev for some distribution v, and hence
pP* T = (1 — ) 7PT + P! = (1 — )7 + (1 — 0)7 + edvy (2.73)

for some distribution v,. Hence sep(uP*T, 7) < edsep(vy, 7) < €. O

Proposition 2.52. Let P be a Markov Chain with stationary distribution m. Then

%ﬁéﬂciézﬁéﬂ@(ngg%%ﬁb (2.74)
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Proof. Let § = €/log(1/m,) and T = 7¢(0). For any initial distribution p, we have
sep(uP?, w) < 0 and hence by Proposition 2.18 D(uP!||w) < dlog(1/m,) = e. Hence

Tp(e) < 7T¢(0). The second inequality is just a restatement of Proposition 2.51. %

Relating uniform mixing time to the L? mixing time is easier. We just reproduce

the proof in [46].

Proposition 2.53. Let P be a Markov Chain. Then for 1/p+1/q =1,
—
T (P, ed) < T,(P,e) + T, (P, 9) (2.75)

In particular T (P, €0) < T5(P, €) + %(F, J)

Proof. For x,y € X and s,t > 0, we have

Pz, y) —w(y) _ 3 Pz, 2) —m(z) P'(z,9) —7(y)
T =2 () (2 . T
(v) =~ ( _ (v) -
_ 7T(Z>IP’S(917,Z) —7(2) P (y,z) —m(z
=~ 7(z 7(2)
since 7(y)P!(y, z) = W(Z)Ft(z, Y).
Hence Holder’s inequality gives
Pt (z,y) —7(y) P*(x, 2) — 7(2) || P*(y, 2) — 7(2)
m(y) ’ = ZGZXW(Z) 7(2) ‘ 7(2)
< P, ) = llr - B4 (0) = 7l =

2.10 Discussion

Let P be an ergodic Markov Chain with uniform stationary distribution 7. We can

lower bound the mixing time in terms of the eigenvalues of P and upper bound the
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mixing time in terms of the singular values of P. While these two rates are the same
for reversible chains, they can be very different for non-reversible chains. One can see
that asymptotically the correct mixing rate is determined by the eigenvalue and not
by the singular value. This can be seen, at least for chains with enough symmetry,

from Proposition 2.43 together with the fact that

lim (o(P"))""

t—o00

= |pe] (2.77)

where p, are the (possibly complex) eigenvalues of P arranged in decreasing absolute
value. In the general case this can be established by looking at the Jordan decompo-
sition of PP.

In §2.9 we saw that of the various mixing measures the variation mixing time,
entropy mixing time and L2-mixing time are probably the important ones, as the
remaining can be bound in terms of these. While there can be a O(log(1/7,))-gap
between the variation and L?-mixing time, we showed that the gap between variation

and entropy mixing time cannot be more than O(loglog(1/m,)).



Chapter 3

Robust Mixing Time

We now define the notion of Robust mixing time of a Markov Chain and develop the
basic theory. Loosely speaking, the Robust mixing time of a Markov Chain P is the
mixing time of P in the presence of an adversary who is allowed to modify the state

of the chain in a reasonable manner.

3.1 Basic Definitions

Definition 3.1. Let [P be the transition matrix of an irreducible Markov Chain with
stationary distribution 7. A stochastic matrix A (not necessarily irreducible) is said

to be compatible with P if 7A = 7.
The notion of compatibility depends only on the stationary distribution of P.

Definition 3.2. An adversarially modified Markov Chain (AMMC) P is a pair
(P, {A¢}+~0), where PP is the transition matrix of an irreducible Markov Chain and
A; is a sequence of stochastic matrices compatible with P. Given an AMMC and an

initial distribution pg, the AMMC process evolves as follows:

44
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e At time t = 0, pick Xy € & according to py,
e Given X, pick Y, according to the distribution P(X, -),
e Given Yy, pick X, according to the distribution A;(Yy,-)

An application of P followed by A; is called a round. Let u; and v, denote the
distribution of X; and Y, respectively. Then p; is the distribution after ¢-rounds.
Also we have

v =P and  prp = vy (3-1)

Definition 3.3. Let P be an AMMC and 1 < p < oo. The mixing time and L,-

mixing time of P are defined by the equations

T(P,¢) = maxming |l — 71y < €} 7,(P,¢) = maxmin{|lp, — llpx < €}
(3.2)

respectively. When e is not specified, we take it to be 1/4 for 7 and 1/2 for 7,.

Definition 3.4. Let P be an irreducible Markov Chain. An adversarially modified
version of P is an AMMC (P, {A; }4~0).

Definition 3.5. Let P be an ergodic Markov Chain and 1 < p < oo. The robust
mizing time and robust L,-mizing time of P are defined by the equations

R(P,e) =sup 7 (P,e) and R,y(P,e) =supT,(P,e) (3.3)
P P

respectively, where the suprema are taken over adversarially modified versions P of
P. When P is clear from context, we drop it and when € is not specified we take it to

be 1/4 for R and 1/2 for R,,.
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(3.4)

o =
oo
~ O O

The states are indexed starting with ' = arg max, 7(x) and y = Y. This adversarial
choice A ensures X; =y if Y, =y. Here v = n(y)/7(y)

Figure 3.1: An adaptive adversary is unreasonably powerful

When we need to distinguish between the standard notion of mixing time and
robust mixing time, we refer to the standard notion as “standard mixing time.”

One can think of the standard mixing time of a Markov Chain as the number
of (contiguous) applications of P required to get close to the stationary distribution
starting from the worst initial distribution. In the same vein, the robust mixing time
is the number of not necessarily contiguous applications of P required to get close to

stationarity under reasonable assumptions on the intervening steps.

3.2 Oblivious v.s. Adaptive Adversary

Note that our adversary is oblivious, since the adversary is required to specify the
sequence {A;};~¢ in advance. An adaptive adversary on the other hand would be
allowed to specify A, after knowing the value of Y;. Such an adversary would be
unreasonably powerful.

For e.g., let ¢/ = argmax, n(z). If Y, = ¢/ the adversary does not do any
anything. Otherwise the adversary applies the stochastic matrix given in Figure 3.2.
It is easily checked that A is compatible with P and sends Y; to 3’ with probability
1. Thus an adaptive adversary can ensure that X; = yo always. For this reason we

do not consider an adaptive adversary.
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3.3 Restricted Adversaries

Let D denote the set of stochastic matrices compatible with P. Elements of D satisfy

the following set of linear constraints:
e (Non-negativity) (Vz,y € X) (A(z,y) > 0)
e (Stochasticity) (Vz € X) (-, A(z,y) = 1)
e (Compatibility) (Yy € X) (X, m(z)A(z,y) = 7(y))

Thus D is a polytope and hence the convex hull of its vertices. We now define the

robust mixing against a restricted set of adversaries.

Definition 3.6. Let P be an irreducible Markov Chain. A set S of stochastic matrices

is said to be a set of valid strategies against P if it satisfies the following:
e /€S,
e AeS = A is compatible with P,
e S is closed under products and convex combinations.

S is said to be symmetric if A € § = A = [TATTI €Sand I €S8. Herell is a

diagonal matrix with II(z, z) = m(x).

Definition 3.7. Let P be an irreducible Markov Chain, 1 < p < oo and § a valid set
of strategies against P. The S-robust mizing time and S-robust L,-mixing time are

defined by the equations

RE(P,e) =sup T (P,e) and Rg(IP’, €) =supZ,(P,e) (3.5)
P P
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where P = (P, {A; }1~0) ranges over adversarially modified versions of P where A; € S

for all ¢.

Setting S = {I} we recover the standard mixing time and setting S = D gives
the robust mixing time. For Markov Chains with symmetries there are other natural

choices for S which will prove to be useful.

3.4 Finiteness and Sub-multiplicativity

In this section we classify chains P with finite robust mixing time and prove sub-

multiplicativity of robust mixing time under various distance measures.

Theorem 3.8. Let P be an ergodic Markov Chain and €,0 > 0. Let S be a valid set

of strategies against P. Then for 1 < p < oo,
R5(e6) < RS (€) + RY(5) < RS (e) + RS (6) (3.6)

Specifically, we also have RS (e§/2) < RS(e/2) + R5(5/2).

Proof. Fix 1 < p < oo and let S = R5(e) and T = R{(5). Let {A;}50 be any
sequence of P compatible matrices in & and put C = PAPA,... PAr and D =
PAry,...PAr, g. If py denotes the distribution of the state of the Markov Chain
after t-rounds, we have pur = poC and purys = prD. Note that C and D fix the

stationary distribution of P. By choice of S,T and Lemma 2.25, we have

e e I (3.7)

Since the A; were arbitrary we have R3 (ed) < RS (€)+R$(0) < RS (€)+R5(0). Using

2||-[ltv = ||-||1 and the result for p = 1 gives the second result. *



49

Lemma 3.9. Let P be an ergodic Markov Chain, 1 < p < oo and € < 1. Let

o1 = 01(S(P)) and S be a set of valid strategies against P. Then
RS(P,) > max (PO o (53

where the mazimum is taken over Q € S. In particular if Pes
RJ(P.0) > max(Z,(P, o). T,(PP <) (3.9)

Proof. For Q € S, consider the adversarial strategy of always picking Q. The second
claim follows by considering Q = [ and Q = P *

It follows that an ergodic Markov Chain P does not necessarily have finite robust

H
mixing time. For example, if P is an ergodic Markov Chain where PP is not ergodic,

we have R(P) > T(Pﬁ) = 0.

Example 3.10. Let P denote the no immediate reversal walk from Example 2.41.
Recall that 7 (P) < oo as long as the underlying graph is connected and non-bipartite.
We now show that R(IP) = co by exhibiting an adversarial strategy.

Let A be the “reversal matrix”, i.e. A sends the edge (u,v) to (v,u). Thus A is a
permutation matrix and hence fixes the uniform stationary distribution of P. Fix a
vertex v of X and let u denote the uniform distribution on edges into v. Then ulP is
the uniform distribution on the edges out of v. Now by choice of A, we see that ulPA

is once again the uniform distribution on all edges into v. Hence R(P) = oo.

Example 3.11. “Bottom k to top shuffles”: Consider a deck of n cards and fix
1 < k < n. In each step, we pick a random card from the bottom k cards and move

it to the top. When k = n, this becomes the random-to-top shuffle. When & < n, the
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robust mixing time of this chain is infinite. Instead of calculating the singular values
of this chain, it will be easier to explicitly give an adversarial strategy. Note that if
k < n, then the top card always moves to the second position. Thus if the adversary
always switches the second card with the top card, it follows that this adversarial

modification of the chain will never mix.

We show below that the ergodicity of PP is enough to guarantee finiteness of

robust mixing time.

Theorem 3.12. Let P be an irreducible Markov Chain and o1 = o1(S(PP)). Let po be

any nitial distribution of any adversarially modified version P of P. Then

1
lpte = Tllan < 4 latg — e < oy — (3.10)

Proof. Let P = (P, {A;}4+~0). From Proposition 2.38 it follows that each application of
P reduces the L? distance to 7 by a factor o;. Thus we have ||v;—7||2.r < o]l pe—7||2.7-

Another application of Proposition 2.38 for A; shows that

s = 7llom = 128 = 7llom = [ = T)Ad]l2x < o1 (S(A)) 12 = Tll2m < 112 = 7l2x
(3.11)
since A; is stochastic implies 01(S(A;)) < 1. Hence we have ||pi11 — 7|lox < o1 ||pr —

T|l2.x. Since ||-||2,» is convex it follows that the maximum value for ||y — 7|2, is

attained when g is concentrated on a single state. *

Theorem 3.13. Let P be a Markov Chain and € > 0. Then

Tra(PP) log(1/2¢) < T(PP,e) < R(P,¢) <

Ra(P, 2¢) < 27}e1(]P’F) <log(1/26) + W) (3.12)



o1

In particular R(P) is finite iff PP is irreducible.

Proof. Lemma 3.9 and Theorem 2.40 imply
— —
Tra(PP)log(1/2¢) < T(PP,e) < R(P,e¢) (3.13)
On the other hand, for o1 = o1(S(P))

07 = M(S(B)S(B)") = M (VIPVIL VI P'VII) 11
— W (VIIPI'P'VAD) = A (BF) |

since conjugation by an invertible matrix does not change the eigenvalues. Now The-

orem 3.12 implies that for any initial distribution ¢ and any adversarial modification

1
| — 7|2,z SU'i\/W— (3.15)

— — —
for t > 0. Since s = T, (P P) satisfies \;(PP)* < 1/e and A\;(PP) = o} we have

of P,

1250 — T2 < 07°/1/7, < exp(—a + log(1/7,)/2) (3.16)
Setting a = log(1/m.)/2 + log(1/2¢) implies ||pasa — 7||2.x < 2e. *

In particular for a reversible chain we have the following

Proposition 3.14. Let P be a reversible Markov Chain with stationary distribution

7. Then

R(P,€)
= T(P, 2¢)

< (T®) + 1) (tou(1/20) +

Tre(P)log(1/2¢) < T (P, ¢) < Ro(P, 2¢)

(3.17)
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Proof. Follows from Theorem 3.12, Theorem 2.40, R(P,¢) > T (P, ¢) (adversary ap-
plies I always) and the fact that 27, (P?) < Z;q(P) + 1 (the +1 is to handle the case
when T (P) is odd). *

3.5 Convexity

Unlike standard mixing time, robust mixing time enjoys the following convexity prop-
erty: If P and Q are two Markov Chains with the same stationary distribution 7, the
robust mixing time of (P + @Q)/2 can be bounded in terms of the smaller of robust

mixing times of P and Q.

Lemma 3.15. Let P be any irreducible Markov Chain and S a valid set of strategies
against P. If Q € S, then R'(PQ) < R'(P) for R' € {R°,R5}.

Proof. Let P = (PQ,{A;}+~0) be any adversarially modified version of PQ where
A; € S. Then P’ = (P, {QA;};~0) is an adversarially modified version of P where
QA; € S since Q € S and S is closed under products. Since the mixing times of P

and P’ are equal, we have the result. O

We now show that the robust mixing time of a convex combination of Markov
Chains can be bounded in terms of that of the participating chains.

Let P and Q be two irreducible Markov Chains with same stationary distribution
m. Suppose S is a valid set of strategies against P as well as against Q. Also assume
PQ € S. Fix0 < a=1-5b < 1 and consider the chain P = alP + bQ. Let
P = (P, {A;}+~0) be any adversarial modification of . Fix S > 0 and € = (ey, ..., €g)

where €; € {0, 1}. Define the following quantities:

o PO =P and PO =Q
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o {(&) =1L, PA,
« HE =Y ¢

° w(a = Hle afibl—€ = aH(é)bS_H(g)

If 1o is any initial distribution, and g is the distribution after S-rounds, we have

ps—m =Y w(@) (no€(&) — 7) (3.18)

-

€

where the sum ranges over all 2 choices for €= (ey,. .., €g).

Lemma 3.16. Let P and Q be ergodic Markov Chains with the same stationary
distribution w. Let S be a valid set of strategies against both P and Q and assume
that P,Q € S. Let 0 <a=1—b< 1. Then for R' € {RS, RS}, R'(aP + bQ) <
R'(P)+ R (Q) — 1.

Proof. Choose S = R(P) + R%(Q) — 1. Then we have
s = wllvy <D w(@)l|n0é(€) = lley (3.19)

Now for each €, £(€) either contains > RS (IP) occurrences of IP or contains > R (Q)
occurrences of (. The remaining matrices can be considered as an adversarial choice.
Hence we have [|110£(€) — ||y < 1/4 for all € Since ) _w(€) =1, ||jps —7|lrv < 1/4.

Similarly, taking S = R$(P) + RS (Q) — 1, and looking at the ||us — 7||o.» We get
RS (aP + bQ) < R§(P) + R§(Q) — 1. =

Now we consider the case when P has finite robust mixing time and @Q may not.

We start with a concentration inequality.
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Proposition 3.17. Let S = CT/p for C > 1 and 0 < p < 1. Let Zy,...,Zg be
independent Bernoulli random variables with Pr{Z;, =1} =p. Let Z =) .Z;. Then

we have

Pr{Z < T} < exp(—T (C—1) - log C)> (3.20)

Proof. We use Hoeffding’s inequality [28, Theorem 1], for S — Z to conclude

S

where ¢ =1 — p,a = p — p/C. After algebraic simplifications we get,

Pr{Z < T} < { (1 = %> o C}T (3.22)

Taking logarithms, and using log(1 — z) < —z for 0 < z < 1 gives the result. O

Proposition 3.18. Let P be an ergodic Markov Chain and S a valid set of strategies
against P. FirQ € S. Let 0 <a=1—b< 1. Let S = (1 + 6)R(P,v)/a, where

v >0 and § > 0 are arbitrary. Then
l1es = lirv < v+ exp (=R, ) - (6 — log(1 +4))) (3.23)

Proof. Let S = (1+ 6)T/a, where T = R5(P,v). Write

ps — 7= 3 w(@) (4o (@) — ) (3.24)

€

Put D = {€: H(e) > T}, i.e. all choices of € which resulted in P being used at

least T times. For € € D, we have || o€ (€) —m||rv < . For € ¢ D, ||poé(€) —m||rv < 1.
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From Proposition 3.17,

> w(@) =Pr{H(E) < m/(1+06)} < exp (—=T(5 —log(1 +4))) (3.25)

eZD

Hence

s = mllry < w(@)o€(@) — mllry + > w(@)|1eé (&) — mlrv

éD ZD
<y+ ) w(@x1
&D
<vy+exp(=T(6 —log(1+9))) *

Corollary 3.19. Let P be an ergodic Markov Chain and Q be compatible with P. Let
S be a valid set of strategies against P. Assume Q € S. Let 0 < a=1-0 < 1.
Then RS (aP 4+ bQ) < 2(1 + §)RS(P)/a, as long as 2R (P)(§ — log(1 +4)) > log8. If

RS(P) > 11, then § may be taken to be 1/2.
Proof. Let T = RS(P) and S = 27T(1 + §)/a. By sub-multiplicativity, we have
RS(P,~) < 2T for v = 1/8. Proposition 3.18 now gives

s — 7llrv < 1/8 + exp (—21°(0 — log(1 +0))) (3.26)

If 27°(6 — log(1 +9)) > log 8, we have ||us — ||ty < 1/8+1/8 = 1/4 as required. [
Similarly for the S-robust L2-mixing time we get,

Proposition 3.20. Let P be an ergodic Markov Chain and S a valid set of strategies
against P. FitrQ € S. Let 0 <a=1—-b< 1. Let S = (1 4+ 0)R5(P,v)/a, where
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v >0 and § > 0 are arbitrary. Then

s — Tllam < 7+ exp (“RS(BA) - (5 —log(1+6)) -/~  (3.27)

T

Proof. This proof is similar to that of Proposition 3.18. Put 7" = R§(P,7) and
S=T(1+0)/a. Put D={e: H(€) >T}. If €€ D, ||uo&(€) — 7||2.x < . For €¢ D,
| 10€(€) — 7llax < v/1/m.. Going along the same lines as Proposition 3.18, we have

the result. ) ¢

Corollary 3.21. Let P be an ergodic Markov Chain and S a valid set of strategies
against P. Let Q be compatible with P and Q € S. Let 0 <a=1—b< 1. Assume
that RS (P) > log(1/7.)/2 and m, < 1/16. Then RS (aP +bQ) < 2(1+6)R5(P)/a, as
long as RS (P)(6 — log(1+6)) > log(1/7,)/2. In particular 6 may be taken to be 5/2.

