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Abstract

How many times should a card shuffler shuffle to get the cards shuffled? Convergence

rate questions like these are central to the theory of finite Markov Chains and arise

in diverse fields including Physics, Computer Science as well as Biology. This thesis

introduces two new approaches to estimating mixing times: robust mixing time of a

Markov Chain and Markovian product of Markov Chains.

The “robust mixing time” of a Markov Chain is the notion of mixing time which

results when the steps of the Markov Chain are interleaved with that of an oblivious

adversary under reasonable assumptions on the intervening steps. We develop the

basic theory of robust mixing and use it to give a simpler proof of the limitations

of reversible liftings of a Markov Chain due to Chen, Lovász, and Pak (1999). We

also use this framework to improve the mixing time estimate of the random-to-cyclic

transposition process (a non-Markovian process) given by Peres and Revelle (2004).

The “Markovian product” of Markov Chains is like the direct product, except for

a controlling Markov Chain which helps decide which component should be updated.

Direct products as well as wreath products of Markov Chains are special cases. We

show how a coupon collector type of analysis can be used to estimate the mixing

times of these product chains under various distance measures. Using this, we derive

L2-mixing time estimates of a Cayley walk on Complete Monomial Groups, which are
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only a factor 2 worse than those obtained by Schoolfield (2002) using representation

theory. Together with Robust mixing time estimates, we also estimate mixing times

of Markov Chains which arise in the context of Sandpile groups.

In the case of Lamp Lighter Chains, we are lead to estimating moment generating

functions of occupancy measures of a Markov Chain. We sharpen a previous estimate,

due to Peres and Revelle (2004), of how long it takes to visit all the states of a Markov

Chain, and answer some questions raised by them.
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Chapter 1

Introduction

Markov Chains arise in diverse fields including Physics (Statistical Mechanics), Statis-

tics (Queueing theory), Biology (Population Processes), Bio-informatics (gene predic-

tion), Economics (Modelling Economic Growth) and Computer Science (Approxima-

tion Algorithms). One of the central questions is to get quantitative estimates on the

rate of convergence of Markov Chains.

Markov chain Monte Carlo (MCMC) methods have found wide applicability.

MCMC methods are a class of algorithms for sampling from probability distributions

based on constructing a Markov chain that has the desired distribution as its sta-

tionary distribution. Common applications include estimating multi-dimensional in-

tegrals and Approximation algorithms. The “mixing time” of the underlying Markov

Chain is a key component of the running time of the algorithms.

Google’s PageRankTM algorithm1 is essentially a Markov Chain based algorithm.

Consider the following random walk on the set of “all” web pages: Suppose we are

currently at a page u. With probability 1−q we start over by moving to a page chosen

1as originally published
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from the uniform distribution. With probability q, we follow a link out of the current

page u (all links equally likely). q = 0.85 is the damping factor and helps handle

pages without links. The stationary distribution of this Markov Chain is essentially

the PageRank of all the web pages. Every once in a while, Google takes one step in

this random walk and updates the current distribution.

One recent landmark in Computational Complexity Theory is the L=SL result

due to Reingold [52]. It gives a log-space algorithm to decide if two vertices of an

undirected graph are in the same connected component. The main ingredient in the

proof is the construction of a new graph which retains the connectivity information

of the old graph and the random walk on the new graph mixes in O(log n) times. The

construction in turn builds on the previous work of Reingold, Vadhan, and Wigderson

[53].

1.1 Approaches to estimating mixing times

There is no “right” approach to estimate the mixing times of Markov Chains. Several

approaches have been suggested each with its own pros and cons. All approaches

seem to have a trade off between easy applicability and tightness of the resulting

estimate. We outline some of the more common approaches below. Assume that the

Markov Chain has N states and that the stationary distribution is uniform.

(a) Coupling: Very sensitive to the Markov Chain but very elegant and usually

provides optimal bounds. There is some “magic” involved in finding the right

coupling.

(b) Spectral Gap: Involves estimating the largest non-trivial singular value of the

transition matrix. For reversible chains, it determines the convergence rate
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exactly. For the mixing time, there is still a O(log N)-gap where N is the

number of states in the chain.

(c) Conductance: Combinatorial in nature and is easy in principle and in case of

Markov Chains with symmetry also easy in practice. However the resulting

bound determines the mixing rate up only to a quadratic factor. Unfortunately,

there are examples showing that this gap cannot be improved.

(d) Representation theory: Used for estimating L2-mixing times of Markov Chains

on groups. In principle, gives optimal results. In practice, has been applied

only for Markov Chains where the generators are invariant under conjugation

or close enough to being so.

(e) log-Sobolev constant: Difficult to estimate, but resulting bound only has a

O(log log N)-gap for the L2-mixing time.

(f) Entropy constant: Notoriously difficult to estimate, but resulting bound esti-

mates the mixing time within a O(log log N)-gap.

(g) Comparison Methods: Involves comparing an unknown chain, with a known

chain and deducing mixing time estimates for the unknown chain, in terms of

that of the known chain. One starts by estimating the conductance or Log-

Sobolev constants or spectral gap of the unknown chain in terms of that of the

known chain and then infer mixing time estimates for the unknown chain. Has

wide applicability. Tightness of resulting bound depends on the choice of the

known chain.

(h) Decomposition Methods: Break up the states of the chain into pieces and derive

mixing time bounds on the whole chain, in terms of that of the pieces and the
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projection chain where the pieces are the states. Here also, we estimate the

conductance or Log-Sobolev constant of the whole chain in terms of that of the

pieces and the projection chain.

Other methods include Blocking Conductance, Spectral Profiling, Evolving Sets, Con-

gestion and of course explicitly calculating the t-step transition probabilities. This

thesis introduces two new approaches to estimate mixing times of Markov Chains:

robust mixing time of a Markov Chain and Markovian product of Markov Chains.

1.2 Robust Mixing

The mixing time of a Markov Chain can be viewed in terms of the following two

player game.

0. Let P be a Markov Chain with stationary distribution π.

1. Adversary : Picks an initial distribution µ

2. System: µ← µP

3. If µ is “close enough” to π the game ends. Otherwise, go back to step 2.

The goal of the adversary is to prolong the game as much as possible. The mixing time

can then be defined as the length of the game when the adversary plays his optimal

strategy. If P is ergodic, the game will end eventually. Admittedly, the system has no

active role in the game and the role of the adversary is limited. In the case of robust

mixing time, the adversary plays a more active role. In the robust setting the game

proceeds as follows:

0. Let P be a Markov Chain with stationary distribution π.
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1. Adversary : Picks an initial distribution µ and a sequence {At}t>0 of stochastic

matrices such that πAt = π for all t.

2. Set t = 0

3. t← t + 1

4. System: µ← µP

5. Adversary : µ← µAt

6. If µ is “close enough” to π the game ends. Otherwise, go back to step 3.

As before the adversary’s goal is to prolong the game as much as possible. The

robust mixing time is then the length of the game when the adversary plays his

optimal strategy. Note that the adversary is oblivious since his moves At are decided

at the start of the game. Put another way, the robust mixing time of a Markov Chain

is the notion of mixing time which results when the steps of the Markov Chain are

interleaved with that of an oblivious adversary under reasonable assumptions on the

intervening steps.

Liftings: A Markov Chain P is said to be a collapsing of Q, if the states of Q can

be partitioned so that each state of P corresponds to an element of the partition and

the transition probabilities are those induced by that of Q. We also call Q a lifting of

P. In principle, one can use a lifting to add some “inertia” to the chain which causes

the chain to spread around more quickly. Thus we can hope that Q will mix faster

than P. Chen, Lovász, and Pak [8] showed the limitations of the speed up one can

expect to gain via liftings. If we consider the robust mixing time of Q, we can define a

suitable adversarial strategy which allows the adversary to “cancel” the inertia effect.

Put simply, at each step the adversary averages over the states in each element of the
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partition. Hence the robust mixing time of Q is at least the standard mixing time

of P. This observation together with relations between the robust mixing time and

standard mixing time, allow us to give a simpler (and slightly sharper) proof of the

limitations of reversible liftings, i. e., when Q is required to be reversible.

Non-Markovian Processes: Consider the following random-to-cyclic transpo-

sition process. We start with a deck of n cards in order. At time t, we exchange the

card at position t with a random card. This is not a Markov Chain as the transition

probabilities are a function of t. However exchanging the card at position r with the

one at time t, can be done in three steps as follows:

• Exchange cards at positions 1 and t

• Exchange cards at positions 1 and r

• Exchange cards at positions 1 and t

The middle step is the only step which involves knowledge of the random location

r and more importantly does not require the knowledge of t. Hence if we surround

every iteration of the top-to-random transposition Markov Chain by an appropriate

adversarial strategy, we can simulate the non-Markovian random-to-cyclic process.

Hence the robust mixing time of top-to-random transposition Markov Chain gives

an upper bound on the mixing time of the random-to-cyclic transposition process.

We use this approach to improve the mixing time estimate of the random-to-cyclic

transposition process (a non-Markovian process) given by Peres and Revelle [49].

Chapter 3 develops the basic theory of robust mixing. In § 3.6 we show that

many upper bounds on standard mixing time already bound robust mixing time.

§ 3.7 contains the result on the limitations of reversible liftings and § 4.4 shows the

improved mixing time estimate of the random-to-cyclic transposition process.
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1.3 Markovian products

The Markovian product of Markov Chains is like the direct product, except for a

controlling Markov Chain which helps decide which component should be updated.

More specifically, for i = 1, . . . , k, let Pi be a Markov Chain on Xi and Q a Markov

Chain on Y . The Markovian product of P1, . . . , Pk controlled by Q is a Markov Chain

on X1×· · ·×Xk×Y which evolves as follows: Given the current state (x1, . . . , xk; y),

we do some of the following operations:

(a) for certain values of i, update xi using Pi

(b) update y using Q

We start with a random r ∈ [0, 1]. Based on r, we decide whether y should be

updated. Based on y and r we select the xi which will be updated. Having made

the decisions, we do the actual updating. Direct products and Wreath products are

special cases. Note that different decision and selection rules may result in different

chains on the same state space with the same stationary distribution.

In Chapter 5, we show how to estimate the mixing time of a Markovian product

under various measures in terms of the mixing times of its components and occupancy

measures of the controlling chain. We also consider the case when the component

chains are not independent and an update to one can change the state of another.

Specifically, we show that if the dependency among the components is acyclic and the

nature of the dependency can be described via the moves of an adversary (in robust

mixing time parlance), the independent case estimate also work here, as long as one

considers the robust mixing time of the components instead of their standard mixing

times.
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For the total variation mixing time, we need bounds on the blanket time of the

controlling chain. The blanket time of a Markov Chain was introduced by Winkler

and Zuckerman [65]. For L2-mixing time, we need bounds on the moment generating

function of certain occupancy measures.

Complete Monomial Groups and Sandpile Groups: In Chapter 5, we derive

the required bounds when the controlling chain reaches stationarity in one step. In

this case, we have a coupon collector type analysis. Using this, we derive L2-mixing

time estimates of a Cayley walk on Complete Monomial Groups, which are only a

factor of 2 worse than those obtained by Schoolfield [56] using representation theory.

Together with robust mixing time estimates, we also estimate the mixing times of

Markov Chains which arise in the context of Sandpile groups.

Lamp Lighter Chains: In the case of Lamp Lighter Chains, the controlling chain

doesn’t have to reach stationarity in one step. Thus in order to bound the L2 mixing

times, we need estimates on moment generating functions of occupancy measures of

a Markov Chain. In Chapter 6, we prove tight bounds on the moment generating

functions when the component chains mix slowly, as well as a general (weaker) bound.