Proof. Let T = R5(P) and S = 2T(1 + §)/a. By sub-multiplicativity, we have
R3(P,~) < 2T for v = 1/4. Proposition 3.20 now gives

1
lns = 7llom < 1/4 + exp (=2T(0 — log(1 +9))) -4/ — (3.28)
Now put 7" = alog(1/7,)/2 for a > 1. Then we have

lias = wllzm < 1/4 + pl2o0-los0c) 1) (3.29)

The second term is bounded by 1/4 if 6 —log(1+6) > 1/a. *
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3.6 Upper Bounds on Robust Mixing Time

In this section we show that many methods which prove upper bounds on mixing
times under various measures also give upper bounds on Robust mixing times. We

start with a contraction result.

Proposition 3.22. Let A be a stochastic matriz and mA = w for some distribution

. For any real valued function f on X, and 1 < p < oo, we have

[Af I < [1f[lp,x (3.30)

This is an adaptation of [60, Theorem 3.1]

Proof. Suppose 1 < p < oo and choose ¢ such that 1/p+1/¢ =1. When p =1, ¢ = o0,
we consider a'/? = 1 for any real a.
Looking at f as a column vector, we have ||f|l,» = |[II'/?f|,, where II is the

diagonal matrix with II(z, z) = 7(x). Then
1A fllpm = [TVPAL], = [(IVPAIT ) (ITVP ), (3.31)

Hence it is enough to show that ||[Bf]|, < || f]|, for any real valued function f, where

B = II'/?PAII"'/?. Let g = Bf. Then for any fixed z € X,

Tr 1/1)
gmzzQﬁ)AmW@=Zwy (3:32)

m(y)

where

1/p
%zﬂw(—ﬁ Alr,y)?  and b, = A(z,y)"e (3.3



By Holder’s inequality we have

Hence we have

ol = S lo)P < 3 (% me(w,y)) = 1171e

y) <

since mA = 7.

For p = oo, suppose || floco,r = A. Then |f(y)| < Aforally € X.

l9(x)] =

> Az, y)f(y)

< AZA(w,y) =A

gives [|Af oo < [| flloo-

o8

(3.34)

(3.35)

(3.36)

]

Note that we did not require that A is irreducible or aperiodic. This shows that

the adversary cannot increase the L, distance no matter what. Similarly we now

show that the adversary cannot increase the separation or the entropy distance.

Proposition 3.23. Let A be a stochastic matriz with 7A = 7 for a distribution .

For any distribution p,
(a) sep(pA, ) < sep(p, )

(b) D(pA[lm) < D(pllr)



29

Proof.  (a) Suppose sep(u,7) = €. Then p = (1 — €)m + ev for some distribution v.

pA = (1 — e)m + evA and hence sep(pd, 7) < esep(VA, 7) < € = sep(u, ).

(b) This proof is along the lines of [34, Proposition 6]. Let f > 0 be any real
valued function and g = Af. Need to show that E.[glogg] < E.[f log f]. From
convexity of ¢(t) = tlogt it is easy to see that V¢ > 0 and s > —t, we have

(t+ s)log(t+s) > tlogt + (1 + logt)s.

For z,y € X, put t = g(x) and t + s = f(y) to get
f(y)log f(y) > g(x)log g(x) + (1 +log g(x)) (f(y) — g(x)) (3.37)

Multiplying both sides by A(z,y) and summing over y, we get

Z.My y)log f(y) > g(x)log g(x) (3.38)

since >, A(z,y) = 1 and Y A(z,y)f(y) = g(z). Multiplying by m(z) and

summing over x, we get

(3.39)

since TA = 7. ]

Again the only property of A, we needed was that A was stochastic and 7A = 7.
We now show that many methods of deriving upper bounds on standard mixing time

actually give bounds on Robust mixing time as well.
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Let P be a Markov Chain with stationary distribution 7. Many upper bounds on

mixing time can be described via the following outline:
e Let V(1) be a “potential” function on distributions 1 which satisfies the follow-
ing
— V(n) > 0 for all distributions n,

— V(n) — 0 < n, — m, for any sequence of distributions 7, and

- V(nP) <V(n)

e Let I(t) = V(uP') where p is any initial distribution. Note that I(t) is a

non-increasing function,

e Show that there is some non-decreasing function G : R* — R™ which satisfies

Ity —1(t+1) > G(I(t))

e Using the worst value for I(0), solve for 7" by which V(7') < 1/4 (or some
appropriate constant < 1) to get an upper bound on the mixing time of P with

respect to V.

Fore.g., V(n) = ||n — 7||2.x gives bounds on L? mixing time while V' (n) = D(n||r)
gives bounds on the entropy mixing time.

In case of an AMMC P = (P,{A;}), we can do the following:

e Let up be an arbitrary initial distribution.
e IV will usually also satisfy V(uA) < V(u) for all A compatible with P.
o Let I(t) = V() and J(t) = V(1y) where vy = ;P and py11 = vy

o I(t) — J(t) > G(I(t)) and I(t+ 1) < J(¢t) imply I(t) — I(t + 1) > G(I(t)) as

before.
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Hence the mixing time upper bound is also an upper bound on the Robust mixing
time.

For example taking V' (1) = ||n—m||2,» shows that upper bounds on mixing times of
Markov Chains using the spectral gap, conductance, spectral profiling [25], Congestion
bounds for L?-distance [43] carry over to the robust setting. In case of bounds using
Log-Sobolev inequalities, the original proof of Diaconis and Saloff-Coste [11] works
only in continuous time and does not show a decay after each application of P. [34]
proves smooth bounds on entropy decay in discrete time using Log-Sobolev constant

of PP. See also [45] for an alternate proof.

3.6.1 Conductance Approach

As an application of the observation in § 3.6, we derive bounds on the Robust mixing
time of a Markov Chain P in terms of its standard mixing time. Theorem 3.13
shows that there cannot be any unconditional relation between R(P) and 7 (P). The

simplest way is to ensure PP is irreducible is to add holding probabilities.

Definition 3.24. Let P be a Markov Chain with stationary distribution 7. For
V1, Ve C X, define Q(V1,)2) = eryl,yeyg m(z)P(z,y) and

Dy(P) = Q7(T—’>y) and O(P) = 0<£rr(1%}r)1<1 Oy, (P) (3.40)

where J = X'\ V.

®y(P) is the conditional probability of crossing over from ) to ) in one step at

stationarity given that we are currently in ).

Lemma 3.25. For Y C X, Q(V,Y) = Q(,Y). In particular the minimum in

Definition 3.24 is always attained for w()) < 1/2
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Proof. Let Y C X be arbitrary and V=X \ V. Since P is stochastic we have

V)= Y w@Py)+ > w@)Px,y)=QP.Y)+Q(D,Y) (341)

€V, ygy €Y, YeY

Since 7 is the stationary distribution we also have

V)= Y w@P,y) =YY+ QYY) (3.42)
TeEX ,yey
Combining we get the result. O]

Conductance was first introduced by Jerrum and Sinclair [31]. Intuitively, if we
collapse the chain to two states ) and Y and start the chain at ), we move over to
Y with probability ®. So in order to have the right probability of being at ) we need

to run the chain for at least O(1/®) steps. This intuition was made precise in [17].

Theorem 3.26 (Dyer et al. [17, Claim 2.3]). Let P be a (not-necessarily reversible)

Markov Chain with stationary distribution m and ® its conductance. Then
T(P,e) > (1/2 — 6)/D(P) (3.43)

Proof. For distributions p, v, Proposition 3.22 implies |[(x — v)P|lrv < || — v||1v.
Hence for ¢ > 0, and initial distribution s, ||[uP! — pllry <S4 ||[uP — pP oy <

t||plP — p||ryv. Thus

[P = 7llry > (i = 7llry = WP = pllrv > [l = 7 llvy = tpP = pllry - (3.44)



Fix Y C X and let

m(y)/m(Y) ifye)y
1(y) =
0 otherwise

Now ||i — 7||rv > (YY) and for y € Y, we have

u(y) — (WP)(y) = (W) _ 2sey MOP(,Y)

() ()
_ 2w T@P@y) X pey ()P (2, y)
m(Y) ()
B ngyﬂ(:r)IP’(x,y) 0
N ()

Ity &Y, uy) — (uP)(y) < 0. Hence
e = pPllry =) (u(y) — (EP)()" = Q. Y)/7(Y) = Dy(P)

yeX

by Lemma 3.25. Thus (3.44) implies

[P = pl|lvy > w(P) — t@5(P)
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(3.45)

(3.46)

(3.47)

(3.48)

Now choose Y so that ®(P) = &y (P) and Lemma 3.25 implies m()) < 1/2. Thus

we have ||uP' — 7|ty > 1/2 — t®(P).

]

For reversible chains ® captures 1 — A\; up to a quadratic factor. More precisely

we have

Theorem 3.27 (Sinclair [57, Lemma 2.4]). Let P be a reversible Markov Chain with

stationary distribution © and ® its conductance. Then ® > 1 — X\ (P) > ®2/2.

Putting these together we can bound the Robust mixing time in terms of standard
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mixing time for lazy chains.

Theorem 3.28. Let P be a lazy Markov Chain with stationary distribution ™ and
conductance ®(P). Then R(P) < Ra(P) = O(7 (P)?log(1/7.))

Proof. Let Q = (P + ﬁ)/Q For any ¥ C X, we have Qp(Y,)) = Q5(V,Y) and

«—

hence @y (P) = ®5;( P ). This implies ®(P) = ®(Q).
Now Theorem 3.27 implies A\ (Q) < 1 —®(Q)?/2. But since P is lazy, Proposition

2.42 together with ®(P) = ®(Q) implies
a1(S(P))* < M(Q) <1-2(Q)*/2=1-0(P)*/2 (3.49)

Let P = (P, {A:}) be any adversarially modified version of P and iy be any initial

distribution. Theorem 3.12 shows that for ¢ > 0,

e = 72w < 01 (S(P))" /1 /. (3.50)

Theorem 3.26 now implies o1 (S(P)) < 1—7 (P)~2/4 which implies the result. Y%
As an immediate corollary we get

Proposition 3.29. Let P be a lazy Markov Chain with stationary distribution .
Then
T((P+ P)/2) < O(T(P)*log(1/.)) (3.51)

Proof. Let Q = (P + <ﬁ)/Q Corollary 3.19 and Theorem 3.28 imply

7(Q) < R(Q) = O(R(P)) = O(T (P)* log(1/7.)) (3.52)
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Definition 3.30. Let X be an undirected graph. An FEulerian orientation of X is a
directed graph Y obtained by assigning an orientation to each edge of X such that
for every vertex v of Y, d*(v) = d~(v), where d—,d" are the in and out-degrees of v

in Y respectively.

Let Y be the Eulerian orientation of X. Proposition 3.29 implies that the lazy
walk on Y cannot lead to a better than quadratic speed up when compared to the
lazy walk on X. Proposition 2.42 together with Corollary 2.39 implies that the lazy
walk on Y cannot be slower by more than a constant factor when compared to the
lazy walk on X.

The laziness assumption on the speed up can be removed if we by pass Robust
mixing and just use that X and Y have the same conductance. On the other hand, [4]
shows the diameter of Y can be unbounded in the diameter of X, if we only require

that X be regular.

3.6.2 log-Sobolev Approach

In this section, we apply the observation of § 3.6 to get better bounds on Robust L?

Mixing times of lazy Markov Chains.

Definition 3.31. Let P be a Markov Chain with stationary distribution 7. The

Dirichlet form associated with P is defined as

Ee(fo9) = (f.(I =B)g), = > w(w)f(x)(g(x) = 9(y))P(z,y) (3.53)

T,yeX

where f, g are real valued functions on X.

Lemma 3.32. Let P be a Markov Chain and f, g real valued functions on X.
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(a) 2&p(f. f) = 22, (f(2) — f(y))*n(2)P(z,y)

(4) &S, 1) = E5(f.) = €z (1.1)

(¢) If P is lazy, i. e., P(x,x) > 1/2 for all x € X, €, (f, ) > E=(f, f)

(d) If P is reversible, then

Ep(f,9) = Erly, f) = % > (f@) = FW))(g(x) = g(y)m(x)P(z,y)  (3.54)

x?y

Definition 3.33. Let P be a Markov Chain with stationary distribution 7. The
log-Sobolev constant is defined as

— min g[P’(f? f)
ren#o  L(f)

where £(g) = E, [92 log (ﬁ)]

(3.55)

The log-Sobolev constant was introduced in the context of finite Markov Chains
by [11] to derive tight bounds on L?*-mixing time of (continuous time) Markov Chains.
In the case of reversible chains, they showed a tight relation between the L2-mixing
times in discrete and continuous time. Rather than stating the result their result in

full, we only state a consequence which we need

Theorem 3.34 (Diaconis and Saloff-Coste [11, Corollary 2.2, Theorem 3.7]). Let P be
a reversible Markov Chain with stationary distribution w. Assume that all eigenvalues

of P are non-negative and m, < 1/e.

1 loglog(1/7.)
T(Pye) < o) (log(l/e) + T) (3.56)

Moreover, Ty(P) > 5
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Unfortunately the proof of the above result does not use the outline of §3.6 and
hence does not translate into a Robust mixing time bound. [34] uses the log-Sobolev
constant to show a smooth entropy decay which immediately translates into a Robust

mixing time bound.

Theorem 3.35 (Laurent [34, Proposition 6]). Let P be a Markov Chain with station-

ary distribution ™ and p any distribution. D(uP||7) < (1 — p(]P’F)) D(p||m)

Montenegro and Tetali [45] show a similar result for L?*-mixing time which uses

the outline of §3.6.

Theorem 3.36 (Montenegro and Tetali [45, Corollary 3.4]). Let P be a Markov Chain

with stationary distribution .

1
p(PP)

To(e) < (loglog(1/m.) — loglog(1 + €)) (3.57)

Combining the above results, we have

Theorem 3.37. Let P be a Markov Chain with stationary distribution © and assume
T < 1/e.

T(PP) < Ro(P) < (PP) - O (loglog(1/7,)) (3.58)

Proof. The lower bound follows from the adversarial strategy P. Let Q= PP and
note that the eigenvalues of Q are squares of the singular values of S(P) and hence
are all non-negative.

Let p = p(Q). By Theorem 3.34, 75(Q) > (2p) . By Theorem 3.36 together with

observation in § 3.6 we have

R2(P,€) < = (loglog(1/m.) — loglog(1 + €%)) (3.59)

|



68

Combining this with 1/p < 275(Q), we have the result. *

This allows us to improve the estimate of Proposition 3.14 for L2-mixing times.
Proposition 3.38. Let P be a reversible lazy Markov Chain with stationary distri-
bution m and assume m, < 1/e.

15(P) < Ro(P) = T2(P) - O(loglog(1/m.)) (3.60)

Proof. The lower bound follows by the adversary not doing anything. Let Q = PP =
P2, From Theorem 3.36, we know that Rs(P) = (p(Q))*O(loglog(1/m.)). Since P is

lazy, Lemma 3.32 implies p(Q) > p(P). Hence

1
R2(P) < —0O(loglog(1/m. 3.61
z()_p(P)(gg(/)) (3.61)
Since P is reversible, T5(P) > (2p(P))~! by Theorem 3.34. *

3.7 Application: Liftings

Definition 3.39. Let P and Q be Markov Chains on state spaces X and ) with
stationary distributions 7 and p respectively. PP is said to be a collapsing of Q if there

exists a mapping F': ) — X such that the following hold
o 7(z) = u(Y,) for all z € X where Y, = F~!(x)

e For all 1,29 € X,

Ple,2) = > > 1" (11)Quy, 1) (3.62)

Y1€YVzq Y2€Vay
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where p* is the conditional distribution of y € Y given F(y) = z, i.e. p*(y) =

p(y)/m(z).

A lifting of P is a chain Q such that P is the collapsing of Q.

e dashed edges of Q have weight 1/n; solid edges of Q have weight
1—1/n

e The projection map is defined via F(x;) = F(y;) = u;
e Hence loops in P have weight 1/n; remaining edges of P have weight

(1/2 — 1/2n)

Figure 3.2: Double cover of cycle

Example 3.40. Figure 3.2 shows an example of lifting Q of P. Assume n is odd so
that there are no periodicity effects. Since P is just the random walk on the cycle with
a small holding probability, we have 7 (P) = ©(n?). On the other hand, one can show
that 75(Q) = O(nlogn) by explicitly diagonalizing Q. Thus by lifting the Markov

Chain P to Q we have decreased the mixing time by almost a quadratic factor.
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Theorem 3.41 (Chen et al. [8]). Let P be a reversible Markov Chain and Q a lifting
of P.

(a) T(P) = O(max(T(Q), T(Q))*log(1/r.))
(b) If Q is reversible, T (P) = O(7 (Q)log(1/m.))

(c) There is an explicit family of reversible liftings Q of P for which

(3.63)

T(P) =0 (T(Q) log(l/m))

loglog(1/m,)
where 1, := min, p(y) = O(m.).

Proposition 3.42. Let Q be a lifting of P. For x € X, let u* denote the distribution

w conditioned on F(y) = x. Given a distribution v on X put

U(y) = v(F(y))u" ™ (y) (3.64)

For all1 <p < oo, [|[V—plpr=|lv—"lpr Also D¥||p) = D(v||r).

Proof. Let

fa) =" fy) = 29

(3.65)

be the density functions of v — 7 and ¥ — u respectively. For y € V and x = F(y) we

have
v(y) _ v(z)
W)~ () (200
Also since Q is a lifting of P, we have
S uly) = () (367

Fly)==
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Now the result follows from the definition of the p-norms and D(-). ]
The crucial observation is the following
Theorem 3.43. Let Q be a lifting of P and 1 < p < co. Then R,(Q) > R,(P).

Proof. Fix 1 < p < oo. Let P = (P, {A;}) be an adversarial modification of P such
that 7(P) = R(P). We now exhibit an adversarial strategy {B,;} against Q so that
the adversarially modified Q = (Q, {B;}) simulates the evolution of P.

Let ' : Y — X be the projection map and consider the following adversarial

strategy C:

Clyy) = pr(y) i F(y)=Fy) =z (3.68)

0 otherwise

i.e. given y € ), the adversary picks a state 3y’ € ) according to the distribution
u” where x = F(y). Recall that p* is the conditional distribution of p given that
F(y) = =x.

For ¢ € Y and o’ = F(y'), we have

WC)(Y) =Y uW)Cly.v) = > nWu” ) = u" )uVe) = ply)  (3.69)

yeY YEYV,1

Thus C is compatible with Q.
Given a distribution v on X, we lift it to distribution 7 on ) as defined in Propo-
sition 3.42. Also, Proposition 3.42 implies ||V — p||pr = ||V — 7| p.r-

Suppose we start with the distribution » on X and 7 on )). We show that applying
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P to v is “equivalent” to applying QA to 7.

QW)=Y > F Qy1, v2)

Y1€Y Y2€YVay

- Z Z Z )Q(y1,92)

IleX y1€ym1 yQGyZQ (370)

=Y v(@)P(z1, )

T1EX

= VP (2,)

which implies vQC = uP. Thus the Markov Chain QC simulates P and hence
Ry(Q) 2 T,(QC) = T(P).

To show R,(Q) > R,(IP), we just need to lift the strategy {A:} on X to {B;} on
Y. Given {A,;} define B, as follows:

By (y1, y2) = 1" (y2) A1, 72) (3.71)

where 21 = F(y;) and xo = F(y,). First observe that if A, = I then B, = C. Also

for x1,x9 € X', we have

Z 1 (Y1) Be(yr, y2) = Ay, 22) (3.72)

y1€yz1 7y26y12

showing that the transitions of B; and A; are compatible with the projection F. It
only remains to verify that for any distribution v on X, vB; = 17&

For y, € Y such that F(y2) = x9, (3.71) implies

OB (y2) = > 7 (y)Belyr, y2) = 1™ (y2) Y v(z)u® (y1)As(ar, z2)  (3.73)

y1€Y y1€Y
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where x1 = F(y;). Thus U B; restricted to ),, = F~'(z3) is proportional to p*2. On
the other hand, summing (3.72) over z; € X, shows (VB;)(V.,) = (VA;)(z2) for any
Ty € X. Hence 7B, = 17& It now follows from Proposition 3.42 that Q simulates P

which implies R,(Q) > R,(P). *
Together with relation between Robust and standard mixing times, we have

Proposition 3.44. Let Q with stationary distribution pu be a lifting of P with sta-

tionary distribution w. Let pu, = mingey pu(y).
(a) If Q is lazy, T(P) < To(P) < T(Q)*log(1/ 1)
(b) If Q is reversible, T (P) < T(Q)log(1/ )
(c) IfQ is reversible and lazy, To(P) < T(Q) loglog(1/p1,)
Proof. By Theorem 3.43 we have R,(Q) > R,(P) > T,(P) for p=1,2.
(a) Theorem 3.28 implies Ro(Q) < 7(Q)2log(1/ ).
(b) Proposition 3.14 implies R(Q) < T(Q) log(1/ ).
(¢c) Proposition 3.38 implies R»(Q) < 73(Q) loglog(1/1.). *

Note that Proposition 3.44(b) has a log(1/u.) while Theorem 3.41 has log(1/7,).
The difference is only a constant factor if p, is only polynomially smaller than 7,. In
potential applications, u, is usually only a constant factor smaller than m,.

For the general case, the laziness requirement can be dropped as well as log(1/ )
improved to log(1/m,) if we do not go via the Robust mixing time and observe that
the conductance of Q is smaller than that of P and use Theorem 3.26 and Theorem

3.27. See [18] for details.
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When Q is reversible, we improve the Theorem 3.41 by analyzing the strategy C

used in the proof of Theorem 3.43.

Theorem 3.45. Let Q be a reversible lifting of P. Assume that m, < 1/e. Then

7(Q) > T.a(P)log(2) (3.74)

1
Q) > 25(P) (3.75)

Proof. Let C be the stochastic matrix as defined in Theorem 3.43. Note that C is
reversible, since it reaches stationarity in one step in each reducible component.

Let Vv denote the eigenvector (of length |X|) corresponding to A.(P) and lift w to

=N

= > i) (y) (3.76)
It is easy to see that for x € X', > .y, (VA_\; Q)(y) = (wP)(x). Hence
W (QC)(y) = M (B)F(2)u (y) = M (P)W (1) (3.77)

where x = F(y). Thus A\, (QC) > A\.(P).

Since A is a contraction (it is stochastic), we have |A.(Q)| > |A(QC)| > |\.(P)].
Hence by Theorem 2.40, 7(Q) = 7 (Q,1/4) > T;(Q) log(2) > T.a(IP) log(2).

For the second result, by Theorem 3.34 it is enough to show that p(Q) < p(PP).
For f: X — R, define g : Y — R via g(y) = f(#(y)). Then

lgll3, =D _m(x) Y u* =) w@)f(@)? =Ifl5x (3.78)

TEX y=F(z) zeX
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It is easy to see that £, (g) = L.(f) and since Q is a reversible lifting of P, we have

2&0(9,9) Z Z Z y1)Q(y1,y2)(9(y1) — 9(3&))2

z1,02€X F(y1)=21 F(y2)=x2

= 3 wle) (@)~ fe)? | YD Z Q1. 92)

1,02€X F(y1)=z1 F(y2)=
= > @) (@) ~ f(w2)Plar,x2)
T1,22€X
Hence p(Q) < p(P). *

For many reversible chains 7 (P) = O(Z;q(P)). Theorem 3.45 shows that one
cannot gain more than a constant factor improvement by considering a reversible
lifting. Similarly if 73(P) = O(p(P)™!), one cannot gain more than a constant factor

by taking a reversible lifting.

3.8 Discussion

Boyd et al. [6] considers the fastest mixing Markov Chain on a graph problem.
Given an undirected graph X, assign weights to the edges of the graph, so that the
Random walk on the resulting graph has the largest spectral gap. Robust Mixing is a
complementary notion which addresses the question of how much can one slow down
a Markov Chain.

Proposition 3.14 shows that for a reversible chain the adversary cannot slow it
down by more than a O(log(1/7,) factor. However the example in Theorem 3.41

together with Theorem 3.43 shows that this gap is nearly tight.



Chapter 4

Cayley Walks on Groups

In this chapter, we look at Markov Chains which arise from walks on finite groups.

Definition 4.1. Let G be a finite group and P(-) a distribution over G. The Cayley

walk induced by P on G is the Markov Chain P with following transition matrix
P(g,h) = P(g™'h) (4.1)

In other words, P takes the current group element g and right multiplies it with an
element s of G chosen from the distribution P.
By a Cayley walk on G we mean a Cayley walk on GG induced by some probability

distribution P on G.

Definition 4.2. For a distribution P over G, the support of P, denoted supp(P) is
defined as {h € G : P(h) > 0}.

Lemma 4.3. Let P be a Cayley walk on a finite group G induced by P.

(a) P is irreducible iff supp(P) generates G

76
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(b) P is aperiodic iff supp(P) does not lie in a coset of some non-trivial subgroup

of G

In particular, P is ergodic if supp(P) generates G and P(1) > 0, where 1 is the

identity element of G.

Cayley walks of groups are a well studied class of Markov Chains. Since the
transition matrices of Cayley walks are doubly stochastic, the stationary distribu-
tion is always uniform. The underlying group structure ensures that Cayley walks
are vertex transitive and hence Corollary 2.45 applies. However estimating all the
eigenvalues of the transition matrix is not always easy and usually leads to problems
dealing with representation theory of GG, as the invariant subspaces of P are the irre-
ducible representations of G (the |G|-dimensional vector space is the so called regular
representation of G).

In this chapter, we look at the Robust mixing time of Cayley walks under certain

restricted adversaries.

4.1 Cayley Adversaries

Definition 4.4. Let P be a Cayley walk on a finite group G. A Cayley strategy is a
sequence of doubly stochastic matrices {A;} such that each A, is the transition matrix
of some Cayley walk on G. Denote by C the set of all Cayley strategies on G (G will

be clear from context).

G. [21] showed that set of N x N doubly stochastic matrices equals the convex
hull of the N! permutation matrices. In case of a Cayley strategy, the choice of A; is

limited to the convex combinations of the N right translations, where N = |G].
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Definition 4.5. Let P be a Cayley walk on a group G. The Cayley Robust mizing

times of P, are defined via

RE(P,¢) = sup 7T (P, ¢) RE(P, €) = sup T, (P, €) (4.2)
P P

where the suprema are taken over adversarially modified versions P = (P, {A;}) of P

where {A;} is a Cayley strategy.

Since the set of Cayley strategies is symmetric as well as a valid set of strategies
(see Definition 3.6), the Cayley Robust mixing time enjoys all the basic properties of
Robust mixing time.

Another natural class of adversaries is the following:

Definition 4.6. Let G be a finite group. A translation strategy is a sequence of doubly
stochastic matrices {A;} such that each A; can be written as the convex combination
of two-sided translations 7 ¢, where 7s ¢ is the permutation matrix corresponding to
the permutation g +— sgs’

A translation adversary is one who is restricted to translation strategies.

While a Cayley adversary is only allowed right translations by elements of the
group, a translation adversary is allowed two-sided translations. We quickly see this

does not buy any additional power for the adversary.

Proposition 4.7. Let P be a Cayley walk on a group G. The Cayley Robust mixing
time equals the translation Robust mixing time under any distance measure which is
mvariant under permutations.

In particular, for the LP mixing times and entropy mixing time, a translation

adversary has the same power as a Cayley adversary.
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Proof. Since the set of translation strategies is a convex hull of two-sided translations,
the translation Robust mixing time of P is the mixing time of P = (P, {A;}) where
each A, corresponds to the two-sided translation 7)) for some fixed elements
0(t),r(t) of G.

Now consider the Cayley strategy Q = (P, {B;}) where B, corresponds to the right
translation by r(t). If we define L(t) = ¢(1) - £(2)...£(t), it is clear that the t-round
distribution of P and Q only differ by a left translation by L(t). Since the stationary
distribution is uniform and the distance measure is invariant under permutations,

they are equal. *

4.2 Holomorphic Adversaries

We now consider another natural set of strategies which preserve the symmetry of
underlying group. In additional to allowing translations we also allow the adversary

to apply automorphisms of the group.

Definition 4.8. Let G be a finite group. A permutation J on G is said to be a
holomorphism if it can be written as the composition of a right translation and an

automorphism of G.

Definition 4.9. Let G be a group. A holomorphic strategy is a sequence {A;} of
matrices each of which can be written as the convex combination of holomorphisms
of G. Denote by H the set of all holomorphic strategies of G (G will be clear from

context).

Definition 4.10. Let P be a Cayley walk on a group G. The holomorphic Robust
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mixing times of P, are defined via
R™(P,¢) = sup 7T (P, ¢) RZ}(P, €) =supZ,(P,¢) (4.3)
P P

where the suprema are taken over adversarially modified versions P = (P, {A;}) of P

where {A,} is a holomorphic strategy.

Like Cayley strategies, the set H of holomorphic strategies are symmetric as well

as a valid set of strategies against any Cayley walk on G.

Definition 4.11. (a) For a group G, let Aut(G) denote the group of automor-

phisms of g.

(b) f € Aut(G) is said to be an inner automorphism if f(g) = hgh™' for some

h e G, i.e., f corresponds to a conjugation.
(¢) Inner(G) denote the sub-group of inner automorphisms of G
(d) Outer(G) = Aut(G)/ Inner(G) denote the group of outer-automorphisms of G.

Proposition 4.12. Let P be a Cayley walk on a group G. If Outer(G) is trivial,
then the Cayley Robust mixing times are the same as the holomorphic Robust mixing
times.

In particular, this is the case for the symmetric group S, for n > 5n # 6.

Proof. If Outer(G) is trivial, then all automorphisms are only conjugations. Hence a
translation adversary can simulate the moves of a holomorphic adversary. By Propo-
sition 4.7 we have the result.

Since Outer(.S,) is trivial for n > 6 the claim for S, holds. *
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Definition 4.13. Let G be a group. By the holomorph of G, we mean the semi-direct
product Hol(G) := G x Aut(G), where Aut(G) acts on G naturally.

Example 4.14. Consider the lazy random walk on the hypercube. Here G = Z7. A
Cayley adversary would only be allowed to flip coordinates (which are chosen arbi-
trarily). A holomorphic adversary on the other hand, can also apply any permutation

on the coordinates, since Hol(Z}) = Z§ x S,,.

4.3 Upper Bounds on Holomorphic Robust Mix-
ing Time

Let P be a Cayley walk on a finite group G and assume |G| > 3. Note that P is a

legal Cayley strategy. Hence from Theorem 3.37, we have
«— «—
LPP) < RE(P) < RIP) < T(PP) - Ologlog |G) (4.4)

In this section we improve this result by eliminating the O(loglog |G|) factor and
show RY(P) < 27:(PP).

We identify holomorphisms of G with the permutation they induce. This permu-
tation representation of G is faithful, i. e., only the identity holomorphism induces the
identity permutation on G. To see this consider « = hx f € Hol(G) where f € Aut(G)
and suppose that « induces the identity permutation on G, i.e. « fixes all elements
of G. Since f always fixes the identity element of G, we have 1 = a(1) = h. Thus
a must be an automorphism of G. Now if « fixes every element of G then « is the
identity automorphism.

The holomorphic adversary corresponds to Hol(G) and the Cayley adversary cor-
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responds to G < Hol(G).

Definition 4.15. Let G be a group. A permutation J on G is said to be G-respecting

if there exists a permutation K on G such that for all h,g € G,

J(h)"'J(g) = K(h™'g) (4.5)

Proposition 4.16. Let G be a group. A permutation J on G is G-respecting iff it is

a holomorphism of G.

Proof. Let G be the set of all G-respecting permutations of G. If J € Aut(G), then
J is G-respecting (take K = J). If J is a right translation, then J is G-respecting
(take K to be identity). We now show that G is closed under compositions.

Suppose Ji,Jo € G and let Ky, Ky be the corresponding permutations given by
Definition 4.15. Then for h,g € G,

Ji(Ja(h) 1 Ji(Ja(g)) ! = Ki(Ja(h) "1 a(g)) = Ki(Ka(h™'g)) (4.6)

Hence G contains all the holomorphisms of G.

Now let J be any G-respecting permutation of G and set J'(h) = J(h)J(1)~%.
Clearly J is a holomorphism iff J’ is a holomorphism. Since J is G-respecting and G
is closed under compositions and contains right translations, J’ is also G-respecting.
Moreover, J'(1) = 1. If K’ is the permutation on G given for J’ by Definition 4.15
we have

J'(g)=J(1)""J(g) = K'(17'g) = K'(g) (4.7)

and now K’ = J' implies J'(h)~'J'(g) = J'(h~'g), i.e., J' is an automorphism of G.

Hence J is a holomorphism of G. *
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Definition 4.17. Let G be a group and A be a square matrix whose rows and columns

are indexed by elements of GG. A is said to be G-circulant if for some F : G — R,
A(h,g) = F(h™'g) (4.8)

Note that transition matrices of Cayley walks on G are G-circulants as are the
strategies of an Cayley adversary. Even though holomorphic strategies do not corre-

spond to G-circulants they respect G-circulant matrices as shown in the following

Proposition 4.18. (a) G-circulants are closed under products, affine combinations

and taking transposes.

(b) Let J be a G-respecting permutation and A be a G-circulant. Then so is JAJT
where by abuse of notation J also stands for the |G| x |G| matriz representing

the permutation J on G.

Proof. (a) If Ay(h,g) = F;(h~'g), then products correspond to convolution, affine

combinations correspond to affine combinations and AT corresponds to F’(g) =

F(g™).

(b) Let K denote the permutation corresponding to J as given by Definition 4.15.

Note that since J is a permutation matrix, J? = J~ 1.
(7 aT)(h,g) = AJ(h), J(g)) = F(J(h) ™" J(g)) = F(K(hg))  (4.9)

Hence the result. *
Combining all of the above, we can show the following

Theorem 4.19. Let P be a Cayley walk on a group G. Then R (P) < 2’]‘2(}??)
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Proof. Let P = (P,{A;}) be any adversarially modified version of P where {A;} is a
holomorphic strategy. By convexity and Proposition 4.16 we may assume that each
A, corresponds to some G-respecting permutation J; on G.

Fort > 0, let Q; = PA{PA, ... IPA; so that the ¢t-round distribution is given by uQ,
for an initial distribution p. Note that for a Markov Chain with uniform stationary
distribution, its reverse chain is just its transpose.

For g € G and initial state g, applying Proposition 2.35 for Q; we get

16:Qi7 (2. = |GIQQ(g,8) — 1 (4.10)

Now evaluate @t@ inside out by defining
Ciy1=1 Ci = P(AxCr 1 ATPT (4.11)

so that C; = Qt@. Clearly C;;; is G-circulant. Assuming Cg,; is a G-circulant,
Proposition 4.18 together with the fact that A; is a G-respecting permutation shows
that AkaHAkT is also G-circulant. Since P is G-circulant, it follows that C, is
G-circulant. Hence Qt@ is G-circulant.