We also sharpen a previous estimate by Peres and Revelle [49] which applies when

the factor chains reach stationarity in one step. Finally, we estimate the mixing times

of various Lamp Lighter chains, where the factors themselves do not mix in one step.



Chapter 2

Markov Chain Basics

This chapter develops the basic theory of Markov Chains from a Linear Algebraic

point of view. We give new and simpler proofs of sub-multiplicativity.

2.1 Preliminaries

A discrete stochastic process on a state space X is a sequence of random variables

{Xt}∞t=0 which take values in X . It is said to be Markovian (or memoryless) if the

conditional distribution of Xt+1 given the past Xt,Xt−1, . . . depends only on Xt.

Definition 2.1. A Markov Kernel M is a pair (X , P) where X is a finite state space,

P is a square matrix whose rows and columns are indexed by elements of X and

• (Non-negativity) ∀x, y ∈ X , P(x, y) ≥ 0

• (Stochasticity) ∀x ∈ X ,
∑

y∈X P(x, y) = 1

When X is clear from context we will denote the Markov Kernel by just P.

Definition 2.2. A distribution π on X is said to a stationary distribution of P if

πP = π.

9
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Definition 2.3. A matrix P is said to be doubly stochastic if both P ≥ 0 and both P

and PT are stochastic, i. e., P has non-negative entries with all row sums and column

sums 1.

P(x, y) is the probability that the system moves from state x to state y. Given an

initial distribution µ on X , one can define a stochastic process as follows:

Pr{X0 = i} = µ(i) Pr{Xt+1 = y|Xt = x,Xt−1, . . . } = P(x, y) (2.1)

Note that the distribution of Xt+1 depends only on Xt and is independent of t or

Xs for s < t. For 0 ≤ s ≤ t,

Pr{Xt+1 = z|Xs = x} =
∑
y∈X

Pr{Xt+1 = z|Xt = y} · Pr{Xt = y|Xs = x}

=
∑
y∈X

Pr{Xt = y|Xs = x}P(y, z)

(2.2)

Hence Pr{Xt = y|X0 = x} = Pt(x, y). We represent a Markov Chain by a

weighted graph with vertices X and directed edges corresponding to allowable tran-

sitions (i. e., transitions with non-zero probability). We assume the weights w(x, y)

are non-negative and that for each x, w(x, ·) =
∑

y w(x, y) > 0. Given the weights,

the transition probabilities are given by P(x, y) = w(x, y)/w(x, ·). If w(x, y) is not

indicated for any edge, it is assumed to be 1. These conventions allow us to represent

random walks on graphs by the graphs themselves. Figure 2.1 shows a two-state

Markov Chain.

Definition 2.4. A Markov Chain P is said to be irreducible if for any two states x, y,

there is a positive probability path from x to y, i. e., the graph representation of P is

strongly connected.
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Figure 2.1: Two state Chain

Definition 2.5. A Markov Chain P is said to be aperiodic if the greatest common

divisor of the lengths of all cycles in the graph representation of P is 1.

Definition 2.6. A Markov Chain P on X is said to be lazy, if P(x, x) ≥ 1/2 for all

x ∈ X .

Note that a lazy chain is automatically aperiodic, laziness implies cycles of length 1.

Definition 2.7. A Markov Chain P is said to be ergodic if it is irreducible and

aperiodic.

The fundamental theorem on Markov Chains is the following

Theorem 2.8. Let P be an ergodic Markov Chain. The following are equivalent:

(a) All states are positive recurrent

(b) Pt converges to A where all rows of A are the same (equal to π say)

(c) π is the unique vector for which πP = π.

In particular, if P is a finite ergodic Markov Chain, the conditions above hold, i.e. it

has a unique stationary distribution π and for any initial distribution µ, µPt converges

to π.

A special class of Markov Chains which are easier to handle are the reversible

Markov Chains.
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Definition 2.9. A finite Markov Chain P is said to be reversible if the detail balance

condition holds, i. e., for some positive real valued function f on X ,

(∀x, y) f(x)P(x, y) = f(y)P(y, x) (2.3)

If an ergodic Markov Chain is reversible, then π(x) = f(x)/C is a stationary

distribution of P, where C =
∑

x f(x). Hence by uniqueness of the stationary distri-

bution, it follows that f is unique up to a multiplicative constant. We are interested

in the time it takes for the t-step distribution to be close to the stationary distribution

π. We start with several distance measures.

Definition 2.10. Let P be an ergodic Markov Chain with stationary distribution π

and f be any (complex valued) function on X and 1 ≤ p ≤ ∞. For p 6=∞, define

‖f‖p,π =

(∑
x

π(x)|f(x)|p
)1/p

and ‖f‖∞,π = ‖f‖∞ = sup
x
|f(x)| (2.4)

If µ is a distribution or difference of two distributions, then define ‖µ‖p,π = ‖f‖p,π,

where f(x) = µ(x)/π(x) is the density function of µ with respect to π.

Specifically, for p = 1, we have ‖µ− ν‖1,π =
∑

x |µ(x)− ν(x)| does not depend on

π. The most commonly used distance measure is the total variation distance.

Definition 2.11. For distributions µ and ν, their total variation distance is given by

‖µ− ν‖TV =
1

2
‖µ− ν‖1 (2.5)

Lemma 2.12.

‖µ− ν‖TV = max
A
{µ(A)− ν(A)} =

∑
x

(µ(x)− ν(x))+ = min
Vµ,Vν

Pr{Vµ 6= Vν} (2.6)
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where the maximum is taken over all non-trivial subsets A of X (X and ∅ are trivial),

µ(A) =
∑

x∈A µ(x), α+ = max(α, 0) is the positive part of α and the minimum is

taken over all random pairs Vµ, Vν such that Pr{Vα = x} = α(x).

Definition 2.13. For distributions µ and ν, their relative entropy, also called Kullback-

Leibler distance or informational divergence, is defined by the equation

D(µ||ν) =
∑

x

µ(x) log

(
µ(x)

ν(x)

)
(2.7)

D(µ||ν) 6= D(ν||µ) in general.

Definition 2.14. For two distributions µ, ν, their separation distance is defined via

sep(µ, ν) = max
A

(
1− µ(A)

ν(A)

)
(2.8)

where the maximum is taken over all non-trivial subsets A of X . This is a one-sided

L∞ distance.

2.2 Mixing Time Definitions

We now define the various mixing times of a Markov Chain.

Definition 2.15. Let P be an ergodic Markov Chain with stationary distribution π
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and µ be any initial distribution.

(Mixing time) T (ε) = max
µ

min
t

{
‖µPt − π‖TV ≤ ε

}
(2.9)

(Lp Mixing time) Tp(ε) = max
µ

min
t

{
‖µPt − π‖p,π ≤ ε

}
(2.10)

(Entropy Mixing time) TD(ε) = max
µ

min
t

{
D(µPt||π) ≤ ε

}
(2.11)

(Filling time) Tf(ε) = max
µ

min
t

{
sep(µPt, π) ≤ ε

}
(2.12)

i. e., the time it takes to reach within ε of the stationary distribution starting for the

worst initial distribution.

When ε is not specified, we take ε = 1/2, except for T where we take ε = 1/4.

This choice of parameters is justified by Proposition 2.26.

For x ∈ X , let δx denote the distribution concentrated at x. Every µ can be

written as a finite convex combination of the δx’s. Linearity of matrix multiplication,

and convexity of the distances imply that the worst case distribution is always a

point distribution. Hence it is enough to talk about worst initial state instead of

worst initial distribution.

2.3 Properties of Distance Measures

We now look at some properties of distance measures and some relations between

them.

Lemma 2.16. For distributions µ, µ1, µ2, ν, 0 ≤ a = 1− b ≤ 1

(a) D(µ||ν) ≥ 0 with equality iff µ = ν

(b) (Convexity) D(aµ1 + bµ2||ν) ≤ a D(µ1||ν) + bD(µ2||ν)
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(c) D(µ||ν) ≤ log(1/ν∗), where ν∗ = minx ν(x)

Proof. φ(u) = u log u is strictly convex.

(a) Jensen’s inequality implies

Eν [φ(f)] ≥ φ(Eν [f ]) = φ(1) = 0 (2.13)

for f(x) = µ(x)/ν(x). Hence D(µ||ν) ≥ 0. Strict convexity implies that f must

be constant for equality to hold.

(b) Let f(x) = µ1(x)/ν(x) and g(x) = µ2(x)/ν(x). Convexity of φ implies

D(aµ1 + bµ2||ν) = Eν [φ(af + bg)] ≤ Eν [aφ(f)+ bφ(g)] = aD(µ1||ν)+ b D(µ2||ν)

(2.14)

(c) Convexity of D(·||ν) implies that for a fixed ν, D(µ||ν) is maximized when µ is

concentrated at a single point.

Like relative entropy, separation distance is not symmetric, but it satisfies the

following

Lemma 2.17. For distributions µ, µ1, µ2, ν and 0 ≤ a = 1− b ≤ 1,

• 0 ≤ sep(µ, ν) ≤ 1

• sep(µ, ν) ≤ ε ⇐⇒ µ ≥ (1− ε)ν,

• (Convexity) sep(aµ1 + bµ2, ν) ≤ a sep(µ1, ν) + b sep(µ2, ν).

The various distances we have defined can all be used to upper bound the total

variation distance.
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Proposition 2.18. Let P be an ergodic Markov Chain with stationary distribution π

and µ any distribution. Then the following relations hold

(a) p ≤ q =⇒ ‖µ− π‖p,π ≤ ‖µ− π‖q,π

(b) ‖µ− π‖2 ≤ 2‖µ− π‖TV

(c) ‖µ− π‖1 ≤
√

2 D(µ||π)

(d) D(µ||π) ≤ log
(
1 + ‖µ− π‖22,π

)
(e) ‖µ− π‖TV ≤ sep(µ, π)

(f) D(µ||π) ≤ sep(µ, π) log(1/π∗)

where ‖·‖2 denotes the usual Euclidean norm.

Proof. (a) Follows from Jensen’s inequality

(b) Follows from Cauchy-Shwarz (‖·‖2 is the usual Euclidean distance).

(c) Put f(x) = µ(x)/π(x). ‖µ− π‖1 = Eπ(|f − 1|) and D(µ||π) = Eπ(f ln f). Put

h(u) = (4 + 2u)(u log u− u + 1)− 3(u− 1)2 (2.15)

and observe h(1) = h′(1) = 0 and h′′(u) ≥ 0 for all u ≥ 0. Hence by mean value

theorem, for u ≥ 0,

h(u) = h(1) + (u− 1)h′(1) +
(u− 1)2

2
h′′(u′) (2.16)
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for some u′ between 1 and u. Hence h(u) ≥ 0 for u ≥ 0. Hence

3 (Eπ [|f − 1|])2 ≤
(
Eπ

[√
4 + 2f

√
f log f − f + 1

])2

≤ Eπ [4 + 2f ] · Eπ [f log f − f + 1]

= 6 · Eπ [f log f ]

(2.17)

Hence we have ‖µ− π‖21 ≤ 2 D(µ||π). This inequality is called Pinsker’s inequality.

(d) Put f(x) = µ(x)/π(x) and observe that D(µ||π) = log
(∏

x f(x)µ(x)
)
. Also

1 + ‖µ− π‖22,π = 1 +
∑

x

π(x)(f(x)− 1)2 =
∑

x

µ(x)f(x) (2.18)

Now the result follows by the arithmetic mean-geometric mean inequality.