From (4.10) and the fact that Qt@ is constant on the diagonal, we have

11Q: — 7|13, < tr(@Q) — 1 (4.12)

for any initial distribution p. Also,

IG|-1 G| -1

w(@Q) = Y 0:@)? < Y [[o®)Poi(a)? < 3 ai(B)* (4.13)

1=0 =0 j=1 =0
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since the singular values of a product is majorized the product of the singular values
(see [29, Chapter 3] for details) and 0;(A;) <1 (A, is a permutation). Since og(4;) =

0o(P) = 1, the term i = 0 evaluates to 1. Hence for any initial distribution u,

IG|-1

IhQ =75, < D oi(P)* (4.14)

=1

Now let P = IP’F, g € G and s > 0. Consider the s-step distribution of the

Markov Chain P’ when the initial distribution is d;. By Proposition 2.35, we have
/s 2 /sﬁs
1P (g, ) — 7ll3. = |GI(P*P")(g,8) — 1 (4.15)

Since P is G-circulant and doubly stochastic, we have [|[P*(g,-) — x||3 . = tr(P"*) — 1.
But the eigenvalues of P’ are the squares of the singular values of P and the top

eigenvalue is 1. Hence
G|-1

IP*(g,) = mll5. = > ou(B)* (4.16)

i=1
Hence the worst case (2s)-round L2-distance for P is bounded above the worst

case s-step L2-distance for the Markov Chain ]P’F. Hence the result. *

As an immediately corollary, we have

Corollary 4.20. Let P be a Cayley walk on a group G.
max(7;(P), (PP )) < R§(P) < RY(P) < 2T(PP) (4.17)

In particular, if P is reversible, To(P) < RS(P) < RY(P) < To(P) + 1.

Proof. The adversarial strategies A, = I and A, = P show the lower bound on RS (P).

Clearly RS (P) < RY(P). Theorem 4.19 shows R (P) < 275(1?%).
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If P were reversible, we have R} (P) < 275(P?) < T5(IP) + 1, since running a chain

twice as fast mixes in half the time. >

An immediate consequence is that a convex combination of reversible Cayley walk

cannot mix slower than the faster of the two.

Theorem 4.21. Let Py and Py be two reversible ergodic Cayley walks on a group G
and put Q = ayP; + asPy where 0 < a; = 1 —ay < 1. Then assuming To(P;) >
log(|G|)/2 fori=1,2 and |G| > 16, we have

TL(Py) TT(Py)

a1 a2

75(Q) < 1 + min ( To(Py) + 7;(1@2)) (4.18)

Proof. Since the P; are reversible, Corollary 4.20 implies RY(P;) < To(P;) + 1. Ap-

plying Proposition 3.20 and Lemma 3.16 for S = H, we have

RI(Q) < min (R (P1) + R (P2) — 1,TRS(P1) /p, TR (P2) /q) (4.19)
O

4.4 Application: Non-Markovian Processes

We now illustrate the power of Robust mixing by estimating the mixing time of a

non-Markovian process.

Definition 4.22. Let Pgy denote the random-to-top transposition chain on S,, which
we define below: Given n cards, each arrangement can be identified with a permuta-
tion of S,,.

At each time ¢, pick 1 < ¢ < n, uniformly at random and exchange the cards
at locations ¢+ and 1. Formally, it is the Cayley walk on .S,, generated by uniform

distribution on the transpositions {(1,4) : 1 <i < n}.
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Definition 4.23. Let Pgc denote the random-to-cyclic transposition process on S,
which we define below: Given n cards, each arrangement can be identified with a
permutation of .S,,.

At each time ¢, pick 1 < i < n, uniformly at random and exchange the cards at

locations ¢ and (¢ mod n).

In the random-to-cyclic process at time ¢, we exchange the card at location ¢ with
a random card. Due to this dependence on ¢, the process is not Markovian. The
problem of estimating the mixing time of Prc was raised by Aldous and Diaconis
[2] in 1986. Mironov [42] used this process to analyze a cryptographic system known
as RC4 and showed that Pre mixes in time O(nlogn) without an estimate on the
hidden constant. Mossel et al. [47] showed 7 (Pgrc) = ©(nlogn). They showed a
lower bound of (0.0345 4 o(1))n logn.

For the upper bound, they considered the following generalization of Prc: At time
t, we exchange the card at location L; with a random card, where the sequence L; is
chosen by an oblivious adversary. For this chain Pr4 (random-to-adversarial), they
showed that 7 (Pra) < Cnlogn+O(n) giving the first explicit bound of C' & 4 x 10°.
They also observed that since Pra can simulate Pgrp, 7 (Pga) > 7 (Pgrr). Since
T (Prr) =nlogn + O(n) ([13, 55]) it follows C' > 1.

We now reduce C' to 1 by using the Robust mixing framework.

Theorem 4.24.

T5(Pre) < To(Prr) + 1 < nlogn + O(n) (4.20)

Proof. In fact, we prove the following chain of inequalities:
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For a particular choice of adversarial moves the Pr4 process can simulate the Pro
process. Hence 75(Pre) < T2(Pra).

By convexity arguments, it is enough to consider the case that the adversary’s
choice is deterministic to estimate the mixing time of Pra. Let oy € {1,...,n} de-
note an adversarial choice for time ¢ (fixed before the process begins). We first observe
that an adversarial version of Pry can simulate Pr4. For k,r € {1,...,n}, (k,r) =
(1,k)(1,7)(1, k). Hence if we let A; correspond to right multiplication by (1, ay)(1, ay41),
it follows that the given adversarial modification of Pry simulates Pr4. Since the sim-

ulation was done by a Cayley adversary, we have

T5(Pra) < R5(Prr) < Ry (Prr) (4.22)

Since Prr is reversible, by Corollary 4.20 we have R} (Prr) < To(Pgr) + 1. But

T2(Prr.r) < nlogn+ O(n) ([13, 55]). O

The same reductionist approach can be used to estimate the mixing times of
non-Markovian processes, if we can un-entangle the non-homogenous aspect of the
evolution rule from the random choices made during the evolution. We give another

example below.

Definition 4.25. Fix 1 < k < n. k-adjacent transposition chain has the following
evolution rule. At time ¢, we pick a random card r and exchange it with the card at

location (r + k mod n).

For k = 1, this is the adjacent transpositions chain. If £ is not relatively prime to
n, then it is easy to see that the Markov Chain is reducible. Suppose k is relatively
prime to n. Then we can re-order the cards so that they appear in the order 1,k +

1,2k +1,.... Since k and n are relatively prime, the set {(ki + 1 mod n)}' is
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a permutation of {1,...,n}. Also after this reordering the k-adjacent transposition
chain, reduces to the adjacent transposition chain. Hence for fixed k, the mixing time
of adjacent transposition chain is the same as that of the k-adjacent transposition
chain.

Now suppose k is not fixed and varies with time, i.e., at time ¢, we apply the
ki-adjacent transposition rule, where k; is an adversarially specified sequence. Now
if all k; are relatively prime to n (which holds if n is prime), then the adversary can
apply the k;-reordering before and after the adjacent transposition step. Thus we
have shown that the {k;}-adjacent transposition process cannot mix slower than the
adjacent transpositions Markov Chain. This non-Markovian shuffle is related to Shell

Sort, just like adjacent transposition is related to Bubble Sort.

4.5 Application: Semi-direct Products

Let G and H be groups and suppose G < Aut(H). Then we can consider their semi-
direct product H x G. In this section, we show how we can use Robust mixing to
show that semi-direct products cannot mix slower than the direct product.

We restrict ourselves to semi-direct products of two groups so that we don’t get

bogged down by the notation.

Proposition 4.26. Let py and ps be distributions on X; and Xs respectively and
= pips denote the product distribution on X := X| X Xy. Let v be a distribution

on X such that
(a) the marginal distribution along Xy satisfies ||v(-, Xa) — |2, < €1 and

(b) Yz € &}, the conditional distribution along Xy satisfies ||v(x,-) — poll2,u < €o.
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Then 1+ [lv = pll3, < (L +e)(1+€3)
Proof. Let f(x) = v(x, As) /() denote the density of the marginal with respect to

w1 and for x € Ay, let ¢,(y) = v(x,y)/v(z, X2)pu2(y) be the density of the conditional

of v along X, with respect to us. Then for any x € &, we have

L lv(, &) = pully = 1120, = Eulf?] (4.23)
Lt llv(@, ) = palls = 192l12,, = Eplg] (4.24)
Lt |lv = pllz, = 1013, = Eu[0?] (4.25)

where h(z,y) = v(z,y)/u(x,y) is the density function of v.

By [17] = By [ Eplez]] < 1+ &) B[] = 1+ )1 +6) (4.26)

by the law of iterated conditional expectations. *

Qualitatively, Proposition 4.26 implies that in order for the joint distribution to
be close to stationarity, it is enough for one marginal and each conditional to be close

enough to stationarity.

Proposition 4.27. Let G1, Gy be groups and ¢ : Gy — Aut(G1) be a homomorphism
of groups. Fori=1,2, let P; be a Cayley walk on G;.
Put G = G1 X G35 and consider the following Markov Chain P on G.

1. Let the current state of the Markov Chain be (g1,82) € G
2. Pick sy € G according to Py and sy € Gy according to Py

3. With probability p; move to (g1s1,82) and with probability p, = 1 — p; move to

(¢(s2)(g1), 82)
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Fiz e > 0 and put Ty = T3(Py, €) and Ty = R} (Py,€). Assume that T; > log(|Gy|).
Then

T T
T(P,6) = O (—1 + —2> (4.27)
p1 P2

where 1+ 6% = (1 + €2)? + o(1) as min(|G], |Ga]) — oo.

Proof. Fixt > 0 and let y; be the distribution after ¢-steps. Let T denote the number
of times G5 was updated, so E[T| = tps.

Suppose T > T5. Then the marginal distribution of u; along G is € close to
uniform in L? distance. Now condition on the complete evolution of G5 during the
T steps. Due to this conditioning, we know exactly how the (G; component evolves
whenever GG, is updated.

What remains is an adversarially modified version of P; on G; with a holomorphic
adversary, since G5 acts on GGy via automorphisms. Hence if T > T and t — T > T7,
we have by Proposition 4.26, ||u; — 7|j2. < 0.

Suppose T > T and t — T < Tj. Then we can apply Proposition 4.26 with e and
V|G| — 1 (worst case L? distance). Similarly for T < Ty and t — T > Tj.

Now take t = «(Ty/p1 + T2/p2) for some a > 1 to be determined later. This

ensures that either T > T, or t — T > T). By Proposition 3.17,

Pr{T < T} < exp(—(a—1—loga)Ty) < |Gy|* ' loe (4.28)

Pr{t - T < T} <exp(—(a—1—loga)T}) < |Gy|*" 78 (4.29)

Hence for t = a(T}/p1 + T5/p2) and § = a — 1 — log ar, we have

L+ [ — 75 < (L4 €)%+ |Ga| P (14 €)|Ga| + |G| P (1 + €)|G4] (4.30)

< (14 €)%+ 2min(|G4,|Ga])' 7(1 + €%)
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Choose [ = 3 so that || — 7||2.r = € + 0(€) as |Gy, |Ga] — oo. *

Hence the mixing time of the semi-direct product is essentially the time it takes

to update each component the right number of times.
e Robust Mixing time accounted for changes to G'; caused by updates to Gy
e In case of a direct product, we may take T3 = T5(IPy, €)
e The result continues to hold for constant number of factors.

e If the number of factor is unbounded, a more careful analysis is required and

will be considered in §5.3.



Chapter 5

Markovian Products

In this chapter, we generalize Proposition 4.27 in various directions and show how to
bound mixing times of product chains, in terms of that of the factor chains by only
using a coupon collector type of analysis. Traditionally, this type of analysis has only
been done to estimate the total variation mixing time of the product chains.

In §5.2 we consider the case when the evolution of the components are indepen-
dent. Just like in the semi-direct product case, one can consider the product of &
chains, where updating component ¢ can potentially affect all components < i. §5.3

deals with the dependent case.

5.1 Distributions on Product Spaces

Fix k>0 and for: =1,...,k, let u; be a distribution on &;. Consider X = Hle Xy
and let u = ®;u; be the product distribution on X. Let v be any distribution on X.

If each component of v is close enough to p; and the components have enough
independence then v is close to .

We now give quantitative versions of the above statement for various distance

93
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measures. Proposition 4.26 covered the L?-distance for k = 2.

Definition 5.1. Let {u;}%,,{X;}¥_,,v be as above. For 1 < i < k and fixed
Y1,...,¥i, denote by v the marginal distribution of v(zy,...,2;) along X; condi-

tioned on z; = y; for 1 < j <.

Proposition 5.2. Let k > 0 and v,{u;},{X;} be as above. Fiz €,...,ex > 0.

Suppose that for all 1 <1 < k and y; € X,...,y;_1 € X;_1, we have

[ = ppillag, < € (5.1)

Then 1+ |lv — pll3, < [T, (1 + €) where p = @yu; is the product distribution on
X =L x.

More over, if v = ®;v; where v; is the marginal distribution along X;, then

Lt v = nllz, = [T+ s = will3,,) (5.2)

Proof. Proposition 4.26 shows the inequality for £ = 2. The general case follows by
induction on k.

Now suppose the marginals v; are independent and let f; = v;/u; by the corre-

sponding density function. Then

Lt (v = pill3 = By L] (5.3)
Independence implies E,[[ ], /7] = [, E.[f?]- Now the result follows since
2
v
(7)

L+ [l = plf,, = E, =Ky,

11 f] (5.4)
’ *
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Proposition 5.3. Assume k > 2. Fori = 1,...,k, let v;,u; be distributions on
X, Putv = ®u; and p = Q. In order for ||v — pll2, < 0.7, we must have

Vi — pillop < \/LE for at least k/2 values of i.

Proof. 1f the conclusion does not hold, we have by Proposition 5.2,
Lt v = pll}, > (14 /)2 > 15 (5.5)

since (14 1/x)" increases to e as x — oo. Hence ||v — pf|2,, > V0.5 > 0.7 O
For the L* norm, we have

Proposition 5.4. Let k > 0 and v,{u;},{X;} be as above. Fiz €,...,ex > 0.

Suppose that for all1 <1<k and y, € &},...,y; € X;, we have
||V(i) — Willooyus < € (5.6)

Then 14 || — pilloop < TTiy(1 + €;) where p = @i is the product distribution on
X =TI, .

Proof. We only show for the case when the marginals are independent. Let f; = v; /1,

where v; is the marginal distribution of v along AX;. Then

99 — baloo o, = mae | i) 1] (57)
Yi€EX;

For real numbers a, b we have |ab+a+0b| < |a|+|b| + |ab|. Substituting a = a—1,b =

[ — 1 and rearranging, we get

L Jaf— 1] < (1+]a—1)(1+]8 - 1)) (5.8)
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and by induction we have

1+|Hf;~—1| sH(HIfZ-—ll) (5.9)

Taking expectations on both sides and using the independence of f;, we have the
result. In the general case, we take the expectation of the right hand side, by taking

expectation over each y; in turn in that order. *

Proposition 5.5. Let k > 0 and v,{u;},{X;} be as above. Fiz €,...,ex > 0.

Suppose that for all1 <1<k and y, € &,...,y; € X;, we have
19 = pillry < & (5.10)

Then 1 — ||lv — p|lrv > Hle(l — €;) where 1 = ®;; s the product distribution on
X =1L, .

Proof. Let n1,n9 be two distributions on ) and w be any distribution on ) x ) with

marginals n; and 7y respectively. Then from Lemma 2.12, we have
L= [lm = moflry = max Pr{w(A)} (5.11)

where A is the diagonal in )?.

Suppose that v is the product of its independent marginals. Then for each i there
is an w; on X? such that Pr{w;(A;)} =1 — ¢;, where A; is the diagonal in X?. Define
won X x X =[], X? as ®;w;. Observe that the diagonal A of X? is the intersection

of A;. Hence we have

L= =l = Pr{w(a)} = [[Prwi(a} = [[0-e) (12

i
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In the general case, we have a family of couplings on X? one for each value of
Yi,Y2, - - ., Yi—1. Define the coupling on X? by an appropriate product. We illustrate
it for K = 2. Let w; be a coupling on X? so that Pr{w;(A;)} = 1 — ¢. For each
y1 € X1, we have [|[1® — 5] py < €2. Hence we have a coupling ws ,, on X2 such that

Pr{wsy, (Ag)} > (1 — &) for every y; € X;. Now define w on X7 x X as follows:

W(yl, yllv Y2, yé) = wl(yh yi) t W2y (y27 yé) (513)
Now

Priyi = 1,92 = 1o} = Priys = 41} Pryo = ol = 4
= Pr{y, = 4} Juny, (Ao)
>(1—-e) P;1”{?41 =y}
Z (1—62)(1—61) *
Even though, the total variation distance for a product space cannot be written

in terms of the component wise total variation distances, one can still show a result

like Proposition 5.3 for total variation distance.

Definition 5.6. Given two distributions v and p on X, their Hellinger distance is

defined via

H(v 1) = [/ Fllop = 4|2 -2 (Z w(:c)u(a:)) (5.14)

where f(x) = v(z)/u(z).
The Hellinger distance is the L?(x) norm of the square root of the density function

of v with respect to p and lies between 0 and v/2. Hellinger distance is closely related

to the total variation distance and splits nicely over product measures.
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Proposition 5.7. Let v, u be two measures on X. Then
v 2
(a) 2 < v — oy < H(v, p)

2

(b) Fork >0, if v = @ v; and p = ®F_ i, where v; and p; are distributions on

X;, we have
H 2 H (v, p;)?
1_M:H(1_M) (5.15)
Proof.  (a) See [51, Chapter 3] for a proof.

(b) Observe from Definition 5.6 that

1 > VIR
= Z H vi(zi) i () (5.16)

where X = (z1, ..., z;) ranges over [ [, A;.

O

Proposition 5.8. Fix k > 2. Forv=1,... k, let v;, u; be distributions on X;. Let
v =Qv; and p = Q;u;. In order for ||[v — p|rv < 0.3, we must have ||v; — pil|tv <

1/Vk for at least k/4 values of i.