(e) Suppose sep(µ, π) = ε. Then by Lemma 2.17, µ ≥ (1−ε)π. Write µ = (1−ε)π+εν

for some distribution ν. Then ‖µ− π‖TV = ε‖ν‖TV ≤ ε = sep(µ, π).

(f ) Suppose sep(µ, π) = ε. Lemma 2.17 implies that µ = (1−ε)π+εν for an appropri-

ate distribution ν. Lemma 2.16 implies D(µ||π) ≤ ε D(ν||π) ≤ sep(µ, π) log(1/π∗).

2.4 Examples

In this section, we will illustrate some examples of Markov Chains.

Example 2.19. (Random Walk on a Cycle) Fix N > 2. Here the state space is

identified with ZN the ring of integers modulo N . If the chain is currently at state x,

then it goes to states x− 1, x and x+1 with equal probability. The transition matrix
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P is then given by

P(x, y) =


1/3 if y = x + 1 or y = x− 1 or y = x

0 otherwise

(2.19)

Figure 2.2 shows the graph for N = 6. Self loops ensure that the chain is aperiodic

(Otherwise the chain is aperiodic only for odd N). From symmetry, it follows that

the stationary distribution is uniform. Since P is symmetric the chain is reversible.

0

12

3

4 5

Figure 2.2: Random walk on a cycle

Example 2.20. (Random Walk on Hypercube) Fix n > 2. Here the state space

X is the set of all binary vectors of length n. For two binary vectors ~x and ~y, let

H(~x,~y) denote their hamming distance, i. e., the number of coordinates where they

differ. Put an edge from ~x to ~y if H(~x,~y) = 1 and add self loops (of weight 1/2) to

ensure aperiodicity. The graph of the hypercube for n = 3 is shown in Figure 2.3.
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The transition matrix P is given by

P(~x,~y) =


1/2n if H(~x,~y) = 1

1/2 if ~x = ~y

0 otherwise

(2.20)

Again by symmetry the stationary distribution is uniform and P = PT implies P

is reversible. In this case, the number of states N = 2n.

Thick edges have weight
1/2 while thin edges
have weight 1/2n

Figure 2.3: Random walk on hypercube

Example 2.21. (Random Walks on Graphs) Let X = (X , E, w) be a weighted

digraph. Assume that X is strongly connected and that the greatest common divisor

of all cycle lengths is 1. Then we can define a Markov Chain with state space X as

follows. Given the current state x, we move to state y with probability P(x, y) =

w(x, y)/d+(x) where d+(x) =
∑

y w(x, y) is the out-degree of x. Similarly d−(x) =∑
y w(y, x) is the in-degree of x. X is said to be Eulerian if all vertices have equal in

and out degrees. In addition if all the out-degrees are equal, then the graph is said

to be bi-regular. Thus undirected graphs are always Eulerian and regular undirected
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graphs are bi-regular. The random walk on a bi-regular graph is reversible iff the

graph is undirected.

In general the stationary distribution is not obvious from the edge weights. How-

ever if X is Eulerian, the stationary distribution is proportional to the out-degrees.

A famous examples of a Markov Chain on a non-Eulerian graph is the Winning

streak graph shown in Figure 2.4. It corresponds to the fortune of a gambler who

plays a game where he wins $1 with probability 1/2 and loses all his winnings with

probability 1/2.

0 1 2 3 4 5 6 7 8

Figure 2.4: The winning streak graph

Note that the Winning streak graph is neither Eulerian nor reversible. The sta-

tionary distribution in this case falls off exponentially with π(x) = 2−x+1 for x < N

and π(N) = 2−N .

Example 2.22. (Cayley walks on Groups) Another class of examples are Cayley

walks on groups. Cayley walks give a rich class of examples of Markov Chains with

lots of symmetry. The random walk on the cycle as well as the walk on the hypercube

can be realized as Cayley walks on appropriate groups.

We start with a group G (written multiplicatively) and a distribution P on G.

Assume that the support of P (points of G where P is positive) generates G. The

Markov Chain starts at 1. If the current state of the chain is g ∈ G, then we pick
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Random-to-top cycles (1, 2, . . . , i)
Random-transposition transpositions (i, j)
Adjacent-transposition adjacent transpositions (i, i + 1)
Rudvalis Shuffle transpositions (1, n) and (1, n− 1)

Figure 2.5: Some card shuffling schemes

s ∈ G with probability P (s) and then move to the state g · s. Because the transition

matrix P is doubly stochastic, the stationary distribution of this chain (if ergodic) is

uniform. Also the Cayley walk on G driven by P is reversible iff P is symmetric, i. e.,

∀s ∈ G, p(s) = p(s−1).

Popular examples in this category are the card shuffling chains where G = Sn

the symmetric group on n letters. Usually P is uniform on a subset S of G which

generates it. Figure 2.4 gives some examples of card shuffling chains.

2.5 Singular Value Decomposition

Now we digress a little and recall basic facts about singular value decompositions.

Definition 2.23. Let A be any N × N -matrix. By a singular value decomposition

(SVD) of A, we mean two orthonormal bases {~ui}N−1
i=0 , {~wi}N−1

i=0 together with scalars

σ0 ≥ σ1 ≥ · · · ≥ σN−1 ≥ 0 which satisfy

(∀0 ≤ i ≤ N − 1), (A~ui = σi~wi) and (AT ~wi = σi~ui) (2.21)

A quick self contained proof that shows that every square matrix has a Singular

Value Decomposition. The existence of Singular value decomposition for a matrix A

also follows from the Spectral Theorem applied to the matrix AAT .

Proof (adapted from [62]). We assume that A is invertible (the general case can be
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handled by limiting arguments). Define subspaces Li and unit vectors ui as follows:

Let L−1 = RN . For i ≥ 0, assume we have defined Li−1. Choose a unit vector

~ui ∈ Li−1 such that ‖A~u‖2 ≤ ‖A~ui‖2 for all unit vectors ~u in Li−1 (such a ~u exists

since the closed unit ball is compact). Having defined ~ui, let Li be the orthogonal

complement of ~ui in Li−1. By construction we have an orthonormal basis ~u0, . . . ,~uN−1

of RN .

Now define unit vectors ~wi and positive scalars σi so that A~ui = σi~wi holds for all

i. Since A is invertible σi and ~wi are well defined. We now establish that ~wi is an

orthogonal family of vectors.

We need to show that ~wi⊥~wj for 0 ≤ i < j ≤ N − 1. Fix such an i and j. When

we chose the vector ~ui in Li−1, ~uj was also a candidate (but was rejected). Consider

the subspace spanned by ~ui and ~uj and define f : [0, 2π]→ R via

f(θ) = ‖A(cos θ~ui) + A(sin θ~uj)‖22 (2.22)

Now f is a real valued differentiable function which attains its maximum at θ =

0. Hence f ′(0) = 0, which translates to A~ui⊥A~uj. Hence ~wi⊥~wj. This gives a

decomposition of A = UΣW T , where U and W are unitary matrices with columns ~ui

and ~wi respectively and Σ is a diagonal matrix with entries σi. The decomposition

implies AT = WΣUT and hence AT ~wi = σi~ui as well.

We refer to Horn and Johnson [29, Chapter 3] for an introduction to SVD and its

properties. Some basic facts about singular values we use without proof:

Lemma 2.24. Let A be any real square matrix with singular values σ0 ≥ σ1 ≥ · · · ≥

σN−1 ≥ 0 and (possibly complex) eigenvalues ρ0, ρ1, . . . , ρN−1 arranged in decreasing

absolute value.
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(a) A always has an SVD; σ2
i are the eigenvalues of AAT and are uniquely deter-

mined by A.

(b) If L is an invariant subspace of A, then the SVD of A is the direct sum of the

SVD of A restricted to L and its orthogonal complement.

(c) σ0(A) is the Euclidean norm of the operator A; in particular if for some vector

~x, the subspace spanned by ~x is invariant under A, then σ1(A) is the Euclidean

norm of A restricted to the orthogonal complement of ~x.

(d) σ0(A) ≥ |ρi| for all 0 ≤ i ≤ N − 1.

(e) If A is normal (AT A = AAT ) then σi(A) = |ρi(A)|.

(f) limt→∞ σi(At)1/t = |ρi|

2.6 Lower bounds

In this section we address the basic results which allow us to give bounds on the

mixing time of a Markov Chain. We first show sub-multiplicativity of the L1 mixing

time. The usual approach to proving sub-multiplicativity is to either use Coupling

arguments or expand the entries of Ps+t in terms of the entries of Ps and Pt. Our

approach is very simple and proves sub-multiplicativity in all norms simultaneously.

We basically show that sub-multiplicativity is built into the definition of mixing time.

Lemma 2.25. Let ε > 0 and P a stochastic matrix for which πP = π. Let p ≥ 1 be

arbitrary and suppose that ‖µP− π‖p,π ≤ ε, for all distributions µ. Then

‖µP− π‖p,π ≤ ε min (‖µ− π‖1, 1) (2.23)
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Proof. Let δ = ‖µ − π‖TV. Put ν1 = (µ − π)+/δ and ν2 = (π − µ)+/δ, where

f+ = max(f, 0) is the positive part of the function f .

Since ‖µ − π‖TV =
∑

i (µ(i)− π(i))+, it follows that ν1 and ν2 are distributions

and that µ− π = δ(ν1 − ν2). Hence

µP− π = (µ− π)P = δ ((ν1 − π)P− (ν2 − π)P) (2.24)

Therefore

‖µP− π‖p,π ≤ δ (‖ν1P− π‖p,π + ‖ν2P− π‖p,π) ≤ 2δε = ε‖µ− π‖1 (2.25)

F

Proposition 2.26. Let P be an ergodic Markov Chain with stationary distribution π

and p ≥ 1. Then

Tp(εδ) ≤ Tp(ε) + T1(δ) ≤ Tp(ε) + Tp(δ) (2.26)

In particular, T (εδ/2) ≤ T (ε/2) + T (δ/2).

Proof. Let t = Tp(ε) and s = T1(δ). Applying Lemma 2.25 we have

‖(µ− π)Ps+t‖p,π ≤ ε‖µPs − π‖1 ≤ εδ (2.27)

The statement about T (ε) follows from the fact that T (ε/2) = T1(ε). F

Once the variation distance falls below half, it falls at an exponential rate. Also

for p > 1, we have Tp(ε/2) ≤ Tp(1/2) + T (ε/2), i. e., except for a different burn in

time, the Lp distance falls just like the total variation distance.
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Corollary 2.27. For every δ < 1/2,

T (ε) ≤ T (δ)

⌈
log(1/2ε)

log(1/2δ)

⌉
(2.28)

Before we establish a lower bound for the mixing time, we need the following

Lemma 2.28. Let A be a real matrix with (possibly complex) eigenvalue ρ. Then

there is a non-zero real vector ~z such that ‖~zA‖2 ≥ |ρ|‖~z‖2

Proof. Assume that ρ 6= 0 (ρ = 0 is trivial). Let |ρ| = r and ~x + ι~y be a non-zero left

eigenvector corresponding to ρ. Here ι =
√
−1. If ~y = 0, then ρ is real and we can

take ~z = ~x. If ~x = 0, then again ρ is real and we can take ~z = ~y.

Suppose both ~x and ~y are non-zero and ‖~xA‖2 < r‖~x‖2 and ‖~yA‖2 < r‖~y‖2. Since

A,~x,~y are real ~xA and ι~yA are orthogonal to each other. Hence

r2
(
‖~x + ι~y‖22

)
= ‖~xA + ι~yA‖22 = ‖~xA‖22 + ‖~yA‖22 < r2(‖~x + ι~y‖22) (2.29)

a contradiction. Hence one of ~x or ~y can serve as ~z.

Proposition 2.29. Let P be an ergodic Markov Chain with stationary distribution

π. Then

T1(ε) ≥
log(1/ε)

log(1/|ρ|)
(2.30)

for any eigenvalue ρ 6= 1 of P.

Proof. Let r = |ρ| and ~x+ι~y be the eigenvector corresponding to ρ. Since P is ergodic,

π(i) > 0 for all states i. So choose c > 0 small enough so that π + c~x and π + c~y

have all positive components. Note that since ρ 6= 1, the left eigenvector ~x + ι~y is

orthogonal to the right eigenvector ~1 corresponding to the eigenvalue 1. Hence ~x and

~y have zero sum and therefore π + c~x and π + c~y are both valid initial distributions.
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From Lemma 2.28, ‖~ztPt‖2 ≥ rt‖~zt‖2 for ~zt = ~x or ~y. If ∆1(t), ∆2(t) denote

the L1 distance from stationary distribution after t steps with initial distributions

π + c~x, π + c~y respectively and ∆(t) = max(∆1(t), ∆2(t)). Since ‖·‖2 ≤ ‖·‖1, we have

(∀t > 0), ∆(t) ≥ crt (2.31)

Suppose T = T1(ε) and put t = Tα for some large constant α. Then by sub-

multiplicativity, we have ∆(t) ≤ εα. Hence we have c1/αrT ≤ ε. Taking the limit as

α→∞ we have the result. F

Since ‖·‖TV = ‖·‖1/2 this translates to the following

Corollary 2.30. Let P be an ergodic Markov Chain with stationary distribution π.

Then

T (ε) ≥ log(1/2ε)

log(1/|ρ|)
(2.32)

for any eigenvalue ρ 6= 1 of P.

This motivates the following

Definition 2.31. Let P be an ergodic Markov Chain with stationary distribution π.

Its relaxation time, denoted Trel is defined as

Trel = max
ρ 6=1

1

log(1/|ρ|)
(2.33)

where the maximum is taken over all non-trivial eigenvalues ρ of P. Equivalently,

Trel = min
t

max
ρ 6=1
{|ρ|t ≤ 1/e} (2.34)

where the maximum is taken over all non-trivial eigenvalues ρ of P.
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Note that unlike other measures of mixing time the relaxation time does not have

a parameter associated with it. Corollary 2.30 thus shows that the relaxation time is

a lower bound on the total variation mixing time. Some authors define the relaxation

time to be the inverse spectral gap, i.e. maxρ 6=1(1−|ρ|)−1. However, for all 0 ≤ θ < 1,

we have

θ

1− θ
≤ 1

log(1/θ)
≤ 1

1− θ
=

θ

1− θ
+ 1 (2.35)

since log(1 + x) ≤ x for all −1 < x < 1.

We now show that the lower bound given by Proposition 2.29 is asymptotically

the best possible.

Theorem 2.32. Let P be an ergodic Markov Chain with stationary distribution π

and eigenvalues {λi}. Let r = maxi{|λi| : λi 6= 1}. Suppose for some c, δ > 0, there

exists initial distributions {µt}t>0 for which ‖µtPt − π‖2 ≥ δct. Then c ≤ r.

Proof. We first show that P is ergodic implies r < 1. We already know that since P is

ergodic, 1 is a simple eigenvalue. We only need to show that |λi| < 1 if λi 6= 1. Since

λi are the roots of a polynomial of degree N = |X |, the only choice for λi 6= 1 and

|λi| = 1 is if λi is an N ’th root of unity. But ergodicity of P implies that all powers of

P are also ergodic. But if we have a non-trivial N ’th root of unity as an eigenvalue,

then PN will not have 1 as a simple eigenvalue.

Let S(t) = σ2(Pt). Then ‖µtPt − π‖2 = ‖(µt − π)Pt‖2 ≤ σ2(Pt)‖µt − π‖2 ≤ 2S(t)

since µt and π are distributions. Hence we have

c ≤
(

2

δ

)1/t

S(t)1/t (2.36)

Taking the limit as t → ∞ we have c ≤ lim sup S(t)1/t. But Lemma 2.24 implies

lim sup S(t)1/t = r. F
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Note that this immediately implies the same result for all the Lp norms as ‖·‖2 ≥

δ‖·‖p,π for a suitable δ > 0 which depends only on the size of the matrix and π.

2.7 L2 Lower bounds

In this section we derive a lower bound on the L2 mixing time, which takes all eigen-

values into account.

Definition 2.33. Let P be an ergodic Markov Chain with stationary distribution π.

• By π∗ we mean the smallest stationary weight, i. e., π∗ = minx π(x)

• By Π we denote the diagonal matrix with entries π(x).

• Define S(P) =
√

ΠP
√

Π
−1

S(P) and P have the same eigenvalues. Hence our lower bound for T (ε) could have

been stated in terms of the eigenvalues of S(P) also. Also P is reversible iff ΠP = PΠ.

Consider what happens if we run the chain with time going backwards starting

from stationary distribution. In order to do that we need to calculate

Pr{Xt = x|Xt+1 = y} =
Pr{Xt = x}Pr{Xt+1 = y|Xt = x}

Pr{Xt+1 = y}
=

π(x)P(y, x)

π(y)
(2.37)

Definition 2.34. The reverse of the chain P denoted
←−
P has the same state space X

and transition matrix
←−
P (x, y) = π(y)P(y, x)/π(x), i. e.,

←−
P = Π−1PT Π

Thus P is reversible iff
←−
P = P. Also S(

←−
P ) = S(P)T . Thus P is reversible iff S(P)

is symmetric, in which case it is unitarily diagonalizable with real eigenvalues.

If P is ergodic 1 is a simple eigenvalue of P. The right eigenvector corresponding to

1 is the constant vector while the left eigenvector corresponding to 1 is the stationary
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distribution π. In case the stationary distribution was uniform the constant vector

is both a left and right eigenvector of P. In this case, we can write the vector space

as a direct sum of the one dimensional space spanned by the constant vector and its

orthogonal complement. This makes calculations a lot simpler. However, when π is

not the uniform distribution such a clean decomposition is not possible. However, all

is not lost. Consider S(P). Since S(P) and P have the same eigenvalues, let us look

at the left and right eigenspaces of 1. Let
√

π denote the vector whose components

are
√

π(x).

√
π S(P) =

√
π
√

ΠP
√

Π
−1

= πP
√

Π
−1

= π
√

Π
−1

=
√

π (2.38)

S(P)
√

π =
√

ΠP
√

Π
−1√

π =
√

ΠP~1 =
√

Π~1 =
√

π (2.39)

Thus
√

π is both the left and the right eigenvector of S(P), and we can decompose

the space into the linear span of
√

π and its orthogonal complement. We first observe

that σ0(S(P)) ≤ 1. This is because σ0(S(P)) ≤ 1 iff S(P)S(P)T has its eigenvalues

bounded by 1.

S(P)S(P)T = S(P) S(
←−
P ) = S(P

←−
P ) (2.40)

Since P
←−
P is a stochastic matrix all its eigenvalues are bounded by 1. Since S(·)

preserves eigenvalues, it follows σ0(S(P)) ≤ 1.

Proposition 2.35. Let Q be a stochastic matrix with πQ = π. For x ∈ X , let δx

denote the initial distribution concentrated at x. Then

‖δxQ− π‖22,π =
(Q
←−
Q)(x, x)

π(x)
− 1 (2.41)
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Proof. Observe that δxQ = Q(x, ·).

‖Q(x, ·)− π(·)‖22,π =
∑

y

(Q(x, y)− π(y))2

π(y)

=
∑

y

Q(x, y)2

π(y)
− 2Q(x, y) + π(y)

=
∑

y

Q(x, y)
←−
Q(y, x)

π(x)
− 1 =

(Q
←−
Q)(x, x)

π(x)
− 1

(2.42)

since π(x)Q(x, y) = π(y)
←−
Q(y, x).

This immediately gives the following

Proposition 2.36. Let P be a Markov Chain with stationary distribution π and let

1 = ρ0, ρ1, . . . , ρN−1 be the (possibly complex) eigenvalues of P arranged in decreasing

absolute value. For t > 0, there exists an initial state x ∈ X for which

‖Pt(x, ·)− π‖22,π ≥
N−1∑
j=1

|ρi|2t (2.43)

Proof. Fix t > 0, and consider Q = Pt with eigenvalues {ρt
i}. Let x ∈ X be arbitrary.

Applying Proposition 2.35 to Q, we see that

‖Q(x, ·)− π‖22,π =
(Q
←−
Q)(x, x)

π(x)
− 1 (2.44)
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Now averaging over x,

Eπ

[
‖Q(x, ·)− π‖22,π

]
= Eπ

[
(Q
←−
Q)(x, x)

π(x)

]
− 1

= tr(Q
←−
Q)− 1

=
∑
i>0

σi(S(Q))2

(2.45)

from (2.40). Since the singular values of a matrix majorize the modulus of the eigen-

values (see [61] for a proof), we have

∑
i≥0

σi(S(Q))2 ≥
∑
i≥0

|ρi(S(Q))|2 =
∑
i≥0

|ρi(Q)|2 =
∑
i≥0

|ρi(P)|2t (2.46)

since S(·) is a similarity transformation. Here {ρi(A)} are the eigenvalues of A ar-

ranged in decreasing absolute value.

The terms corresponding to i = 0 are all equal to 1 in (2.46). Hence (2.45) implies

the result. F

This allows us to deduce an lower bound on the L2 mixing time of a Markov

Chain. Note that unlike Proposition 2.29, this lower bound takes the multiplicity of

the eigenvalues into account.

Corollary 2.37. Let P be a Markov Chain with stationary distribution π and for

0 < θ < 1, let mθ denote the number of non-trivial eigenvalues (with multiplicity) of

P with absolute value ≥ θ.

T2(P, ε) ≥ (log mθ)/2 + log(1/ε)

log(1/θ)
(2.47)
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2.8 Upper Bounds

We now turn to bounding the mixing time from above.

Proposition 2.38. Let P be an ergodic Markov Chain with stationary distribution

π. Let σ1 = σ1(S(P)) denote the second largest singular value of S(P). For any initial

distribution µ,

‖µPt − π‖2,π ≤ σt
1‖µ− π‖2,π (2.48)

Proof. Since
√

π S(P) = S(P)
√

π =
√

π, the subspace generated by
√

π is invariant

under S(P). Hence σ1 is the Euclidean norm of the operator S(P) on the orthogonal

complement of
√

π.