Proof. If not, ||v; — pul|vv > 1/v/k for more than 3k/4 values of i. Proposition 5.7

implies H (v, p1;) > 1/+/k for 3k/4 values of i. Again by Proposition 5.7, we have

H 2 1 3k/4
1—% < (1_ﬁ) (5.17)
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Since (1 —1/z)* increases monotonically to 1/e as x — oo, we have 1 — H(v, u)?/2 <

(1/e)®/8. A final application of Proposition 5.7 gives,

H 2 1 3/8
v — pllrv > % >1-— (—) > 0.3 (5.18)

For Relative Entropy we have

Proposition 5.9. Fori=1,... k, let v;, u; be distributions on X;. Suppose that the

v; are independent. Put v = ®;1; and p = ®;pu;. Then

D(v||n) = ZD vil ) (5.19)

Proof. Let f; = v;/p; be the density functions of v; w.r.t. p;. Then D(y]|u;) =

E,.[filog(f;)] and D(v||n) = E,[f log f] where f =], f;- Hence

D(v|u) = (Z log f)]
=Y E.[flog f]
i (5.20)
= 3" Dl
since E,,[f;] = 1 and the f; are independent. *

Note that unlike the other distances, we needed full independence here. As an

immediate corollary of Proposition 5.9, we get

Proposition 5.10. Fix k > 2. Fori=1,...,k, let v;, u; be distributions on X;. Let
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v=Qv; and p = Q;u;. In order for D(v||u) < 1/2, we must have D(v;||p;) < 1/k

for at least k/2 values of i.

5.2 Markovian Product of Markov Chains

Definition 5.11. Fix k£ > 0 and let

Py, ..., Px be Markov Chains on X7, ..., X} with stationary distributions puq, . . ., fx,

X/ = HZXM H = ®ZMZ7

Q be a Markov Chain on ) with stationary distribution m,

F:Y x[0,1] — 28 where [k] = {1,...,k}.

G:10,1) — {0,1}.

Define a Markov Chain P on X = X’ x ) which evolves as follows.
(a) Let the current state be (x1,..., 2k y)
(b) Pick r € [0, 1] uniformly at random

(c) If G(r) = 1, choose 3’ from the distribution Q(y, -) using r and any additional

randomness. Otherwise, let 3/ = .
(d) If i € F(y,r), choose 2} from P;(z;, ) without using r. Otherwise let x} = z;.
(e) Move to the state (x],...,2};y)
e P is said to be an independent Markovian product of P, ... Py controlled by Q.

e (Qissaid to be the controller, F' the selector function and G the decider function.
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P

Py

p_s

F — selector

e

G — decider

Figure 5.1: Markovian Product of Markov Chains

e By the configuration part we mean the projection of the state on X”.

e By the controller part we mean the )) component of the state.

Some observations are in order

Each application of P; uses its own independent random choices.

Applications of Q may reuse r, but the distribution of ¥’ must be Q(y, -).

The random number r only influences F(y,r), G(r) and possibly /.

Since the evolution of the components are independent the stationary distribu-

tion is the product distribution.

Varying F' and G gives different chains on the same state space with the same

stationary distribution.

We start with a few examples.
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Example 5.12. (Direct product) Consider the following choices
o V={1,...,k}, m arbitrary

o Q(y1,y2) = 7(y2)

e G(r)=1
o F(y,r)={y}
Now what we get is the direct product of Py, ..., P, where at each time, we update

component ¢ with probability m(i). Technically, we have a lag of one unit of time,

since value of y decides which component gets updated during the next time period.
Example 5.13. (Lazy Lamplighter chains) Here we take
o V=A{1,...,k}

e Q any ergodic Markov Chain on ) with stationary distribution «

G(r)=1iffr>1/2

F(y,r) ={y} if r < 1/2, {} otherwise

XZ:ZQfOI'lg?,Sk

P; sets x; = 0/1 with probability 1/2 each

What we get now is a variant of the Lamplighter chain considered in [49]. Here we
have a lamp lighter moving around ) with each vertex of ) having a two-state lamp.

A state of the chain, consists of the configuration of the lamps together with the
position of the lamplighter. At each time step, the lamplighter moves with probability

1/2 and randomizes the state of the current lamp with probability 1/2.
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By changing F' and G suitably, we can also make it so that the lamplighter ran-

domizes the current lamp and moves on Y. This was the version considered in [49]

In both examples above r only influenced F' and G. We now see an example where

it influences y' as well.
Example 5.14. Complete Monomial Groups

e )V = S; the symmetric group on k letters.

Q is the random transposition chain.

e Interpret r as a pair 4,5 € {1,...,k} where both ¢ and j are uniform and

independent
e G((i,j)) = 1 always

e Let yy =y (i,j) where (i,]) is the transposition in Sy. Observe that y’ has the

distribution Q(y, -)
o X, ={1,...,m} for some m for all 1 <i <k

e P, reaches its stationary distribution in one step

o F(y,(i,))) = {i,j}

Here we have a deck of k cards and on each card is a number between 1 and m. At
each step, we pick two cards at random exchange their locations and randomize the
number written on both of them. We use [[, &; to represent the number on each
card (identified by its position at time ¢ = 0) and Y to represent the current ordering
(relative to initial ordering). [56] gives tight estimates of the L? mixing times of this

chain using Fourier analysis to estimate the eigenvalues of this chain.
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We now show how to infer bounds on various mixing times of the Markovian
product using just the knowledge of the mixing times of the factor chains and some

in depth knowledge about the controller chain.

Definition 5.15. Consider a Markovian product of P, ..., P, with controller Q and
selector and decider functions F' and G. Let v : {1,...,k} — Z* be given.
For t > 0, consider a t-step run of the product chain and define the following

random variables

N;(t) = # of times component i was updated till time ¢ (5.21)

Zo, = {1 <0 <k Ni(t) < 7(D)}] (5.22)

where we include time 0 and exclude time ¢. Thus Z;, is the number of components

i which have been updated < ~(7) times. The function 7 is called the target function.

When Y ={1,...,k} and F(y,r) = {y}, Z;, becomes the number of states of )
which have not been visited the appropriate number of times. Further specializing to

Q(y1,y2) = 1/]Y] and ~(y) = 1 gives the standard coupon collector problem.

Theorem 5.16. Consider a Markovian product of chains P, ..., P, with controller
Q. Fizey,...,ex > 0. Fort >0, let v, be the distribution of the configuration (ignor-

ing the controller component) at time t and p = ®;u; be its stationary distribution.
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Finally put M = max; 1/p;. where p;, = ming,cx, 1i(x;). Then

1— v — pljrv > Pr{Z,, = 0} - (Hu — ei)> where (i) > T (P;, &) (5.23)

%

D(vy||p) < Ze + R [Z; log(M)] where y(i) > Tp(P;, &) (5.24)

)

1+ |lve — pll3, < E[MZ] . (H(l + ef)) where v(i) > T3(P;, ¢;)  (5.25)

L+ (v = pilloo < E [MZ0] - (H(l + 61)) where (i) > Too(Pi, €;)  (5.26)
Proof. Fixt > 0andlet v, = (v, ..., v®). From the definition of the product chain,
it is clear that the ¥ are all independent. Let dist be one of total variation, relative
entropy, L? or L™ distance measures and v be the corresponding target function.

If N;(t) > (i), then we know that dist(v¥, ;) < ;. If N;(t) < (i), we can take
dist(vD, ;) < «, where « is worst value for the distance measure. Now condition on
2, =z

For total variation norm, we see by Proposition 5.5 that 1—||v,—p||rv > [[;(1—¢;)
if z = 0. When z > 0, we assume pessimistically that [|v; — u||rv = 1. This gives
(5.23).

For relative entropy norm, the worst value of entropy distance for any component
is log(M). Thus for a given value of z, we see that D(v™||i;) < ¢ for all but z
components for which it can be bounded by log(M). Thus for fixed z, Proposition
5.9 implies

D(w|p) < Z i + zlog(M) (5.27)

which implies (5.24).

For the L? norm, the worst value of L? distance for any component is /M — 1.
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For a given z, 1+ || — ;|3 , < 14 € for all but z components for which 1+ |[»/?) —

15113, 4y, < M. Thus for fixed z, Proposition 5.2 implies

Lt [l = ll5, < M2 ][0+ ) (5.28)
which implies (5.25).
A similar analysis for L* norm using the worst value of M — 1 and applying

Proposition 5.4 implies

Lt (v = pllos < M2 [J(1 4 &) (5.29)

which gives (5.26). *

Thus in order for the configuration part of the Markovian product to mix it is
enough for each component to updated the requisite number of times. Different
distance measures impose different penalties if the component has not been updated
as often as one would have liked. Pessimistically, we have taken the penalty to be the
maximum possible distance.

A special mention should be made of the total variation bound. In many cases,
one can obtain non-trivial estimates of ||, — p||rv even if Z,, > 0. However, for this
one would need additional information about the chain Q.

For example, suppose Q were the complete graph with self loops (so we have a
coupon collector problem). Here if Z,, = z > 0, it is known that the actual set
of vertices which have not been visited is equally likely to any set of z vertices not
containing the initial vertex. This information can be used to get non-trivial estimates

for ||y — pt||rv when 2z < vk and there by reduce the time needed to establish mixing.
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In other words, our bound would be based on the time it takes to visit all vertices of
the complete graph, where as it is enough to visit all but V'k vertices to show mixing.
This usually saves a factor 2 in the mixing time.

We finish this section with a lower bound.

Theorem 5.17. Consider a Markovian product of chains Py, ..., P, with controller
Q. Fiz e > 0 and fort > 0, let vy be the distribution of the configuration (ignoring

the controller component) at time t and p = ®; be its stationary distribution. Then

2\ Zt,y
1— |y — pllry > E (1 - %) ] where (i) < T(P;, €) (5.30)
D(v||pn) > E [€Z; 5] where (i) < Tp(P;, €) (5.31)
L+ [l —pll3, > E[(1+ e?)%] where (i) < T3(P;, €) (5.32)
Proof. Let v, = (v, ..., v®). As in the upper bound proof, we condition on Z; , =

z. If component i has not been updated 7(i) times, then the distance along that
component is at least e. If component i has been updated > (i) times, we assume
pessimistically that the distance is already 0 along that component.

In case of entropy, Proposition 5.9 implies that if 2 components have not been
updated the requisite number of times, D(14||) > ez. This gives (5.31).

In case of L2-mixing, Proposition 5.2 implies that if z components have not been
updated the requisite number of times, 1+ [y — |3, > (1 + €*)*. This gives (5.32).

In case of total variation distance, Proposition 5.7 implies that for each component
i which has not been updated the requisite number of times, 1 — H(v®, 11;)?/2 >
1 — €%/2 and hence again by Proposition 5.7,

H(vy, 1)? e\ ”
L~ plfy 2 1 - T (1__> (5.33)
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Taking expectation over Z,., = z we get (5.30). *

5.3 Dependent Components

In this section we extend Theorem 5.16 to Markovian products of Py, ... , [P, controlled

by Q where the evolution of P; are not necessarily independent of each other.

Definition 5.18. Consider a Markovian product of P, ..., P, controlled by Q where
the evolution of P; are not necessarily independent of each other, i.e., an update of
the ¢’th component may result in changes to other components. In such a case, the
selector function F' must also specify the order in which the components are to be
updated, as this may influence the final state.

Recall that a state of the product chain is represented by (z1,...,x;y) where

r; € Xjand y € ).

e The dependence is said to be acyclic if the evolution of each P; is independent

of all P; for j > 4.

e The dependence is said to be compatible if changes to x; caused by an update
of some other component is via a stochastic matrix on X; which is compatible

with the stationary distribution pu; of P;.

e Fori=1,... k, let §; be a valid set of strategies against P; (see Definition 3.6).
The dependence is said to be compatible with (Si,...,S) if the dependence is
compatible and for all 2 changes to x; caused by update of some other component

is via a stochastic matrix in S;.

e The Markovian product is said be (Sy, ..., Sk)-dependent if the dependence is

acyclic and is compatible with (Sy,...,Sk).



109

For a (Si,...,Sk)-dependent Markovian product, the compatibility condition en-

sures that the stationary distribution is the product distribution.

-~ -
~-o
~
~

- -

A dashed line from z; to x;
F — selector indicates that updates to z;

\may result in changes to x;

G — decider

N

Figure 5.2: (Sy,...,Sk)-dependent Markovian Product of Markov Chains

We consider an illuminating example.

Definition 5.19. Let G be a group. A chain of sub-groups G = Gy > Gy > ---

IV

Gy = {1} is said to be a normal chain in G if each G; is normal in G.

Example 5.20. Let G = Gy > Gy > -+ > Gy = {1} be a normal chain in G and

S; C G; generate GG;/G;11. Now consider the following Markov Chain on G.
(a) Suppose the current state is g
(b) Pick 0 < ¢ <k — 1 uniformly at random

(c) Pick s € S; uniformly at random
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(d) Move to gs

Let R; C G; be a set of coset-representatives of G, in G, i.e., R; - Gj11 = G;
and |R;| = |G;|/|Gi+1]- Then each element of G can be written uniquely in the form
fory...r,_1 wherer; € R;.

We can look at this Markov Chain on G as a Markov Chain on the product
Ro x Ry X -+ X Ry_1 with component chains being the Cayley walk induced by S; on
G;/G;y1 and controller being the complete graph on k vertices.

If the current state is g = rory . .. rp—1 and we pick s; € S;. Then gs; = r'or'y ... r/4_y

where )

r'y = ris; ifi1=7 (5.34)

—1 . . .
s; ris; ifi>j

\

Thus an update of R; can only cause higher components to change. Moreover in
this example the change is caused by an automorphism of G;/G;.;. Hence this is an

example of acyclic dependency which is compatible with a holomorphic adversary.

A special case of a normal chain is obtained by a sequence of iterated semi-direct
products. For example, if G5 acts on GG; and G5 acts on G; X (Go, we can consider
the normal chain (G; x G3) X G3 > G1 X Gy > G1. Thus the normal chain example

is a generalization of the semi-direct product considered in Proposition 4.27

Theorem 5.21. Consider a (Si,...,Sk)-dependent Markovian product of Markov
Chains Py, ..., Py with controller Q. Fiz e1,...,€, > 0. Fort > 0, let v; be the
distribution of the configuration part (ignoring the controller component) at time t

and p1 = py ... be its stationary distribution. Finally put M = max; 1/p;. where
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Wi = Ming cx, pi(z;). Then

%

1— v — pljrv > Pr{Z,, = 0} - (Hu — ei)> where v(i) > RS (P;,¢;)  (5.35)

1+ |lve — pll3, < E[MZ] . (H(l + e§)> where v(i) > Ry (Pi, ;) (5.36)

i

7

L [l = oo < E [M%0] - (Hu " >) where A(i) > R%(Piye;)  (5.37)

Proof. We only prove for L*-mixing time. The others follow similarly. Fix ¢t > 0
and let v denote the distribution of the configuration part at time ¢t. Write v =
(1,14, ...,1,) and note that v; are not necessarily independent.

Let Y; denote the number of times component ¢ has been updated (changes to a
component as a result of an update of another component does not count), and let Z
denote the number of components i for which Y; < (7).

First condition on the value of Z = 2. Then condition on the choice of r and the
evolution of the controller part up till time ¢. So now, we know which component
was updated during which time step, but we do not know the random choices used
during the component updates.

IfY, > (1), then we know ||y —pu |2, < €1. Otherwise, ||y —puy 2, < VM — 1.
Here 14 is the marginal distribution of v along X;. Note the acyclic dependency
implies that the evolution of A} component is independent of the others. Put §; = ¢
or /M — 1 depending on whether Y; > ~(1) or not.

Now condition the distribution on all the random choices made during the time
steps when X} was updated. After this conditioning, the evolution of &5 is just an

adversarially modified P, since we have conditioned on the complete evolution of X

and Aj is independent of the evolution of &3 and higher. Thus |[vo — p2l|2,, < 62
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where dy = €5 or VM — 1 depending on whether Yy > ~(2) or not. Note that here
vy is marginal distribution of v along X, conditioned on z;.

Proceeding in this manner, conditioning on each component in turn, we have
|vi — pill2,u; < 0; where 6; = ¢; or vV/M — 1 depending on whether Y; > ~(i) or not.
Here v; is the marginal distribution of v along X; conditioned on vy, ..., v; ;.

Hence Proposition 5.2 implies

Lt v = pll3, < [T+ 60 < M= [J(1 +¢) (5.38)

)

Since this conclusion only depends on the value of Z, we can now take expectation

over the value of Z and all the other things we conditioned on and conclude

Lt |y —pl3, <E[MZA]]0+e) (5.39)

*

We are unable to prove for 7p(-) because Proposition 5.9 requires complete in-
dependence. Note that in case multiple components are to be updated in a single

time step, F' specifies the order in which they are to be updated. Our proof does not

depend on the order in which the components are updated.

5.4 Coupon Collector Revisited

In this section, we give estimates on various quantities related to the distribution
of Z;, in case Q(y1,y2) = 7(y2), i.e., Q reaches stationarity in one step. This is
essentially the coupon collector problem where each coupon has a different probability
of being chosen and we wish to collect (i) coupons of type i.

We start with a concentration inequality for Multinomial distributions.
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Theorem 5.22 (Coupon Collector Variant). Suppose we have n types of coupons and
we pick coupons with repetition. The probability that we pick a coupon of type i is
7(i), where m is a distribution on {1,...,n}. Let vy : {1,...,n} — ZT be a target
function, i.e. we would like to collect (i) coupons of typei. Fort >0, let Z, ., denote
the number of coupon types i for which we have < v(i) coupons after having collected
t coupons.

Let 4 = max; y(i)/7(i) and v. = min; y(¢). Suppose that with probability > 1 —
1/K, we want to pick (1) coupons of type i for all i, where K > 1 is a confidence

parameter. Then it is enough to take t = (1 + § + o(1)) where

(

log + log <10g (Kn) > log(”y*) Zf Ve = 0(10g(Kn))

0=<¢ if . ~ C'log(Kn) and & —log(1+6') = C

o(1) if v = w(log(Kn))

\

(5.40)
In particular, if v, = Q(log(Kn)), t = O(%). Also for this choice of t, and any 6 > 0,
we have

E[Z.,) <1/K and E[0%"] <exp(d/K) (5.41)

Proof. Fix t = (14 9)% for some § > 0 to be determined later. Let Y; be the number
of coupons of type i collected, so that E[Y;] > (1+0)y(:). Then by Proposition 3.17,

we have

Pr{Y; < 1(i)} < exp(—7()(0 — log(1 + 4))) (5.42)

and hence

Pr{Z,, > 0} <E[Z;,] < nexp(—:(5 — log(1 +§))) (5.43)

Now we choose § so that § —log(1+0) > log(Kn)/v. to ensure Pr{Z;, > 0} <1/K.
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For this choice of ¢, we have Pr{A;} < (Kn)~! where A; is the event {Y; < v(7)}.
We now derive bounds on probabilities of z-wise intersections of the A;.