Put ~z = (µ − π) and ~y = ~z
√

Π
−1

and note that ~y is orthogonal to
√

π. Hence it

follows that for all t > 0, ‖~y S(P)t‖2 ≤ σt
1‖~y‖2. Note that

~y S(P)t = ~y S(Pt) = ~zPt
√

Π
−1

(2.49)

and ‖~x
√

Π
−1‖2 = ‖~x‖2,π. Hence we have

‖µPt − π‖2,π = ‖zPt‖2,π = ‖zPt
√

Π
−1
‖2 ≤ σt

1‖~z
√

Π
−1
‖2 = σt

1‖µ− π‖2,π (2.50)

Corollary 2.39. Let P be an ergodic Markov Chain with stationary distribution π

and σ1 = σ1(S(P)), then

T (ε/2) = T1(ε) ≤ T2(ε) ≤
log(1/ε) + log(1/

√
π∗)

log(1/σ1)
(2.51)

Proof. Since the worst case initial distribution is a point distribution. The maximum

value for ‖µ−π‖2,π is when µ is concentrated at state x for which π(x) = π∗. In that
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case,

‖µ− π‖22,π =
(1− π∗)

2

π∗
+ (1− π∗) =

1− π∗
π∗

(2.52)

This together with Proposition 2.38 gives the upper bound on T2(ε). Standard rela-

tions between ‖·‖TV, ‖·‖1 and ‖·‖2,π/2 gives the rest.

For reversible chains (and more generally when P and
←−
P commute), the difference

between the upper bound and lower bound is not too much.

Theorem 2.40. Let P be an ergodic Markov Chain with stationary distribution π and

P
←−
P =

←−
P P. Let 1 = ρ0, ρ1, . . . , ρN−1 be the eigenvalues of P, arranged in decreasing

modulus. Then

log

(
1

2ε

)
≤ T (ε)

Trel
≤ log

(
1

2ε

)
+

log 1
π∗

2
(2.53)

Proof. Since P
←−
P =

←−
P P, S(P) is normal. Thus σi(S(P)) = |ρi(S(P))| = |ρi(P). Hence

we can take ρ = ρ1 in Corollary 2.30 and σ1 = |ρ1| in Corollary 2.39. Combining we

have the result.

Cayley walks on abelian groups are an important class of Markov Chains where

P commutes with
←−
P . For chains P which do not commute with

←−
P there can be a

substantial difference between the lower bound and the upper bound. In particular it

is possible for an ergodic Markov Chain P to have σ1 = 1 in which case Proposition

2.38 gives us no bound on the mixing time.

Example 2.41. (no immediate reversal walk) Let X be a d-regular graph which

is aperiodic. Hence the stationary distribution is uniform. The usual random walk

on X has states as the vertices. Consider the following random walk. The states are

the directed edges of X, i. e., X = {(u, v) : {u, v} is an edge of X} and the transition
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rule is as follows:

P((u, v), (w, x)) =


1/d if w = v and {v, x} is an edge of X

0 otherwise

(2.54)

The new walk is exactly like the usual random walk on X, except that at each step we

remember the previous vertex as well. Since we never make use of that information

in the new walk, the mixing time of the new walk and the usual walk should be the

same (choosing a random edge going out of a random vertex is the same as choosing

a random edge). However, σ1(S(P)) = 1 in this case. In fact σ`(S(P)) = 1 for

` = 0, . . . , n− 1 and |X | = N = nd. Hence it is possible for a Markov Chain to have

a constant fraction of its top singular values as 1 and still mix fast.

If P has sufficient holding probabilities, then λ∗((P +
←−
P )/2) and σ1(S(P)) can be

bounded in terms of each other. This was first observed by [41] and used by [20] to

bound the mixing time of non-reversible Markov Chains. This allows us to estimate

the mixing times of non-reversible Markov Chains with sufficient holding probabilities

in terms of a related reversible Markov Chain.

Proposition 2.42. Let A be a stochastic matrix and πA = π for a distribution π.

Let δ > 0 such that A(x, x) ≥ δ. Put σ1 = σ1(S(A)) and λ1 = λ1((A +
←−
A )/2). Then

σ2
1 ≤ (1− 2δ) + 2δλ1 and λ1 ≤ σ1.

In particular, if δ = 1/2, σ2
1 ≤ λ1 ≤ σ1.

Proof. Write A = δI + (1 − δ)A′ for stochastic A′ which also satisfies πA′ = π. Let

B′ = S(A′), σ1 = σ1(S(A)) and λ1 = λ1((A +
←−
A )/2).

Since S is linear, preserves eigenvalues and satisfies S(
←−
C ) = S(C)T we have S(A) =
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δI + (1− δ)B′ and

λ1((B + BT )/2) = δ + (1− δ)λ1((B′ + B′T )/2) (2.55)

Since
√

π is an invariant subspace for both I and B′, we have the following extremal

characterization of σ1 and λ1.

σ1 = max
~x⊥
√

π,‖~x‖2=1
‖A′~x‖2 and λ1 = max

~x⊥
√

π,‖~x‖2=1
〈A′~x,~x〉 (2.56)

Since | 〈A′~x,~x〉 | ≤ ‖A′~x‖2‖~x‖2, we have λ1 ≤ σ1.

Choose ~x⊥
√

π, ‖~x‖2 = 1 such that ‖S(A)~x‖2 = σ1. We now have

σ2
1 = ‖S(A)~x‖22

= ‖δ~x + (1− δ)B′~x‖22

= δ2‖~x‖22 + (1− δ)2‖B′~x‖22 + δ(1− δ) 〈~x, B′~x〉+ δ(1− δ) 〈B′~x,~x〉

≤ δ2 + (1− δ)2 + 2δ(1− δ)

〈
~x,

B′ + B′T

2
~x

〉 (2.57)

where we used the fact that A′ is stochastic implies all singular values of B′ are

bounded above by 1.

Now using (2.55) we have

σ2
1 ≤ δ2 + (1− δ)2 + 2δ(1− δ)

λ1 − δ

1− δ
= (1− 2δ) + 2δλ1 (2.58)

F

Thus if we add sufficient holding probabilities to a non-reversible Markov Chain,

it cannot mix much slower than its additive symmetrization. However, usually non-

reversible chains mix faster than their symmetrizations. Even in the case of reversible
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chains, the gap between the lower bound and upper bound can be improved in some

cases. The mixing time bound given by Proposition 2.38 only takes into account the

largest non-trivial singular value of S(P). In many cases when all the singular values

are known, the multiplicative overhead of O(log 1/π∗) in the upper bound can be

reduced. This is usually the case when the Markov Chain has lots of symmetries.

Proposition 2.43. Let P be an ergodic Markov Chain with uniform stationary dis-

tribution π. Let x ∈ X be arbitrary. Then for t > 0,

‖Pt(x, ·)− π‖22,π = N(Pt←−P t)(x, x)− 1 (2.59)

Moreover, if Pt←−P t has equal diagonal entries,

4‖µPt − π‖2TV ≤ ‖µPt − π‖22,π ≤
(
tr
(
Pt←−P t

)
− 1
)

(2.60)

where tr(A) is the trace of the matrix A.

Proof. Applying Proposition 2.35 with Q = Pt we get

‖Pt(x, ·)− π‖22,π = N(Pt←−P t)(x, x)− 1 (2.61)

In case the diagonal entries of Pt←−P t are all equal, then N(Pt←−P t)(x, x) = tr(Pt←−P t)

gives the result when µ = δx for some x ∈ X . By convexity the equality becomes an

inequality for an arbitrary initial distribution µ.

If P is the transition matrix of an ergodic Markov Chain for which Pt←−P t has equal

diagonal entries, then the stationary distribution has to be uniform. This follows

from the identity:
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lim
t→∞

(Pt←−P t)(x, x) = lim
t→∞

{∑
y

Pt(x, y)
←−
P t(y, x)

}

=
∑

y

{
lim
t→∞

Pt
}

(x, y) ·
{

lim
t→∞

←−
P t
}

(y, x)

=
∑

y

π(y)π(x) = π(x)

(2.62)

where the last equality comes from the fact that both Pt and
←−
P t converge to matrix

whose columns are π.

Definition 2.44. A Markov Chain P is said to be vertex transitive iff for any pair of

states x1, x2, there is a bijection F : X → X which satisfies

∀y1, y2 ∈ X , P(y1, y2) = P(F (y1), F (y2)) and F (x1) = x2 (2.63)

Note that if P is vertex transitive then the stationary distribution has to be uni-

form. Random walk on groups are the most common examples of vertex transitive

Markov Chains. The most common application of Proposition 2.43 is via the following

Corollary 2.45. Let P be a ergodic reversible vertex transitive Markov Chain with

eigenvalues {λi}N−1
i=0 . Then for any initial distribution µ

4‖µPt − π‖2TV ≤ ‖µPt − π‖22,π ≤
∑
i≥1

λ2t
i (2.64)

Example 2.46. Consider the lazy random walk P on the n-dimensional hypercube.

Here |X | = 2n. It is easy to see that flipping 0 and 1’s and permuting the coordinates

leave the chain unchanged. Hence the chain is vertex transitive. By looking at the

characters of the abelian group Zn
2 , one can show that the eigenvalues of P are `/n

for ` = 0, . . . , n and the multiplicity of `
n

is
(

n
`

)
. If we only consider λ1 = 1 − 1/n,
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we get T (1/4) = Ω(n) and T (1/4) = O(n log N) = O(n2). But using Corollary

2.45 it follows that T (1/4) ≤ T2(1/2) ≤ (n log n)/2 + O(n) substantially better than

O(n2) bound. Since the multiplicity of 1− 1/n is n, Corollary 2.37 implies T2(1/2) ≥

(n log n)/2−O(n) as well.

Even though we only have T (1/4) = Ω(n), the actual answer is T (1/4) ∼ n log n
2

so the upper bound is more correct than the lower bound. The lower bound of n log n
2

for T can be established using a coupon-collector argument.

2.9 Relation Between Mixing Measures

In this section, we derive relations between mixing times under various distance mea-

sures. See § 2.2 for the definitions.

Proposition 2.47. Let P be a Markov Chain with stationary distribution π, ε > 0.

Recall π∗ = minx π(x). Then

(a) 1 ≤ p ≤ q ≤ ∞ =⇒ Tp(ε) ≤ Tq(ε)

(b) T (ε) ≤ TD(2ε2)

(c) T (ε) ≤ Tf(ε)

(d) Tf(ε) ≤ T∞(ε)

(e) TD(ε) ≤ T2(
√

ε)

(f) T∞(ε) ≤ T1(επ∗) ≤ T1(ε) log(1/π∗)
log(1/ε)

Proof. Results (a) – (c) are direct consequences of Proposition 2.18.

(d) This follows from the relation sep(µt, π) ≤ ‖µt − π‖∞
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(e) From Proposition 2.18 it follows that for all t ≥ 0,

D(µt||π) ≤ log(1 + ‖µt − π‖22,π) ≤ ‖µt − π‖22,π (2.65)

Hence ‖µt − π‖2,π ≤
√

ε implies D(µt||π) ≤ ε.

(f)

‖µt − π‖∞ = max
x

∣∣∣∣µt(x)− π(x)

π(x)

∣∣∣∣ ≤ 1

π∗

∑
x

|µt(x)− π(x)| = ‖µt − π‖1
π∗

(2.66)

Hence ‖µt − π‖1 ≤ επ∗ =⇒ ‖µt − π‖∞ ≤ ε. Hence T∞(ε) ≤ T1(επ∗). Sub-

multiplicativity implies T1(επ∗) ≤ T1(ε) log(1/π∗)/ log(1/ε)

Lemma 2.48. For an ergodic Markov Chain P, Tf(P) = Tf(
←−
P ) and T∞(P) = T∞(

←−
P )

Proof. From the definition of
←−
P we have

∀t > 0,∀x ∈ X ,∀y ∈ X ,

←−
P t(x, y)

π(y)
=

Pt(y, x)

π(x)
(2.67)

Tf(P, ε) is the smallest t for which ∀x, y ∈ X , Pt(y, x) ≥ (1 − ε)π(x) and T∞(P, ε) is

the smallest t for which (1− ε)π(x) ≤ Pt(y, x) ≤ (1 + ε)π(x). Hence the result.

We now relate the filling time to the mixing time.

Lemma 2.49 (Sinclair [58, Lemma 7]). Let Q be a stochastic matrix whose rows and

columns are indexed by X and πQ = π for a distribution π. Fix ε > 0 and suppose

that for all x ∈ X , ‖Q(x, ·) − π(·)‖TV ≤ ε2/2. For y ∈ X , put Zy = {z ∈ X :

Q(y, z) ≥ (1− ε)π(z)}. Then π(Zy) ≥ 1− ε/2 for all y ∈ Y.

Proof. Let µy = Q(y, ·) be the distribution after one application of Q starting from
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initial state y. Then from Lemma 2.12 we have

ε2/2 ≥ ‖µy−π‖TV =
∑
z∈X

(π(z)−µy(z))+ ≥
∑

z 6∈Z(y)

(π(z)−µy(z)) ≥ ε(1−π(Zy)) (2.68)

Hence π(Zy) ≥ 1− ε/2.

Proposition 2.50. Let P be an ergodic Markov Chain. Then

Tf(P, 2ε− ε2/2− ε3/2) ≤ T (P, ε2/2) + T (
←−
P , ε2/2) (2.69)

In particular Tf(P, 13/16) ≤ T (P, 1/8) + T (
←−
P , 1/8).

Proof. Let s1 = T (P, ε2), s2 = T (
←−
P , ε2) and t ≥ s1 + s2. Fix y ∈ X and let x ∈ X be

an arbitrary initial state. For any Y ⊆ X , we have

Pt(x, y) =
∑
z∈X

Pt−s2(x, z)Ps2(z, y) ≥
∑
z∈Y

Pt−s2(x, z)
←−
P s2(y, z)

π(y)

π(z)
(2.70)

Define

A = {z|Pt−s2(x, z) ≥ (1− ε)π(z)} and B = {z|
←−
P s2(y, z) ≥ (1− ε)π(z)}

(2.71)

By Lemma 2.49 and t− s2 ≥ s1 we have π(A∩B) ≥ 1− ε. Hence taking Y = A∩B
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in (2.70), we have

Pt(x, y) ≥
∑

z∈A∩B

Pt−s2(x, z)
←−
P s2(y, z)

π(y)

π(z)

≥ (1− ε)π(y)
∑

z∈A∩B

Pt−s2(x, z)

= (1− ε)π(y)Pt−s2(x, A ∩B)

≥ (1− ε)π(y)
(
π(A ∩B)− ‖Pt−s2(x, ·)− π‖TV

)
≥ π(y)(1− ε)(1− ε− ε2/2)

(2.72)

Hence for all x, y ∈ X , we have Pt(x, y) ≥ (1− 2ε + ε2/2 + ε3/2)π(y). F

Proposition 2.50 was proved by [58] for reversible chains. Our proof is an extension

of the same idea to general Markov Chains. As a consequence we are able to relate

the filling time to the entropy mixing time as well. We start by establishing sub-

multiplicativity of Tf(·).

Proposition 2.51. Let P be a Markov Chain with stationary distribution π. For

ε, δ > 0, Tf(εδ) ≤ Tf(ε) + Tf(δ)

Proof. Let S = Tf(ε), T = Tf(δ) and µ any initial distribution. By choice of S,

µPS = (1− ε)π + εν for some distribution ν1 and hence

µPS+T = (1− ε)πPT + ενPT = (1− ε)π + ε(1− δ)π + εδν2 (2.73)

for some distribution ν2. Hence sep(µPS+T , π) ≤ εδ sep(ν2, π) ≤ εδ.

Proposition 2.52. Let P be a Markov Chain with stationary distribution π. Then

TD(ε) ≤ Tf
(

ε

log(1/π∗)

)
≤ Tf(ε)

(
1 +

⌈
log log(1/π∗)

log(1/ε)

⌉)
(2.74)



42

Proof. Let δ = ε/ log(1/π∗) and T = Tf(δ). For any initial distribution µ, we have

sep(µPt, π) ≤ δ and hence by Proposition 2.18 D(µPt||π) ≤ δ log(1/π∗) = ε. Hence

TD(ε) ≤ Tf(δ). The second inequality is just a restatement of Proposition 2.51. F

Relating uniform mixing time to the L2 mixing time is easier. We just reproduce

the proof in [46].

Proposition 2.53. Let P be a Markov Chain. Then for 1/p + 1/q = 1,

T∞(P, εδ) ≤ Tp(P, ε) + Tq(
←−
P , δ) (2.75)

In particular T∞(P, εδ) ≤ T2(P, ε) + T2(
←−
P , δ)

Proof. For x, y ∈ X and s, t > 0, we have

Ps+t(x, y)− π(y)

π(y)
=
∑
z∈X

π(z)
Ps(x, z)− π(z)

π(z)
· P

t(z, y)− π(y)

π(y)

=
∑
z∈X

π(z)
Ps(x, z)− π(z)

π(z)
·
←−
P t(y, z)− π(z)

π(z)

(2.76)

since π(y)Pt(y, z) = π(z)
←−
P t(z, y).

Hence Hölder’s inequality gives

∣∣∣∣Ps+t(x, y)− π(y)

π(y)

∣∣∣∣ ≤∑
z∈X

π(z)

∣∣∣∣Ps(x, z)− π(z)

π(z)

∣∣∣∣∣∣∣∣←−P t(y, z)− π(z)

π(z)

∣∣∣∣
≤ ‖Ps(x, ·)− π‖p,π · ‖

←−
P t(y, ·)− π‖q,π

2.10 Discussion

Let P be an ergodic Markov Chain with uniform stationary distribution π. We can

lower bound the mixing time in terms of the eigenvalues of P and upper bound the



43

mixing time in terms of the singular values of P. While these two rates are the same

for reversible chains, they can be very different for non-reversible chains. One can see

that asymptotically the correct mixing rate is determined by the eigenvalue and not

by the singular value. This can be seen, at least for chains with enough symmetry,

from Proposition 2.43 together with the fact that

lim
t→∞

(
σ`(Pt)

)1/t
= |ρ`| (2.77)

where ρ` are the (possibly complex) eigenvalues of P arranged in decreasing absolute

value. In the general case this can be established by looking at the Jordan decompo-

sition of P.

In § 2.9 we saw that of the various mixing measures the variation mixing time,

entropy mixing time and L2-mixing time are probably the important ones, as the

remaining can be bound in terms of these. While there can be a O(log(1/π∗))-gap

between the variation and L2-mixing time, we showed that the gap between variation

and entropy mixing time cannot be more than O(log log(1/π∗)).



Chapter 3

Robust Mixing Time

We now define the notion of Robust mixing time of a Markov Chain and develop the

basic theory. Loosely speaking, the Robust mixing time of a Markov Chain P is the

mixing time of P in the presence of an adversary who is allowed to modify the state

of the chain in a reasonable manner.

3.1 Basic Definitions

Definition 3.1. Let P be the transition matrix of an irreducible Markov Chain with

stationary distribution π. A stochastic matrix A (not necessarily irreducible) is said

to be compatible with P if πA = π.

The notion of compatibility depends only on the stationary distribution of P.

Definition 3.2. An adversarially modified Markov Chain (AMMC) P is a pair

(P, {At}t>0), where P is the transition matrix of an irreducible Markov Chain and

At is a sequence of stochastic matrices compatible with P. Given an AMMC and an

initial distribution µ0, the AMMC process evolves as follows:

44
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• At time t = 0, pick X0 ∈ X according to µ0,

• Given Xt, pick Yt according to the distribution P(Xt, ·),

• Given Yt, pick Xt+1 according to the distribution At(Yt, ·)

An application of P followed by At is called a round. Let µt and νt denote the

distribution of Xt and Yt respectively. Then µt is the distribution after t-rounds.

Also we have

νt = µtP and µt+1 = νtAt (3.1)

Definition 3.3. Let P be an AMMC and 1 ≤ p ≤ ∞. The mixing time and Lp-

mixing time of P are defined by the equations

T (P , ε) = max
µ0

min
t
{‖µt − π‖TV ≤ ε} Tp(P , ε) = max

µ0

min
t
{‖µt − π‖p,π ≤ ε}

(3.2)

respectively. When ε is not specified, we take it to be 1/4 for T and 1/2 for Tp.

Definition 3.4. Let P be an irreducible Markov Chain. An adversarially modified

version of P is an AMMC (P, {At}t>0).

Definition 3.5. Let P be an ergodic Markov Chain and 1 ≤ p ≤ ∞. The robust

mixing time and robust Lp-mixing time of P are defined by the equations

R(P, ε) = sup
P
T (P , ε) and Rp(P, ε) = sup

P
Tp(P , ε) (3.3)

respectively, where the suprema are taken over adversarially modified versions P of

P. When P is clear from context, we drop it and when ε is not specified we take it to

be 1/4 for R and 1/2 for Rp.



461− υ υ 0
1 0 0
0 0 I

 (3.4)

The states are indexed starting with y′ = arg maxx π(x) and y = Yt. This adversarial
choice A ensures Xt = y′ if Yt = y. Here υ = π(y)/π(y′)

Figure 3.1: An adaptive adversary is unreasonably powerful

When we need to distinguish between the standard notion of mixing time and

robust mixing time, we refer to the standard notion as “standard mixing time.”

One can think of the standard mixing time of a Markov Chain as the number

of (contiguous) applications of P required to get close to the stationary distribution

starting from the worst initial distribution. In the same vein, the robust mixing time

is the number of not necessarily contiguous applications of P required to get close to

stationarity under reasonable assumptions on the intervening steps.

3.2 Oblivious v.s. Adaptive Adversary

Note that our adversary is oblivious, since the adversary is required to specify the

sequence {At}t>0 in advance. An adaptive adversary on the other hand would be

allowed to specify At after knowing the value of Yt. Such an adversary would be

unreasonably powerful.

For e. g., let y′ = arg maxx π(x). If Yt = y′ the adversary does not do any

anything. Otherwise the adversary applies the stochastic matrix given in Figure 3.2.

It is easily checked that A is compatible with P and sends Yt to y′ with probability

1. Thus an adaptive adversary can ensure that Xt = y0 always. For this reason we

do not consider an adaptive adversary.
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3.3 Restricted Adversaries

Let D denote the set of stochastic matrices compatible with P. Elements of D satisfy

the following set of linear constraints:

• (Non-negativity) (∀x, y ∈ X ) (A(x, y) ≥ 0)

• (Stochasticity) (∀x ∈ X ) (
∑

y A(x, y) = 1)

• (Compatibility) (∀y ∈ X ) (
∑

x π(x)A(x, y) = π(y))

Thus D is a polytope and hence the convex hull of its vertices. We now define the

robust mixing against a restricted set of adversaries.

Definition 3.6. Let P be an irreducible Markov Chain. A set S of stochastic matrices

is said to be a set of valid strategies against P if it satisfies the following:

• I ∈ S,

• A ∈ S =⇒ A is compatible with P,

• S is closed under products and convex combinations.

S is said to be symmetric if A ∈ S =⇒
←−
A = Π−1AT Π ∈ S and I ∈ S. Here Π is a

diagonal matrix with Π(x, x) = π(x).

Definition 3.7. Let P be an irreducible Markov Chain, 1 ≤ p ≤ ∞ and S a valid set

of strategies against P. The S-robust mixing time and S-robust Lp-mixing time are

defined by the equations

RS(P, ε) = sup
P
T (P , ε) and RSp (P, ε) = sup

P
Tp(P , ε) (3.5)
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where P = (P, {At}t>0) ranges over adversarially modified versions of P where At ∈ S

for all t.