Let A C {1,...,n} be arbitrary and let 7(A) = >, ,7(i). Let ai,...,a, be
arbitrary subject to the condition a; < v(i) and put ay = > ,. 4 a; and let B be the
event {(Vi € A)Y; = a;}.

Finally fix 1 < 7 < n such that j & A. We now show that
Pr{Y; <~(j)|B} < —1 (5.44)
riY; .
J s - Kn

To see that, observe that the distribution of Y; conditional on B is binomial with

parameters t' =t —ay and p' = 7 (5)/(1 — 7(A)).

Gt —aq) _ 7(G)(t —tr(A))

E[Y;|B] =p't' = ”l_W(A) 2 S (5.45)
since t > 4 implies a; < (i) < tn(i). Hence we have
E[Y;|B] = n(j)t = E[Y;] = (1+6)7(j) (5.46)
Thus applying Proposition 3.17 to (Y;|B) we get
PHY; <1()|B) < exp(~()(5 ~ log(1 +))) < 7 (5.47)
by choice of . Hence we have
Pr{Y; <~(j), B} < %f} (5.48)

By induction on the size of A, and summing over all values of a; < ~(i), we have
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for any B C {1,...,n},

Pr{(Vi € B)Y; < (i)} < (Kn)~ 8 (5.49)
Hence

Pr(Z,, > < (") (- o] (5.50)

LBty = 25 = z Kn) — K#z! '

Hence for 6 > 0, we have
n [o.¢] 92
Z, z _

E [6%] < ;0 Pr{Z;, >z} < ; ol = exp(0/K) (5.51)
*

5.5 Application: Complete Monomial Group

We now estimate the total variation and L?-mixing times of walks on complete mono-
mial groups. The complete monomial group is the semi-directed product G™ x S,
where S,, acts on G" by permutation. Here GG is an arbitrary group. In the context

of Markov Chains G could be any set with a Markov Chain on it.

Proposition 5.23. (Generalized hypercube) Let  be any distribution on X and
P'(z,y) = ©(y) reach stationary distribution in one step. For n > 0, consider the

chain P on X™ which picks a coordinate at random and randomizes it. Then

7(P) <nlogn+ O(n) (5.52)
Tn(P) < nlogn+ nloglog |X|+ O(n) (5.53)
T,(P) < nlogn +nlog|X|+ O(n) (5.54)

Proof. In this case, we take the controller to be complete graph on n vertices with
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self-loops. Since 7 (P',0) = 1 and 75(P",0) = 1, we take y(i) = 1 for all i. Fixt >0
to be determined later and let Z be the number of components which have not been
updated by time t.

For mixing in total variation norm, Theorem 5.16 implies it is enough to take ¢

large enough so that

Pr{Z = 0}(1 — 0)” = Pr{Z = 0} (5.55)

is close to 1.

Let K > 0 be a confidence parameter which we will fix later and choose t =
nlog(Kn)(1+o(1)) from Theorem 5.22 so that Pr{Z = 0} > 1 —1/K. Thus in total
variation norm the chain mixes in time < nlog(Kn) ~ nlogn by taking K = 4 say.

For L? mixing time, we need ¢ large enough so that E[|X'|%] — 1 is small. Again

by Theorem 5.22 for t ~ nlog(Kn) we have
L+ [lve = pll3,, < exp(|X]/K) (5.56)

Thus in this case we can take K = 3|X|, to get the L? distance down to exp(1/3) —
1 <0.4. So the L? mixing time we get is nlog(3|X|n) = nlogn + nlog(|X]) + O(n

).
Similarly for the entropy mixing time, we take K = 3log(|X]), giving 7p(P) <

*

nlog(nlog |X]).

For total variation mixing, the correct answer is a factor of 2 smaller than our
estimate. This is because in order to mix it is only necessary to visit all but /n states

while we took the time it takes to visit all states.

Proposition 5.24. Let P denote the Markov Chain on the Complete Monomial Group
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considered in Example 5.14. Then

T(P) <nlogn -+ O(n) (5.57)
T (P) < nlogn + glog log | X| + O(n) (5.58)
To(P) < nlogn + glog|X| +0(n) (5.59)

Proof. Here we have n identical copies of X controlled by the random transposition
chain on S,,. If we just look at the configuration part and ignore the controller part,
it evolves just like the generalized hypercube chain considered in Proposition 5.23
except at twice the speed, since each step of the Complete Monomial Group chain
updates two components (not necessarily different).

After the configuration part is mixed, we can wait another (nlogn)/2+0(n) steps
for the S,, component to mix. This is because the random transposition chain mixes
in time (nlogn)/2 + O(n) in all three measures.

After this time, the whole chain has mixed. Hence the results. *

Using representation theory and explicit calculation of eigenvalues, [56] shows
T(P) < (nlogn)/2 + O(n) and T,(P) < (nlogn)/2 + §log(|X| — 1) + O(n), only a
factor of 2 better than our bound. We can match the bound given in [56] if one shows

the following:

e For the configuration part to mix, it is enough to visit update all but /n

components (for variation as well as L? mixing).

e In case of the complete monomial group, the mixing time of the whole chain is

the maximum of the mixing times of the two parts.

When the Markov Chain on {1,...,n} does not reach the stationary distribution
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in O(1) steps, the techniques of [56] become too complex to handle, as the underlying
representations would depend on the exact chain on {1,...,n}. Our approach can

handle those cases as well. In order to do that, we need the following

Proposition 5.25. Let P be a Markov Chain on X with stationary distribution .
Fizn > 0 and consider the Markov Chain Q = P®™ on X™ where at each step we pick

a random component and apply P to it. Let € > 0. Then

T(Q) = O(n(T + log(3n))) where T =T (]P’, 3%) (5.60)
T(Q) = O(n(T + log(3nlog |X]))) where T' = Tp (IP’, %) (5.61)
T:(Q) = O(n(T + log(3n| X)) where T = Ty (]P’, \/%) (5.62)

Proof. For t > 0, let v; be the distribution at time ¢ and pu = 7" be the stationary
distribution. We only prove for L? mixing time, others follow similarly.

Let T = T5(P,¢/+/3n) and Z; denote the number of components which have not
been updated 77" = T + K times till time t. We take K = log(3n|X]|) to be the
confidence parameter. Note that 7" = Q(log(Kn)).

Theorem 5.22 with confidence parameter K = 3|X’| implies
E [|X|*] < exp(1/3) (5.63)

for t = O(nT"). Now Theorem 5.16 with t = O(n1") gives

e2\" 1+¢€
Vbl -l <EIRE] (1050) ~eo (FE5) o

For the total variation and entropy distances we need to take the confidence pa-

rameters to be 3 and 3log(|X|) respectively. *
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Proposition 5.26. Let m,n > 0 and let Q be the Markov Chain on Z, which
selects a component at random and performs a nearest neighbor random walk. Then

T:(Q) = O(m?*nlogn) and T(Q) = Q(m?nlogn).

Proof. (Upper bound) Apply Proposition 5.25 with P = Z,, and use T5(P, ¢/v/3n) =
O(m?logn) for a small constant e. Proposition 5.25 now implies 73(Q) = O(n(m?logn)+
log(3nm)) = O(m*nlogn).

Note that the extra logn factor comes because of the exponential growth in the
L? distance as a function of the number of components and not because of the coupon
collector analysis as in the case for the hypercube.

(Lower bound) Proposition 5.8 implies that at least n/4 components must be
1/y/n close to uniform in total variation distance for the product chain to be 1/4
close to uniform. Since the spectral gap for the nearest neighbor random walk on Z,,
is ©(1/m?), we need the n/4 components to be updated Q(m?logn) times each for

that component to be 1/y/n close to uniform. Hence 7(Q) = Q(m?nlogn). *

[55, Theorem 8.10] proves 75(Q) = ©(m?nlogn) by going to continuous time and
using all the eigenvalues of the product chain. As a corollary of Proposition 5.26, we
can give bounds on mixing time of wreath product Z,, { .S, where we use the simple

random walk on Z,,.

Corollary 5.27. Let P’ be the simple random walk on Z,, and Q be the random
transposition walk on S,. Let P be the natural random walk on the wreath product

Lo, 1 Sy, induced by P and Q where S,, acts on ZI', by coordinate permutation.

T(P) = O(m*nlogn) and T(P) = Q(m>nlogn) (5.65)

Proof. Fix € > 0. Let P®" denote the walk on Z”, considered in Proposition 5.26.
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If we wait for time 75(P,,€) + 72(Q, €), by Proposition 5.2 the L? distance from
stationarity is bounded by 2e¢. Now the upper bound follows from Proposition 5.26
and the fact that 75(Q) = O(nlogn). The lower bound follows from the corresponding
lower bound on 7;(I,). *

5.6 Application: Sandpile Chains

We use the techniques of this chapter together with Robust mixing to get bounds on
L? mixing time of the Sandpile Chain of some simple graphs. The Abelian Sandpile
model is used to model Self-organized criticality, one motivating example being how
adding grains of sand to an existing heap affects the structure of the heap. A closely

related notion is that of a Chip Firing Game. See [9, 10, 37] for more information.

Definition 5.28. Let X be a directed graph with a sink s. Assume that every vertex

has a path to the sink.

(a) A configuration is an assignment f of non-negative integers to each vertex except

the sink. We think of it as the amount of sand at vertex v.

(b) A configuration f is said to be stable if for all vertices v, f(v) < d*(v), where

d*(v) is the out-degree of v.

(c) If a configuration is unstable, it will topple as follows: Choose a v for which
f(v) > d*(v). Reduce f(v) by d*(v) and increase f(w) by 1 for all out-neighbors

w of v, i.e., v distributes d*(v) of its sand grains to each of its out-neighbors.

(d) A stable configuration f is said to be reachable from configuration g, if f can

be obtained from ¢ by adding some grains to some vertices and then toppling.



121

(e) A stable configuration is said to be recurrent if it is reachable from any config-

uration

Note that sand grains reaching the sink are lost for ever and is only way for the
sand grains to leave the system. Every unstable configuration can be reduced to a
stable configuration by a sequence of topplings, since every vertex v has a path to the
sink s. Dhar [9] shows that the order in which the vertices are toppled is immaterial
and hence the stable configuration produced by toppling an unstable configuration is
unique.

One remarkable property of the recurrent configurations is that they form an

abelian group.

Theorem 5.29 (Dhar [9]). Let X be a directed graph with a sink s. Assume that

every vertex has a directed path to the sink.
o The set of all recurrent configurations form an abelian group.
o The size of the group equals the number of spanning trees of X with root s.

Since the groups are abelian we will write them additively and 0 would represent

the identity of the group.

Definition 5.30. Let X be a directed graph with sink s. The sandpile chain SP(X)

is defined as follows:
(a) The states of SP(X) are the recurrent configurations.
(b) Let f be the current configuration
(c) Pick a vertex v of X (except the sink) at random

(d) With probability 1/2 do nothing (ensures aperiodicity)
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(e) With probability 1/2 move to g obtained by adding one grain to f at v, and

toppling till it stabilizes.

We now estimate the mixing times of the sandpile chain of some simple graphs.

Solid edges have weight d — 1. Dashed edges have unit weight.

Figure 5.3: d out-regular di-path with sink

Proposition 5.31. Fiz d,n. Let P, 4 denote an n-vertex directed path together with
a sink s. For every vertex v # s, add edges to s so that the out-degree of every
vertex (except sink) is d. Then SP(P, 4) is the lazy Cayley walk on the group Zgn with

generators 1,d, ... d"*.

Proof. The set of all stable configurations has size d" (grains at each vertex < d).
Every configuration can be reached from every other configuration. This is seen by
observing that the all zero configuration is reached from every configuration (keep
adding sand grains and push all the grains to the right till they fall off), and every
configuration is reachable from the all zero configuration (add appropriate number of
sand grains at appropriate vertex so there is no toppling).

Hence all stable configurations are recurrent. For ¢ = 1,...,n, let e; denote the
generator corresponding to the vertex ¢. Then the toppling rules imply de; = e;,; for

t1=1,...,n—1 and de, = 0. Hence the result. *

Proposition 5.32. T(SP(P,4)) = Q(nd?), T5(SP(P.4)) = Q(nd?logn)
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Proof. Since the walk is lazy, we see that the eigenvalues of SP(FP, ) are given by
(14 A¢)/2, where

1 271l d 2mild! 2mildn1
v (oo () e (5 £ v () 6o

where N = d" and « = /—1. Getting good estimates on |\,| seems to be difficult.

Note that \g = 1 and A\, = Ag. In particular, A; has multiplicity n.
A1 is the average of n complex numbers on the unit circle at angles 0, d0, d?0, . .., d" 10

where § = 6.28/N, where 6.28 is “2*pi”. The largest of these is d"~'6 = 6.28/d. Hence

14+ N

1—
' 2 - 2n 2nd?

<1—re <1 + /\1) < 1= cos(6.28/d) < (6.28)? (5.67)

By Proposition 2.29 we have 7 (SP(P, 4)) = Q(nd?). Since the multiplicity of A; is n,
Corollary 2.37 implies 75(SP(P,.4)) = Q(nd?logn). *

Theorem 5.33. 73(SP(P, 4)) = O(nd*logn)

Proof. Instead of looking at this chain as a walk on Zg4», we look at it as a walk on
Zyy. ldentify Zgn with the set of all n-digit d-ary numbers. SP(P, 4) picks a digit at
random and increments it with probability half. When a digit overflows, the carry
gets propagated to the next significant digit and the carry out of the most significant
digit is lost.

Let P be the random walk on Z; which at each step increments by one with
probability 1/2 and does nothing with probability 1/2. Consider n copies of P and
consider the Markov Chain where we pick a random component and update it using
P. This gives a random walk on Z} but is not quite the same as SP(P,4). Let us
now modify the walk on Z] so that whenever a component finds itself going from

d — 1 to 0, it updates the next significant digit by incrementing it (and if it over
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flows update the next one and so on). Since incrementing a digit can be done by
a holomorphic adversary, what we have now is a holomorphic dependent Markovian
product of n-copies of P with the complete graph on n-vertices as the controller. We
do not have any cyclic dependencies since the overflow from the most significant digit
is lost.

We now apply Theorem 5.21 to bound the mixing time. By Theorem 4.19 and

Proposition 2.42 we have
RY(P) < 2T(PP) = O(T:((B + P)/2)) (5.68)

Since (P + ﬁ) /2 is just the symmetric random walk on Z, with some holding
probability, we see that R} (P) = O(d?). Applying Proposition 5.25 just like in

Proposition 5.26, we have T5(SP(P, 4)) = O(nd?logn). *

Note that there is a O(logn) gap between the lower and upper bounds for total

variation mixing time of SP(P, 4).

Thin edges have unit weight.
Thick edges have weight d — 1.

Figure 5.4: d out-regular di-cycle with sink
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Theorem 5.34. Let C,, 4 be the n-vertex di-cycle shown in Figure 5.4 and SP(C,, q)
be its sandpile chain. Then T;(SP(Cy.q)) = Q(nd?) and To(SP(Cy.4)) = O(nd*logn)

Proof. SP(C,,4) is very similar to SP(F, 4). Now, the all zero configuration is not
recurrent so the state space now has N := d" — 1 elements. Thus SP(C,, 4) is the lazy
Cayley walk on the group Zg-_; with generators, 1,d,d?,...,d" %

In terms of a n-digits d-ary number, the chain is like before except that the carry
from the most significant digit comes back to the least significant digit.

Unlike SP(P, 4), the dependency among the different digits is cyclic. However
we can still show the same upper bound by directly comparing the eigenvalues of
SP(C,, 4) with that of SP(FP, 4) and using the mixing time bound for SP(P, 4). The

lower bound arguments of P, 4 apply here as well. *

Theorem 5.35. Let K,, denote the (n— 1)-vertex undirected complete graph with self
loops together with a sink s. Add a directed edge from every vertex to s, so K, is
n out-reqular. Let SP(K,) denote the sandpile chain on K,. Then To3(SP(K,)) =
O(n3logn) and T(SP(K,)) = Q(n?).

Proof. For 1 = 1,...,n, let e; denote the group element corresponding addition of a

grain at vertex ¢. The toppling rule at vertex ¢ gives the relation

n-e=e +---+e,_1 (569)

Adding these over various i, gives e; +---+¢€,_1 = 0. Hence we have n — 2 generators
e1,...,€e,_9 each of order n. Theorem 5.29 implies that the number of recurrent
configurations equals the number of spanning trees of K, rooted at the sink, which

is n"~2. Hence there cannot be any more relations among ey, ..., e, .
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Thus SP(K,) is the lazy Cayley walk on Z" 2 with generators ey, ..., e, o and
e, 1 = —(e1 + - +e,9). Let P be the lazy Cayley walk on Z" 2 with generators
€1,...,€,_9, i.€., we ignore the last generator for now. Since the components now
evolve independently and each component has mixing time ©(n?), Proposition 5.25

implies 75(P) = O(n3logn). Now

&%&J:(H_Z)P+< ! )Q (5.70)

n—1 n—1

where Q corresponds to the generator —(e; + ey + -+ + €,_5). Since Q can be

implemented by a Cayley adversary, Proposition 3.20 and Corollary 4.20 imply
T5(SP(K,)) < R5(SP(K,)) = O(R5(P)) = O(T:(P)) = O(n® log n) (5.71)

For the lower bound, we calculate the largest non-trivial eigenvalue of SP(K,).
Consider the vector

A(xy,...,Tyg) =n"" (5.72)

where (z1,...,2,_2) € Z'? indexes the coordinates of the vector @ and 7 is a prim-
itive n’th root of unity. The effect of the generator e; is to multiply & by 7 and the
generators ey, ...,e, o do not move & Hence the effect of —(e; + -+ 4+ e,_2) is to
multiply by 7 = n~!. Since SP(K,) is a lazy walk, we see that @ is an eigenvector of
SP(K,) corresponding to the eigenvalue (1 + A;)/2, where

n—3 i n 2 6.28
= =1- 1— -2 .
M n—1+n—1+n—1 n—l( COS(n)> (5.73)

giving a spectral gap of O(n™3). Also, by symmetry this eigenvalue has multiplic-
ity n — 2. Hence Corollary 2.30 and Corollary 2.37 gives 7 (SP(K,,)) = Q(n?) and
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T2(SP(K,)) = Q(n®logn) respectively. *



Chapter 6

Visiting States of a Markov Chain

So far, we have derived mixing time bounds for Markovian product chains (indepen-
dent or otherwise) when the controlling Markov Chain reaches its stationary distribu-
tion in one step. In order to facilitate further applications, we derive some estimates
of moment generating functions like those in Definition 5.15.