Setting S = {I} we recover the standard mixing time and setting S = D gives

the robust mixing time. For Markov Chains with symmetries there are other natural

choices for S which will prove to be useful.

3.4 Finiteness and Sub-multiplicativity

In this section we classify chains P with finite robust mixing time and prove sub-

multiplicativity of robust mixing time under various distance measures.

Theorem 3.8. Let P be an ergodic Markov Chain and ε, δ > 0. Let S be a valid set

of strategies against P. Then for 1 ≤ p ≤ ∞,

RSp (εδ) ≤ RSp (ε) +RS1 (δ) ≤ RSp (ε) +RSp (δ) (3.6)

Specifically, we also have RS(εδ/2) ≤ RS(ε/2) +RS(δ/2).

Proof. Fix 1 ≤ p ≤ ∞ and let S = RSp (ε) and T = RS1 (δ). Let {At}t>0 be any

sequence of P compatible matrices in S and put C = PA1PA2 . . . PAT and D =

PAT+1 . . . PAT+S. If µt denotes the distribution of the state of the Markov Chain

after t-rounds, we have µT = µ0C and µT+S = µT D. Note that C and D fix the

stationary distribution of P. By choice of S, T and Lemma 2.25, we have

‖µT+S − π‖p,π ≤ ε‖µT − π‖1 ≤ εδ (3.7)

Since the At were arbitrary we have RSp (εδ) ≤ RSp (ε)+RS1 (δ) ≤ RSp (ε)+RSp (δ). Using

2‖·‖TV = ‖·‖1 and the result for p = 1 gives the second result. F
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Lemma 3.9. Let P be an ergodic Markov Chain, 1 ≤ p ≤ ∞ and ε < 1. Let

σ1 = σ1(S(P)) and S be a set of valid strategies against P. Then

RSp (P, ε) ≥ max
Q
Tp(PQ, ε) (3.8)

where the maximum is taken over Q ∈ S. In particular if
←−
P ∈ S

RSp (P, ε) ≥ max(Tp(P, ε), Tp(P
←−
P , ε)) (3.9)

Proof. For Q ∈ S, consider the adversarial strategy of always picking Q. The second

claim follows by considering Q = I and Q =
←−
P . F

It follows that an ergodic Markov Chain P does not necessarily have finite robust

mixing time. For example, if P is an ergodic Markov Chain where P
←−
P is not ergodic,

we have R(P) ≥ T (P
←−
P ) =∞.

Example 3.10. Let P denote the no immediate reversal walk from Example 2.41.

Recall that T (P) <∞ as long as the underlying graph is connected and non-bipartite.

We now show that R(P) =∞ by exhibiting an adversarial strategy.

Let A be the “reversal matrix”, i.e. A sends the edge (u, v) to (v, u). Thus A is a

permutation matrix and hence fixes the uniform stationary distribution of P. Fix a

vertex v of X and let µ denote the uniform distribution on edges into v. Then µP is

the uniform distribution on the edges out of v. Now by choice of A, we see that µPA

is once again the uniform distribution on all edges into v. Hence R(P) =∞.

Example 3.11. “Bottom k to top shuffles”: Consider a deck of n cards and fix

1 ≤ k ≤ n. In each step, we pick a random card from the bottom k cards and move

it to the top. When k = n, this becomes the random-to-top shuffle. When k < n, the
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robust mixing time of this chain is infinite. Instead of calculating the singular values

of this chain, it will be easier to explicitly give an adversarial strategy. Note that if

k < n, then the top card always moves to the second position. Thus if the adversary

always switches the second card with the top card, it follows that this adversarial

modification of the chain will never mix.

We show below that the ergodicity of P
←−
P is enough to guarantee finiteness of

robust mixing time.

Theorem 3.12. Let P be an irreducible Markov Chain and σ1 = σ1(S(P)). Let µ0 be

any initial distribution of any adversarially modified version P of P. Then

‖µt − π‖2,π ≤ σt
1‖µ0 − π‖2,π ≤ σt

1

√
1

π∗
(3.10)

Proof. Let P = (P, {At}t>0). From Proposition 2.38 it follows that each application of

P reduces the L2 distance to π by a factor σ1. Thus we have ‖νt−π‖2,π ≤ σ1‖µt−π‖2,π.

Another application of Proposition 2.38 for At shows that

‖µt+1 − π‖2,π = ‖νtAt − π‖2,π = ‖(νt − π)At‖2,π ≤ σ1(S(At))‖νt − π‖2,π ≤ ‖νt − π‖2,π

(3.11)

since At is stochastic implies σ1(S(At)) ≤ 1. Hence we have ‖µt+1 − π‖2,π ≤ σ1‖µt −

π‖2,π. Since ‖·‖2,π is convex it follows that the maximum value for ‖µ0 − π‖2,π is

attained when µ0 is concentrated on a single state. F

Theorem 3.13. Let P be a Markov Chain and ε > 0. Then

Trel(P
←−
P ) log(1/2ε) ≤ T (P

←−
P , ε) ≤ R(P, ε) ≤

R2(P, 2ε) ≤ 2Trel(P
←−
P )

(
log(1/2ε) +

log(1/π∗)

2

)
(3.12)
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In particular R(P) is finite iff P
←−
P is irreducible.

Proof. Lemma 3.9 and Theorem 2.40 imply

Trel(P
←−
P ) log(1/2ε) ≤ T (P

←−
P , ε) ≤ R(P, ε) (3.13)

On the other hand, for σ1 = σ1(S(P))

σ2
1 = λ1(S(P)S(P)T ) = λ1(

√
ΠP
√

Π
−1√

Π
−1

PT
√

Π)

= λ1(
√

ΠPΠ−1PT
√

Π) = λ1(P
←−
P )

(3.14)

since conjugation by an invertible matrix does not change the eigenvalues. Now The-

orem 3.12 implies that for any initial distribution µ0 and any adversarial modification

of P,

‖µt − π‖2,π ≤ σt
1

√
1

π∗
(3.15)

for t > 0. Since s = Trel(P
←−
P ) satisfies λ1(P

←−
P )s ≤ 1/e and λ1(P

←−
P ) = σ2

1 we have

‖µ2sα − π‖2,π ≤ σ2sα
1

√
1/π∗ ≤ exp(−α + log(1/π∗)/2) (3.16)

Setting α = log(1/π∗)/2 + log(1/2ε) implies ‖µ2sα − π‖2,π ≤ 2ε. F

In particular for a reversible chain we have the following

Proposition 3.14. Let P be a reversible Markov Chain with stationary distribution

π. Then

Trel(P) log(1/2ε) ≤ T (P, ε) ≤ R(P, ε)

T2(P, 2ε)
≤ R2(P, 2ε)

≤ (Trel(P) + 1)

(
log(1/2ε) +

log(1/π∗)

2

) (3.17)
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Proof. Follows from Theorem 3.12, Theorem 2.40, R(P, ε) ≥ T (P, ε) (adversary ap-

plies I always) and the fact that 2Trel(P2) ≤ Trel(P) + 1 (the +1 is to handle the case

when Trel(P) is odd). F

3.5 Convexity

Unlike standard mixing time, robust mixing time enjoys the following convexity prop-

erty: If P and Q are two Markov Chains with the same stationary distribution π, the

robust mixing time of (P + Q)/2 can be bounded in terms of the smaller of robust

mixing times of P and Q.

Lemma 3.15. Let P be any irreducible Markov Chain and S a valid set of strategies

against P. If Q ∈ S, then R′(PQ) ≤ R′(P) for R′ ∈ {RS ,RS2 }.

Proof. Let P = (PQ, {At}t>0) be any adversarially modified version of PQ where

At ∈ S. Then P ′ = (P, {QAt}t>0) is an adversarially modified version of P where

QAt ∈ S since Q ∈ S and S is closed under products. Since the mixing times of P

and P ′ are equal, we have the result.

We now show that the robust mixing time of a convex combination of Markov

Chains can be bounded in terms of that of the participating chains.

Let P and Q be two irreducible Markov Chains with same stationary distribution

π. Suppose S is a valid set of strategies against P as well as against Q. Also assume

P, Q ∈ S. Fix 0 < a = 1 − b < 1 and consider the chain P′ = aP + bQ. Let

P = (P′, {At}t>0) be any adversarial modification of P′. Fix S > 0 and ~ε = (ε1, . . . , εS)

where εi ∈ {0, 1}. Define the following quantities:

• P(1) = P and P(0) = Q
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• ξ(~ε) =
∏S

i=1 P(εi)Ai

• H(~ε) =
∑S

i=1 εi

• w(~ε) =
∏S

i=1 aεib1−εi = aH(~ε)bS−H(~ε)

If µ0 is any initial distribution, and µS is the distribution after S-rounds, we have

µS − π =
∑

~ε

w(~ε) (µ0ξ(~ε)− π) (3.18)

where the sum ranges over all 2S choices for ~ε = (ε1, . . . , εS).

Lemma 3.16. Let P and Q be ergodic Markov Chains with the same stationary

distribution π. Let S be a valid set of strategies against both P and Q and assume

that P, Q ∈ S. Let 0 < a = 1 − b < 1. Then for R′ ∈ {RS ,RS2 }, R′(aP + bQ) ≤

R′(P) +R′(Q)− 1.

Proof. Choose S = RS(P) +RS(Q)− 1. Then we have

‖µS − π‖TV ≤
∑

~ε

w(~ε)‖µ0ξ(~ε)− π‖TV (3.19)

Now for each ~ε, ξ(~ε) either contains≥ RS(P) occurrences of P or contains≥ RS(Q)

occurrences of Q. The remaining matrices can be considered as an adversarial choice.

Hence we have ‖µ0ξ(~ε)−π‖TV ≤ 1/4 for all ~ε. Since
∑

~ε w(~ε) = 1, ‖µS−π‖TV ≤ 1/4.

Similarly, taking S = RS2 (P) +RS2 (Q)− 1, and looking at the ‖µS − π‖2,π we get

RS2 (aP + bQ) ≤ RS2 (P) +RS2 (Q)− 1.

Now we consider the case when P has finite robust mixing time and Q may not.

We start with a concentration inequality.
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Proposition 3.17. Let S = CT/p for C > 1 and 0 < p < 1. Let Z1, . . . ,ZS be

independent Bernoulli random variables with Pr{Zi = 1} = p. Let Z =
∑

i Zi. Then

we have

Pr{Z < T} ≤ exp
(
−T ((C − 1)− log C)

)
(3.20)

Proof. We use Hoeffding’s inequality [28, Theorem 1], for S − Z to conclude

Pr{Z < T} ≤

{(
q

q + a

)q+a(
p

p− a

)p−a
}S

(3.21)

where q = 1− p, a = p− p/C. After algebraic simplifications we get,

Pr{Z < T} ≤

{(
q

1− p
C

)C
p
−1

C

}T

(3.22)

Taking logarithms, and using log(1− x) ≤ −x for 0 < x < 1 gives the result.