Notation: In this chapter, by E,[X] we mean the expected value of the random

variable X when the Markov Chain under consideration has initial state .

Definition 6.1. Let P be an ergodic Markov Chain on X' with stationary distribution
w. Let v : X — Z* be given. For t > 0, consider a t-step run of P and define the

following random variables

N.(t) = # of times x was visited till time ¢ (6.1)

Zi, = |{xr € X :N,(t) <~v(x)} (6.2)

where we include time 0 and exclude time ¢. Thus Z;, is the number of states in X

which have been visited < «(z) times.

128
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e When 7 is clear from context, we drop the 7.

e When 7 is the constant function C, by abuse of notation, we denote the random

variable as Z; c.

o We call v the target function and define

v = maxy(z) Y« = miny(x) (6.3)
€T x

This is the same as Definition 5.15 if the components of a product chain are in

one-to-one correspondence with the states of the controlling chain. Note that 7 is the

length of time one must run the chain starting from the stationary distribution, so

that each state can be expected to be visited the right number of times.

6.1 Occupancy Measures

We recall a few concepts associated with occupancy measures of Markov Chains and

derive bounds on ¢ for which Pr{Z,. > 0} is small.

Definition 6.2. (Hitting time) Let P be an ergodic Markov Chain on X with
stationary distribution 7. For a state x € X', and ¢ > 0, the ¢-hitting time is defined
via

z —

H' min{N, (t) > ¢} (6.4)

An application of Strong Law of Large Numbers, shows that E,[H%] = (E,[H!] =
(/7(x).

Definition 6.3. (Maximal Hitting time) Let P be an ergodic Markov Chain on
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X with stationary distribution 7. The maximal hitting time is defined as

H = maxE,[H.] (6.5)

m7y

Definition 6.4. (Cover time) The Cover time of a Markov Chain PP is the expected

time to visit all the states at least once. Formally,
C= max E,[C] where C =maxH, (6.6)
ye T

Definition 6.5. (Blanket time) Let P be an ergodic Markov Chain with stationary

distribution 7. For 0 < < 1, let
Bs = mtin{(Va:)Nm(t) > orm(x)t} (6.7)

and the blanket time Bs = max, E, [Bs]

Intuitively, the blanket time is amount of time, we need to run the chain, so that
the observed frequency of visits is representative of the stationary distribution. The

following inequalities connect these quantities

Theorem 6.6. Let P be an ergodic Markov Chain with stationary distribution .

chgBl_gzo(M)

> (6.8)

Also By ,,;5 = O(C(loglog |X|)?).

Proof. H < C < Bj_; follows from definition. Winkler and Zuckerman [65] show

Bi_s=0 (Hl%—gz'X'). Kahn, Kim, Lovdsz, and Vu [33] show B; = O(C(loglog |X|)?).

O
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[65] conjectures that for constant §, Bs = O(C). For total variation bounds
on mixing times of product chains, the quantity of interest is the time ¢ for which
Pr{Z,. = 0} is bounded away from 0. Note that this can be related to the blanket

time via

Proposition 6.7. Let P be an ergodic Markov Chain with stationary distribution .
Let v : X — Z* be a target function and K > 2.5 be a confidence parameter. Then
Pr{Z,, > 0} < 1/4K fort' = 4K max(B/s,7).

Proof. Suppose 4 < 4B 5. By Markov’s inequality we have for ¢’ = 4K B,

Pr{(3z), N,() < t'r(x)/2} < 1/AK (6.9)

4K By, > K# implies t'm(x)/2 > ~(x) since K > 2. Hence Pr{Zy, > 0} < 1/4K.

Now suppose 4 = aB, for some a > 4. Now divide ' = 4K = 4KaB; ), into
2K« intervals of size 2B/, each. For each 1 < i < 2Ka, let A; denote the event
that during interval 4, every state x was visited at least By om(z) times. By Markov’s
inequality, we have Pr{4;} > 1/2.

Let Y denote the number of events { 4;} which happen. Since Y is the sum of 2K«
independent Bernoulli random variables with success probability > 1/2, Proposition
3.17 implies

Pr{Y < a} <exp(—a(K —1—log K)) (6.10)

If Y > «, each state x € X' is visited at least a B om(x) = 4m(x) > v(x) times. Thus
Pr{Z, ., > 0} <Pr{Y < a}. Since a > 4, (6.10) implies the result since for K > 2.5,
we have exp(—4(K — 1 —logK)) < 1/4K. O

A useful special case is
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Corollary 6.8. Let P be an ergodic Markov Chain with uniform stationary distribu-
tion ™ and target function . Suppose that the mazimal hitting time, H = O(|X]).
Then for t' = O(|X|(v* + log|X|)), we have Pr{Zy; , > 0} < 1/4.

Proof. Assume without loss of generality that v* = Q(log |X|). Otherwise take 7/ =
max(7, log |X]).
Since H = O(|X]), Theorem 6.6 implies By, = O(|X|log |X|). v* = Q(log|X])

implies 4 = v*|X| = Q(By2). Now Proposition 6.7 gives the result. *

In order to bound the expected value and moment generating function of Z; ., we
need strong bounds on Pr{Z,, = z} for various values of z. We start with one such

result, using the techniques of [65, Theorem 1].

Proposition 6.9. Let P be an ergodic Markov Chain with stationary distribution m
and vy a target function. Let b and c be positive integers. Then for any x € X, and

any nitial distribution of the Markov Chain,

Pr {ch > 15 (% + bH)} <3 (6.11)

where H is the maximal hitting time of the chain.

The strong law of large numbers implies that starting from any initial distribution,
the expected time to visit x, be-times is < (bc)/m(x) + H, where H is the maximal
hitting time. The above result shows that if we wait for an additional bH time, the

probability of not visiting x the right number of times decays exponentially in b.

Proof. Fix x € X, b,c > 1 and let y € X be arbitrary.

BH = 5 and B H < S

+H (6.12)
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Put a = (¢ — 1)/n(x) + H. Markov’s inequality implies Pr,{HS > ea} < 1/e. Since

y was arbitrary, we have for integer ¢ > 1,
Pr{H{ > gea} <e™?

for any z € X. Fix z for the rest of the proof and put W = H¢/(eq).

E.[eW/?] = / Pr{eV/? >r}
0 z
< 1+/ Pr{W > |2logr]|}
1 z

§1+/ er?<1l+4e
1

(6.13)

(6.14)

Let W = Wy + --- + W, be the sum of b independent copies of W. For p > 0, we

have

Pr{W’ > bp} = Pr{exp(W'/2) > exp(bp/2)} < B. ™) _ (1 + e)b

ebp/ 2 ep/ 2

Since the sum of b independent copies of H¢ is H%, taking p = 5 we have
Pr{H" > 5eba} < 37°

Since z was arbitrary, we have the result.

This gives good bounds on how large ¢ must be to get E[Z; ] small.

(6.15)

(6.16)

Proposition 6.10. Let P be an ergodic Markov Chain with stationary distribution m

and target function v. Fix 6 > 0 and a confidence parameter K > 1. Suppose that
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v« > 1og(K0|X|). Then for t' = 15(5 + log(K60|X|)H), we have
E[0Z, ] <1/K (6.17)

where H is the mazximal hitting time of P.

Proof. Fix x € X and apply Proposition 6.9 with b = log(K60|X|) and bc = v(z) to

get
1

Pr{Al <~
r{ ””}—K0|X|

(6.18)

where A, is the event {HJ™ > #'}. Now Zy ., is just the sum of |X’| random variables

correspond to the events {A, },cx. Hence we have

E[0Zy,] =Y Pr{A,} < % (6.19)
TeEX 0

As before if v is not large enough we consider 7/(z) = max(y(z),log(K6|X])).

Specializing to a common case,

Corollary 6.11. Let P be an ergodic Markov Chain with uniform stationary distri-
bution m and target function vy. Suppose that the mazximal hitting time H = O(|X]).
Fiz 0 > 1 and a confidence parameter K > 1. Suppose v, = Qlog(K0|X|)). Then
fort' = O(%), we have E[0Zy | < 1/K.

6.2 Moment Generating Functions

In this section we derive bounds on ¢, so that the moment generating function of Z, ,
is close to 1. Unlike for the case of Pr{Z;, > 0} and E[Z, ], the picture here is not

entirely satisfactory when it comes to E[#%].
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When ~ is huge, we show that Strong Law of Large numbers takes over and we
can get tight results. For arbitrary v, we give an upper bound on how large ¢ must be
for E[0%7] to be close to 1. When v = 1, [49] gives lower and upper bounds on how
large t must be. By a careful analysis of their proof, we improve their upper bound to
match the lower bound enabling us to give tight bounds on L2-mixing times of Lamp

Lighter chains. Implicit in [49, Theorem 1.4] is the following

Theorem 6.12. Let P be a reversible ergodic Markov Chain with uniform stationary

distribution 7. Then E[2%¢.1] < 2 implies t' = Q(|X|(Tra(P) + log(|X]))).
We now consider the case when v is huge.

Theorem 6.13. Let P be a Markov Chain with stationary distribution ™ and v a
target function. Let K > 1 be a confidence parameter. If v, > |X|log(K0), then for

t'=15(5 + |X|log(KO)H), we have
E[f%] <1+ K~ (6.20)

where H 1s the mazximal hitting time.

Proof. Apply Proposition 6.9 with bc = vy(x) and b = |X|log(K0), to get
Pr {H;@) > 15 (% + | X log(K@)H)} < 37 I¥ee(KO) < (gg)=I¥ - (6.21)
7(x

Hence for ¢’ = 15(% + | X |log(K0)H), we have

E[0% -] <1+ 0% Pr{Zy, >0} <1+ K'Y (6.22)
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Thus for fixed 6 and large enough 7, it is enough to take t = O(¥) for E[§%"] to

be close to 1.

Corollary 6.14. Let P be an ergodic Markov Chain with uniform stationary distri-
bution m with target function v and mazximal hitting time H = O(|X|). For @ > 1 and
a confidence parameter K > 1, suppose v, = Q(|X|log(K0)). Then fort' = O(%), we

have E[%"~] < 1+ K~1¥,
Theorem 6.13 is also useful for chains which mix slowly, where H = w(|X|).

Theorem 6.15. Let P be an ergodic Markov Chain with stationary distribution ™ and
target function . Let s = T¢(P,1/2) be the filling time of P. Fiz 0 >1 and K > 1 a

confidence parameter. Assume that v, > log(K60|X|). Then for t' = O(¥s), we have
E [6%] < exp(1/K) + (K|X])71*] (6.23)

Proof. Let {X,;};~0 be the states visited by the Markov Chain. We start by construct-
ing a stopping time T for which Xt has distribution exactly 7.

(Stopping rule) Choose k from a geometric distribution with success probability
1/2 and set T = ks. since s = 7¢(P, 1/2) it follows that Xt has distribution exactly
7. See [1] for a proof. Note that E[T] = 2s.

(Sub-sample) Now define {T;}?°,, so that Ty = 0 and T,;; — T, are indepen-
dently distributed as T. Finally put Y; = Xr,.

By construction of Y, it follows that Y; are all independent and distributed as
7, leading us back to the coupon collector case. Taking the confidence parameter as

K6 in Theorem 5.22, we have for t" = C¥, where C > 1,

E[6%"~] < exp(1/K) (6.24)
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where Z’ is the number of states which have not been visited the appropriate number

of times for the chain {Y;}. Since Y; is a sub-sample of X;, we have

E[0%| Ty < 1] < exp(1/K) (6.25)

It remains to show that for t = O(t"s), Pr{Ty» > t} is very small. Suppose we toss
a fair coin every s steps. The number of heads we have seen is exactly the number of
samples we have in the {Y;} chain. Let ¢t = 2C"t"s where C’ > 1 to be determined

later. Proposition 3.17 implies

Pr{Ty >t} < exp(—t"(C' —1—1ogC")) < exp(—%) (6.26)

for " = 4. Since 4 > 7./(m.) > |X|log(K0|X]|), (6.25) and (6.26) imply that for

t = 8t"s, we have

E[§%] < E[6%| Ty < t] + Pr{Ty > t}6%

¥
<exp(l/K)+ (K91|X|> o1

<exp(l/K)+ (ﬁ)w *

If 7, is not large enough, we can consider 4/'(z) = max(y(z),log(K6|X]|). Note
that this proof is quite wasteful, because it looks at only about (1/s)-fraction of
the states actually visited. This bought us independence which allowed us to apply
the coupon collector result. Also when P has uniform stationary distribution and
v = 1, Theorem 6.15 gives t = O(|X| - log(K0|X]|) - 7 (P)) where as the right answer
is ¢ = O(X] - (log(K0|X]) + Tou(P).
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6.3 Visiting All States Once

We now consider the case where
o v=1,
e 7 is uniform, and
e the maximal hitting time H = O(|X])

[49] showed that under these assumptions, it is enough to take t = O(|X|(7 (P) +
log | X])) to get E[2%%1] close to 1. Note that under these assumptions, Theorem 6.12
shows we must take t = Q(|X|(Zwa(P) + log |X|)). By a more careful analysis of the
proof in [49], we improve the upper bound to match the lower bound.

We start with a claim which is implicit in the proof of [49, Lemma 5.1]. Since our
definition of relaxation time does not match the one used in [49], the final expressions
are slightly different. See the discussion after Definition 2.31 for the difference between

the two definitions.

Lemma 6.16. Let P be a Markov Chain with uniform stationary distribution = and

f a real valued function on X. Let X; denote the state of the chain at time t. Then
Covr(f(X1), f(Xy)) < o1 Varr(f(X1)) (6.27)

where o1 s the second largest singular value of P. In particular if P is reversible,

01 = )\*(]P))

Proof. Let g = P'f, so that Cov,(f(X1), f(X:)) = Covi(f,g). and E denote the
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expectation operator. Observe that EP = PE = E implies (P — E)! =P' — E.

Cova(f,9) = E:[(f — Ef)(9 — Eg)]

=E,[(f — Ef)(P'f — EP'f)]

=E:((f - Ef)(P— E)'f)] (6.28)
< V/Varo(f — Ef)oiy/Var.(f)
= 0! Var.(f)

since the operator norm of P — E is oy and Var,(f — ¢) = Var,(f) for all c. *

The following lemma shows that if we have lots of unvisited states, we should be

able to visit some of them relatively quickly, if the chain admits long excursions.

Lemma 6.17. Let P be a reversible Markov Chain on X. Let {X;} denote the state of
the Markov Chain at time t and assume that the initial distribution pg of Xo satisfies
po > w/2. Let T*(x) denote the return time to x and assume there are €,§ > 0 for
which

Pr(T! > €elX]) > >0 (6.29)

T

forallx € X. Let Y C X and assume |Y| > Ty + 1. Then the probability of hitting
at least 0e|Y|/4 elements of Y by time CO~ 2| X|(Tra + 1)/|Y| is at least 1/2, where

Te1 1s the relaxation time of P and C > 16 is an absolute constant.

Proof. Let r = €|X|(Tra + 1)/|Y|. For 1 < i < r, let I; be an indicator random
variable for the event {X; € Y} and J; for the event {X; € Y} and {X; # X;} for
i<j<r FinalyletJ=>.J;and I=3".1T,.

J is the number of distinct elements of ) which are visited in the time interval

[1,7r]. Also Pr{J; = 1|I, = 1} > ¢ since r < ¢|X|. This together with E[L;] > 7())/2
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gives

I];el + ]-)

E[J] > SE[I) > 6rr(V)/2 = Ol ; (6.30)

We first conclude Pr{J > €§(7Z; + 1)/4} is bounded away from 0 by bounding

E[I?]. Fix 1 <i < j <r. From Lemma 6.16 we have

o A, I,
Z COV(L’7 IJ) S Z )\iiz V&I‘(IZ) S 1\/+I‘)E) = IZ;el Var(Il) S ZelE[Ii] (631)

J>i j2i

since I; is an indicator random variable. Now we have

E[I’) < Var(I;)+2)  Cov(I;, L)

< 2(2% + 1) E[I}] (6.32)
= (27.a + 1) E[]
Since J; < I, we have
E[J? < EP] < (2T + 1) E[ < (2T + 1) EJ)/0 (6.33)

since E[J;] > § E[I;]. Hence using (6.30) we have

E[J?] < 4 E[J]? (6.34)

— 0%

Now let y be the indicator for the event {J > E[J]/2}. Then E[J(1—x)] < E[J]/2
and hence E[Jy] > E[J]/2. Now by Cauchy Shwartz, we have E[Jx]? < E[J?] E[x?].

Hence
E[Jx]*

Pr{J > E[J]/2} = E[x*] > E[J2]

TR (6.35)

v

(E[J]/2) _ 6%
E
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Thus in a trial of length r = €|X|(Z;a + 1)/|Y|, the probability that we do not pick
up de|Y|/4 elements of Y is less than 1 — 6%¢/16. Hence if we repeat this for C672/e
intervals of length r each, we can reduce the probability of failure to less than 1/2.

Note that C' > 16 here. ]

Suppose that the initial distribution g > 7/2. As long as the the current set of
unvisited states ) is large (> 7y + 1) we can apply Lemma 6.17 to show that we visit
Q(7re1 + 1) new states within time O(|X|(Ze + 1)/]Y|) with probability > 1/2. The
next lemma establishes the assumption of Lemma 6.17 and handles the case when Y

is small.

Lemma 6.18. Let P be a Markov Chain with uniform stationary distribution = and
mazimal hitting time H. For x € X, let T} denote the expected length of the return

time to x.

(a)
X

o (6.36)

=
v
=

min Pr{T;f >

where Pr{-} refers to the probability of {-} if the initial state of the Markov

Chain is x.

(b) For any Y C X, with probability > 1/2, we visit at least |Y|/2 elements of Y by
time 4H .

Proof.  (a) Since the stationary distribution is uniform, E,[Tf] = 1/x(x) = |X|. If
after |X'|/2 steps we have not yet returned to z, and are currently at state v,

then we expect to visit  within another H steps. Hence

|X| = E,[T)] < Pr{T} < |Xx|/2}|X|/2 + Pr{T,} > |X|/2} H (6.37)
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Rearranging terms, we get the result.

(b) Fix x € Y and let H, denote the time when z is visited for the first time.
E[H,] < H. Thus by time 4H we visit « with probability > 3/4. Let Y
denote the number of elements of ) which have been visited by time 4H. Then

E[Y] > 3|Y|/4. For ¢ = Pr{Y > |)Y|/2}, we have

VA< EY] < (-0 + gy (6.39)

Solving gives g > 1/2. O
Now for our sharpening of [49, Lemma 5.4].

Theorem 6.19. Let P be a reversible Markov Chain with initial distribution p > /2.
Let H < K|X| for a constant K > 1 and |X| > 2. Let § > 2 be arbitrary. There

exists a universal constant ¢ such that for all a,b > 0 we have
E[0%] <140+ 0> +¢° (6.39)

where
o 7, is the number of unvisited states at time t,
o 1> = cK?|X]| (2(1 4 a)(Toa + 1) log 6 + (1 + b) log |X|), and
o J — 07(l+2a)(7-re1+1)|xlfb

In particular when a =1/2,b =0, we have E[§%] < 1.32.

Proof. Let r = ||X|/(Tra + 1)] and for i = 0,1,...,r — 1, let k; = |X| — i(Tra + 1)

and for i = r, k, = 0. Let Z; denote the number of unvisited states at time t and
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define stopping times T; via

From Lemma 6.17 and Lemma 6.18 it follows that T; — T;_; is stochastically domi-
nated by Y; = kG, /k; where G; is geometric with mean 2 and k = C'- K?|X|(Z;aq +1)
and C' > 16 is a universal constant.

Fixt > 0,7 < r and 8 > 0 be arbitrary, Then

Pr{T; >t} = Pr {ZY > t} < Pr {Z;?G > t}
j=1

=1 ‘

<exp(—tB)E

%Gi] < exp(—tp) HE [%Gz]

j=1 7=1

(6.41)

Choose 3 = k;/3k so that k3 < k; /3 for all j <. For a < 1/3, E[aG;] < exp(3a).
This gives

E [Z—fc;j} < exp(ki/k;) (6.42)

Hence we have

Pr{T, >t} < — 2 < —t— 4+ —" _loglX A
r{T; > }_exp( 3/<a+jzlk’j>_eXp( 3/£+(7;e1—|—1) og| \) (6.43)

For i = r, Lemma 6.18 implies (T, —T,_;) is stochastically dominated by the sum
of £ = logy(2(Zre + 1)) independent geometric random variables with mean 4K |X|
each. For t > 0, Pr{T, — T,_; > t} is the probability that after ¢ independent coin

tosses with success probability (4K |X|)~!, we have fewer than ¢ successes. Now we
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can apply Proposition 3.17 to conclude

¢ t
P 0’ 44

Breaking the values of Z, into intervals of size (7. + 1) we have
E[0%] <1+ Y 0TtV pr(z, > i} = 14+ gkt TatUpr{T, > ¢} (6.45)
i=0 1=0

For i <r, k; > (7y + 1) and hence

3/’11 (’Z;e] + 1)

gFeHTat) PLAT, > 1) < exp <<z@- (T 1) logh — 1o+ o | |)
< exp (

ki ki
2k;ilog§ + ————log | X| — t— 6.46
o0 + s gl Y] - 1) (6.46)

When i =7, 0=k, < (7 + 1) < k,_; and hence

grrt(Tra+1) Pr{T, >t} < §(Tra+1) (Pr{Tr—l >t/2} + Pr{T, — T,_, > t/Q})

t kr—l kr—l

< Tt exp (_5 ” + Tt 1) log |X|) (6.47)

! t
§(Tre1+1) (— /1
* P\ gxa T (BRI

where ¢ = logy(2(7re1 + 1)).

Let ' = 6CK?|X|(2(1 + a)(Tel + 1)1log 0 + (1 + b) log|X|) for any a,b > 0 and

hence take ¢ = 6C. We now show that for ¢ > ', E[#!S¢]] — 1 is small.
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Recall k = CK?|X|(7;q + 1), hence

t’ log | X|

— =4(1 logf +2(1+b 6.48
3o = 11 @)logh 4201 +5) 225 (6.48)
t 3CK
= 2(1 Tret + D log 8 + (1 +b) log |X 6.49
S =1 T+ Dlogh+ (14 0)loglX])  (6.49)
t/ 3(1+a)CKlogh-2(Trq + 1)
"= > >1 (2(Tp + 1
¢t (i) = os t > log(6 - (2(Tua + 1))
(6.50)

since C' > 16, K > 1,0 > 2.
Put n = §~0+20(Zat+l) For ¢ > ¢/ and i < r, we have k; > (r —i)(Tsey + 1). This

reduces (6.46) to

ki
git(Tra+1) Pr{T; > t'} <exp (Qki log 0 + ————log | X|

(Zel + 1)
k.
—4(1 + a)k;log 0 — 2(1 + b)-———— log |X|)
(Tra + 1) (6.51)
— p—(2+4a)k; X‘7(1+2b)k¢/(Trel+1)
< n2(r7i) ’le(lJer)(rfi)
On the other hand, (6.47) reduces to
9(7;81"’_1) Pr{TZ Z t/} S 9(7;81"’_1) eXp<_2(1 -+ a)kr_l log 9
kr—l kr—l
~(14b) =~ log ¥ + "~ log ¥
T D B T
+ 0Tt exp (€ — exp(£') + 00
(6.52)

kr—l
< —(1 1 logd — b————1og |X
< exp ( (14 2a)k,_1log Tut 1) og | ]>

¥ exp((zel 1) logf + (14 £)(¢ — log(6)) — exp(e’))
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using ¢ = logy(2(7re1 + 1)) and ¢ > ¢ + log(6). Since f(z) = exp(2)/4 — (1 + 2)(z —

log(6)) > 0 for all z> 0, and k,_1 > (7, + 1), we now have

Tt Pr{T; > ¢'} < nlX|™ + exp<(7§el +1)log 0

I9ICK
~ o 21+ 0)(Toa+ 1) log 0+ (1 -+ 1) log | X))

< nlX|"t + exp(—9(1 4 20)(To + 1) log 0 — 9(1 + ) log |X|>

< X7+’ X (6.53)

using C' > 16, K > 1. Combining (6.53) and (6.51) we have

r—1

E[ezt/] <1+ (Z n?(r—i)|x|—(1+2b)(r—i)> + n|x|—b + 779|X|_9b

i=0
2| y|-(1+2b)
7| X| b | 9] |9 (6.54)
< TP X7 | X+ X
since n < 1, |X| > 2 implies 1 — n?|X|~0+2) > 1/]X]. O

Our improvement over [49] is from Lemma 6.17. [49] ensured that the starting
distribution gy > 7/2 by running the chain for O(7 (P)) steps in Lemma 6.17. Thus
in each application of Lemma 6.17 they incurred an overhead of O(7 (P)) steps. We
assume o > /2, and ensure its validity by running the chain for O(7 (P)) steps once
and for all.

We now have four results giving bounds on how large ¢ should be for the moment

generating function of Z, , to be close to 1.
e Theorem 6.13 gives optimal bounds when ~ is huge,

e Theorem 6.19 gives optimal bounds when v = 1 under the additional assump-
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tion that the maximal hitting time H = O(|X|),
e Theorem 5.22 gives bounds when the chain mixes in one step,

e Theorem 6.15 doesn’t make any assumptions, but the bounds are not always

optimal.

6.4 Application: Lamp Lighter Chains

We now estimate mixing times of Lamp Lighter chains. We start by defining the

Lamp Lighter chains, we consider

Definition 6.20. Let Q" and Q Markov Chains on )’ and Y respectively. Consider

the following Markov Chain P on Y x V:

(a) The states of the chain are of the form (f,y) where f is a function from Y to
YV andy e ).

(b) At each time step, update y with probability 1/2 according to @ and do not

update f.

(c) With the remaining probability, update f(y) (no where else) according to Q'

and do not update y.
We call this a wreath product of Q" and Q and denote it Q" Q.

Note that if Q" and Q are reversible, the product Q' Q is reversible. As shown
in Example 5.13 this wreath product can be realized as a Markovian product of ||
copies of @' controlled by Q for an appropriate choice of the selector and decider

functions.
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When Q' is the natural chain on Zy we recover the result in [49], but for a slightly

different set of generators.

Proposition 6.21. Let Q' be the chain on Y’ := Zo which mizes in one step, and Q

on Y be arbitrary reversible chain. Let P = Q1 Q and Z; denote the number of states

of Y which have not been visited by a random walk on Y of length t.

(a) T(P) = O(C(Q +T(Q))

(b) T(P) = O(1Y](Ta(Q) + log [ V) + T:(Q)

where C(Q) and T,(Q) are the cover time and relazation time of Q respectively.

Proof. Since T (Q',0) = 75(Q’,0) = 1, we take the target function 7 to be the constant

function 1. Let Z; denote the number of states of ) which have not been visited by

the controller (a.k.a lamp lighter).

(a)

Apply Theorem 5.16 to conclude that configuration part is mixed by time
inf, Pr{Z;, > 0} < 1/4. But Pr{Z; > 0} < 1/4 for t = 4C(Q). Thus by
time 4C'(Q) the configuration part has been randomized. Another O(7(Q))

steps ensures that the controller part is also randomized.

Apply Theorem 5.16 to conclude that configuration part is mixed by time
inf, E[2%¢] < 1.25. First run the chain for O(7 (Q)) steps, so that the distribu-
tion of the controller’s current position is at least 1/2 its stationary distribution.
Now Theorem 6.19 implies

E[2%] < 1.25 (6.55)

for t = O(7T(Q)) + O(|V|(7:e1(Q) 4+ 1log |Y|)). Now run the chain for additional

75(Q) steps to randomize the lamplighter’s position. *
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Instead of looking at two-state lamps, we can look at n-state lamps. For con-
creteness we consider the lamplighter (a.k.a controller) to be a d-dimensional torus

for constant d and the lamp states to be the random walk on the circle.

Proposition 6.22. Let Q' denote the simple random walk on Z, and Q the simple

random walk on Z2, where d > 2. Let P = Q' 1 Q. Then

(a) T(P) = 0O(n%"?logn)
(b) To(P) = O(n***logn)
() To(P) = O(n*logn)

Proof. We have n? copies of Z, controlled by a random walk on Z¢. By Propo-
sition 5.8, in order to mix in total variation distance, Q(n?) copies of Z, must be
Q((dlogn)™') close to stationarity. Since the relaxation time of Z, is ©(n?), each of
the Q(n?) copies must be updated Q(n?logn) times. Hence 7 (P) = Q(n4t2logn).

On the other hand, if each state of ZZ is visited O(n*logn) times, with high
probability Theorem 5.16 implies that the controller part of the state is mixed in total
variation norm. Since the maximal hitting time for Z¢ is ©(n?), Theorem 6.6 implies
its blanket time is O(n?logn) and now Proposition 6.7 implies that the probability
that we have not visited all the states of Z¢ by time O(n®*?logn) is less than 1/10.
Now run the chain for an additional O(n?) time to randomize the controller part.
Hence 7 (P) = O(n%*?logn).

For the L2-mixing bound: Theorem 5.16 implies we need to find ¢, for which
E[n%] is close to 1, where the target function v is the constant O(n*logn). Applying
Theorem 6.13 with the target function as O(nlogn), gives E[n%] is small for t =

O(n**logn). On the other hand, applying Theorem 6.15 shows that E[n?t] is small
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for t = O(n*2logn-s), where s = T¢(Z%). Since the random walk on Z¢ is reversible,

Proposition 2.50 implies s = ©(n?). *

Thus for d = 2, we see that the variation mixing time and the L? mixing time are
of the same order. Even though we have a O(n?) gap between the variation and L?
mixing times for d > 4, we believe that the correct answer for the L?-mixing times

2 ]ogn).

are O(n
Wreath products P = Q' Z, was considered by [27] and [59] when Q' mixes
completely in one step. [27] shows T (P) = O(n?) and [59] shows T5(P) = O(n?). Our

bounds give the same order of magnitude as those obtained by [27] and [59].

Proposition 6.23. Let Q' be the natural walk on Zs and Q the random walk on Z,,.

Consider P = Q" Z,
(a) T(P) = O(n?)
() T:(B) = (n?)

Proof. Since the controller part requires (n?) time to mix we have the lower bound.
Since Q' mixes in one step, here we have v = 1. [65] shows that the blanket time for
Zy, is O(n?). Hence Proposition 6.7 together with Theorem 5.16 shows 7 (P) = O(n?).

For the L? upper bound: We apply Theorem 6.13 to see that when ¢t = O(n?), the
moment generating function of the number of unvisited states in Z,, becomes close to
1. Here we use the fact that the maximal hitting time of Z, is O(n?).

For the L? lower bound: For ¢t > 0, let Z; denote the number states of Z, which
have been visited. Applying Theorem 5.17 with ¢ = 1 and (i) = 1, we see that
the t-step L-distance is at least y/E[2%] — 1. Now Theorem 6.12 implies E[2%] > 2
unless t = Q(|Z,|T:a(Q)) = Q(n?). *
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We now consider the case when Q' does not mix in one step. For concreteness we

take Q' to be the random walk on ZZ.

Theorem 6.24. Let Q' be the random walk on Z2 and Q be the random walk on Z,,.
Consider P = Q1 Q.

(a) T (P) = Q(n®logn)
(b) To(P) = O(n’log n)

Proof. By Proposition 5.8, in order to mix in total variation distance, Q(n) copies of
Z2% must be Q(1//n) close to stationarity. Since the relaxation time of Q' is ©(n?),
we need to update (n) copies Q(n*logn) times each, giving 7 (P) = Q(n®logn).
Take v to be the constant function O(n?logn) and let Z; be the number of states
of Z,, which have not been visited y-times, by time t. By Theorem 5.16, we need to
find ¢ such that E[n9%] is close to 1. Applying Theorem 6.13, we see that it is enough
to take t = O(n®logn) since the maximal hitting time of the simple random walk on

Ly, is ©(n?). *
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Open Questions

We conclude with a few questions.

7.1 Robust Mixing

Just how powerful is the adversary? Let P be a Markov Chain with stationary dis-
tribution 7. How large can R(P)/T(]P’F) be? Theorem 3.13 shows that it can be
at most O(log(1/m.)) and Theorem 3.43 and Theorem 3.41 show that this is almost
tight. However, the example in Theorem 3.41 has 7, exponentially small in the num-
ber of states of the chain. Can we improve the O(log(1/7,)) gap under additional

assumptions on the stationary distribution?

Question 7.1. Let P be a Markov Chain on X with stationary distribution 7. Is is
true that R(PP) = O(T(PF)) when the stationary distribution is uniform?

More specifically, if P is a Cayley walk on a group G, is it true that R(P) =
T(PP)?

What strategies can the adversary use to slow down the mixing? In this thesis,

152
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we encountered two types of strategies:
(—
(a) Reverse: Simulate the evolution of PP,

(b) Collapse: Simulate the evolution of Q where Q is obtained from P by lumping

certain states of P together

Question 7.2. Is there an optimal strategy for the adversary which is a combination

of reversing and collapsing?

Question 7.3. Even though the adversarial strategy {A;} is allowed to be time
dependent, in all our examples the optimal adversarial strategy has been time ho-
mogenous, i.e. all the A; are equal. Is this always the case? i.e., is it true that for

some absolute constant C',
RP) <C- max 7T (PA) (7.1)

where the maximum is taken over A compatible with P.

For the L2-mixing time, Theorem 4.19 addresses the case when P is a Cayley walk
and the adversary is restricted to respecting the group structure. If this were true,

then one can make sense of the robust mixing time in continuous time as well.

7.2 Sandpile Chains

Let P = SP(P, 4) denote the sandpile chain on the directed path. Theorem 5.33 and
Proposition 5.32 show that 75(P) = ©(nd*logn) and 7 (P) = Q(nd?). Can we close

this gap?

Question 7.4. What is the exact order of magnitude of 7 (SP(P, 4))?
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If we use the Markov Chain on Z} as a guide, one would expect 7 (SP(P, q4)) =
O(nd?logn). On the other hand, it is not clear that every digit needs to be selected
at least once in order for the chain to mix. For example, if we update every alternate
component O(d?) times each as well as the least significant digit O(d?) times, the

chain has mixed, because of the way carries work.

Question 7.5. Let P be a Markov Chain on the wreath product Z, ! Z2 for d > 3.
Proposition 6.22 shows T5(P) = Q(n?*2logn) and 7(P) = O(n™™(@+429) Jogn). What

is the exact order of magnitude of 75(PP)?

One way to close this gap would be to get good estimates on the moment gen-
erating function of occupancy measures of the random walk on Z2. Note that if the

bound in (7.2) is true, we would have T5(Z, 1 Z%) = ©(n%*2logn).

7.3 Occupancy Measures

Let P be a Markov Chain with stationary distribution 7 and v : X — Z a target
function. For ¢ > 0, let Z; denote the number of states z € X which have been
visited < 7(z) times by time t.

Theorem 6.13, Theorem 6.19 and Theorem 5.22 give bounds on how large must ¢
be for the moment generating function of Z; to be close to 1, each assuming something
about P and/or v. Theorem 6.15 on the other hand doesn’t make any assumptions

but gives weak bounds.

Question 7.6. Is there a tight bound on how large ¢ must be for the moment gener-
ating function of Z; to be close to 17
More specifically, suppose P is a reversible Markov Chain on X with uniform

stationary distribution 7 and maximal hitting time H = O(|X|) and ~ is any target
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function. Is it true that for E[#%] to be close to 1, it is enough to take
t=0(1X] (7" + Ta(P) log 6 + log(6]X1)) (7.2)

Note that this bound reduces to the right value for those cases where tight
bounds are known: 7.(P) = 0 is Theorem 5.22, v* = 1 is Theorem 6.19 and
7« > | X|log(#|X]|) is Theorem 6.13.
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