Proposition 3.18. Let P be an ergodic Markov Chain and S a valid set of strategies

against P. Fix Q ∈ S. Let 0 < a = 1 − b < 1. Let S = (1 + δ)RS(P, γ)/a, where

γ > 0 and δ > 0 are arbitrary. Then

‖µS − π‖TV ≤ γ + exp
(
−RS(P, γ) · (δ − log(1 + δ))

)
(3.23)

Proof. Let S = (1 + δ)T/a, where T = RS(P, γ). Write

µS − π =
∑

~ε

w(~ε) (µ0ξ(~ε)− π) (3.24)

Put D = {~ε : H(~ε) ≥ T}, i.e. all choices of ~ε which resulted in P being used at

least T times. For ~ε ∈ D, we have ‖µ0ξ(~ε)−π‖TV ≤ γ. For ~ε 6∈ D, ‖µ0ξ(~ε)−π‖TV ≤ 1.
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From Proposition 3.17,

∑
~ε6∈D

w(~ε) = Pr{H(~ε) < m/(1 + δ)} ≤ exp (−T (δ − log(1 + δ))) (3.25)

Hence

‖µS − π‖TV ≤
∑
~ε∈D

w(~ε)‖µ0ξ(~ε)− π‖TV +
∑
~ε6∈D

w(~ε)‖µ0ξ(~ε)− π‖TV

≤ γ +
∑
~ε6∈D

w(~ε) ∗ 1

≤ γ + exp (−T (δ − log(1 + δ))) F

Corollary 3.19. Let P be an ergodic Markov Chain and Q be compatible with P. Let

S be a valid set of strategies against P. Assume Q ∈ S. Let 0 < a = 1 − b < 1.

Then RS(aP + bQ) ≤ 2(1 + δ)RS(P)/a, as long as 2RS(P)(δ− log(1 + δ)) ≥ log 8. If

RS(P) ≥ 11, then δ may be taken to be 1/2.

Proof. Let T = RS(P) and S = 2T (1 + δ)/a. By sub-multiplicativity, we have

RS(P, γ) ≤ 2T for γ = 1/8. Proposition 3.18 now gives

‖µS − π‖TV ≤ 1/8 + exp (−2T (δ − log(1 + δ))) (3.26)

If 2T (δ− log(1 + δ)) ≥ log 8, we have ‖µS − π‖TV ≤ 1/8 + 1/8 = 1/4 as required.

Similarly for the S-robust L2-mixing time we get,

Proposition 3.20. Let P be an ergodic Markov Chain and S a valid set of strategies

against P. Fix Q ∈ S. Let 0 < a = 1 − b < 1. Let S = (1 + δ)RS2 (P, γ)/a, where
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γ > 0 and δ > 0 are arbitrary. Then

‖µS − π‖2,π ≤ γ + exp
(
−RS2 (P, γ) · (δ − log(1 + δ))

)
·
√

1

π∗
(3.27)

Proof. This proof is similar to that of Proposition 3.18. Put T = RS2 (P, γ) and

S = T (1 + δ)/a. Put D = {~ε : H(~ε) ≥ T}. If ~ε ∈ D, ‖µ0ξ(~ε)− π‖2,π ≤ γ. For ~ε 6∈ D,

‖µ0ξ(~ε) − π‖2,π ≤
√

1/π∗. Going along the same lines as Proposition 3.18, we have

the result. F

Corollary 3.21. Let P be an ergodic Markov Chain and S a valid set of strategies

against P. Let Q be compatible with P and Q ∈ S. Let 0 < a = 1 − b < 1. Assume

that RS2 (P) ≥ log(1/π∗)/2 and π∗ ≤ 1/16. Then RS2 (aP + bQ) ≤ 2(1 + δ)RS2 (P)/a, as

long as RS2 (P)(δ− log(1 + δ)) ≥ log(1/π∗)/2. In particular δ may be taken to be 5/2.

Proof. Let T = RS2 (P) and S = 2T (1 + δ)/a. By sub-multiplicativity, we have

RS(P, γ) ≤ 2T for γ = 1/4. Proposition 3.20 now gives

‖µS − π‖2,π ≤ 1/4 + exp (−2T (δ − log(1 + δ))) ·
√

1

π∗
(3.28)

Now put T = α log(1/π∗)/2 for α > 1. Then we have

‖µS − π‖2,π ≤ 1/4 + π(2α(δ−log(1+δ))−1)
∗ (3.29)

The second term is bounded by 1/4 if δ − log(1 + δ) ≥ 1/α. F
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3.6 Upper Bounds on Robust Mixing Time

In this section we show that many methods which prove upper bounds on mixing

times under various measures also give upper bounds on Robust mixing times. We

start with a contraction result.

Proposition 3.22. Let A be a stochastic matrix and πA = π for some distribution

π. For any real valued function f on X , and 1 ≤ p ≤ ∞, we have

‖Af‖p,π ≤ ‖f‖p,π (3.30)

This is an adaptation of [60, Theorem 3.1]

Proof. Suppose 1 ≤ p <∞ and choose q such that 1/p+1/q = 1. When p = 1, q =∞,

we consider a1/q = 1 for any real a.

Looking at f as a column vector, we have ‖f‖p,π = ‖Π1/pf‖p, where Π is the

diagonal matrix with Π(x, x) = π(x). Then

‖Af‖p,π = ‖Π1/pAf‖p = ‖(Π1/pAΠ−1/p)(Π1/pf)‖p (3.31)

Hence it is enough to show that ‖Bf‖p ≤ ‖f‖p for any real valued function f , where

B = Π1/pAΠ−1/p. Let g = Bf . Then for any fixed x ∈ X ,

g(x) =
∑

y

(
π(x)

π(y)

)1/p

A(x, y)f(y) =
∑

y

ayby (3.32)

where

ay = f(y)

(
π(x)

π(y)

)1/p

A(x, y)1/p and by = A(x, y)1/q (3.33)



58

By Hölder’s inequality we have

|g(x)| ≤

(∑
y

|ay|p
)1/p(∑

y

bq
y

)1/q

=

(∑
y

|f(y)|p π(x)

π(y)
A(x, y)

)(∑
y

A(x, y)

)1/q

=
∑

y

|f(y)|p π(x)

π(y)
A(x, y)

(3.34)

Hence we have

‖g‖pp =
∑

x

|g(x)|p ≤
∑

y

(
|f(y)|p

π(y)

∑
x

π(x)A(x, y)

)
= ‖f‖pp (3.35)

since πA = π.

For p =∞, suppose ‖f‖∞,π = A. Then |f(y)| ≤ A for all y ∈ X .

|g(x)| =

∣∣∣∣∣∑
x

A(x, y)f(y)

∣∣∣∣∣ ≤ A
∑

y

A(x, y) = A (3.36)

gives ‖Af‖∞,π ≤ ‖f‖∞,π.

Note that we did not require that A is irreducible or aperiodic. This shows that

the adversary cannot increase the Lp distance no matter what. Similarly we now

show that the adversary cannot increase the separation or the entropy distance.

Proposition 3.23. Let A be a stochastic matrix with πA = π for a distribution π.

For any distribution µ,

(a) sep(µA, π) ≤ sep(µ, π)

(b) D(µA||π) ≤ D(µ||π)
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Proof. (a) Suppose sep(µ, π) = ε. Then µ = (1− ε)π + εν for some distribution ν.

µA = (1− ε)π + ενA and hence sep(µA, π) ≤ ε sep(νA, π) ≤ ε = sep(µ, π).

(b) This proof is along the lines of [34, Proposition 6]. Let f ≥ 0 be any real

valued function and g = Af . Need to show that Eπ[g log g] ≤ Eπ[f log f ]. From

convexity of φ(t) = t log t it is easy to see that ∀t > 0 and s > −t, we have

(t + s) log(t + s) ≥ t log t + (1 + log t)s.

For x, y ∈ X , put t = g(x) and t + s = f(y) to get

f(y) log f(y) ≥ g(x) log g(x) +
(
1 + log g(x)

)(
f(y)− g(x)

)
(3.37)

Multiplying both sides by A(x, y) and summing over y, we get

∑
y

A(x, y)f(y) log f(y) ≥ g(x) log g(x) (3.38)

since
∑

y A(x, y) = 1 and
∑

y A(x, y)f(y) = g(x). Multiplying by π(x) and

summing over x, we get

Eπ[g log g] ≤
∑

y

(
f(y) log f(y)

∑
x

π(x)A(x, y)

)

=
∑

y

π(y)f(y) log f(y) = Eπ[f log f ]

(3.39)

since πA = π.

Again the only property of A, we needed was that A was stochastic and πA = π.

We now show that many methods of deriving upper bounds on standard mixing time

actually give bounds on Robust mixing time as well.
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Let P be a Markov Chain with stationary distribution π. Many upper bounds on

mixing time can be described via the following outline:

• Let V (η) be a “potential” function on distributions η which satisfies the follow-

ing

– V (η) ≥ 0 for all distributions η,

– V (ηt)→ 0 ⇐⇒ ηt → π, for any sequence of distributions ηt and

– V (ηP) ≤ V (η)

• Let I(t) = V (µPt) where µ is any initial distribution. Note that I(t) is a

non-increasing function,

• Show that there is some non-decreasing function G : R+ → R+ which satisfies

I(t)− I(t + 1) ≥ G(I(t))

• Using the worst value for I(0), solve for T by which V (T ) ≤ 1/4 (or some

appropriate constant < 1) to get an upper bound on the mixing time of P with

respect to V .

For e. g., V (η) = ‖η−π‖2,π gives bounds on L2 mixing time while V (η) = D(η||π)

gives bounds on the entropy mixing time.

In case of an AMMC P = (P, {At}), we can do the following:

• Let µ0 be an arbitrary initial distribution.

• V will usually also satisfy V (µA) ≤ V (µ) for all A compatible with P.

• Let I(t) = V (µt) and J(t) = V (νt) where νt = µtP and µt+1 = νtAt.

• I(t) − J(t) ≥ G(I(t)) and I(t + 1) ≤ J(t) imply I(t) − I(t + 1) ≥ G(I(t)) as

before.
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Hence the mixing time upper bound is also an upper bound on the Robust mixing

time.

For example taking V (η) = ‖η−π‖2,π shows that upper bounds on mixing times of

Markov Chains using the spectral gap, conductance, spectral profiling [25], Congestion

bounds for L2-distance [43] carry over to the robust setting. In case of bounds using

Log-Sobolev inequalities, the original proof of Diaconis and Saloff-Coste [11] works

only in continuous time and does not show a decay after each application of P. [34]

proves smooth bounds on entropy decay in discrete time using Log-Sobolev constant

of P
←−
P . See also [45] for an alternate proof.

3.6.1 Conductance Approach

As an application of the observation in § 3.6, we derive bounds on the Robust mixing

time of a Markov Chain P in terms of its standard mixing time. Theorem 3.13

shows that there cannot be any unconditional relation between R(P) and T (P). The

simplest way is to ensure P
←−
P is irreducible is to add holding probabilities.

Definition 3.24. Let P be a Markov Chain with stationary distribution π. For

Y1,Y2 ⊆ X , define Q(Y1,Y2) =
∑

x∈Y1,y∈Y2
π(x)P(x, y) and

ΦY(P) =
Q(Y ,Y)

π(Y)
and Φ(P) = min

0<π(Y)<1
ΦY(P) (3.40)

where Y = X \ Y .

ΦY(P) is the conditional probability of crossing over from Y to Y in one step at

stationarity given that we are currently in Y .

Lemma 3.25. For Y ⊆ X , Q(Y ,Y) = Q(Y ,Y). In particular the minimum in

Definition 3.24 is always attained for π(Y) ≤ 1/2
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Proof. Let Y ⊆ X be arbitrary and Y = X \ Y . Since P is stochastic we have

π(Y) =
∑

x∈Y,y 6∈Y

π(x)P(x, y) +
∑

x∈Y,y∈Y

π(x)P(x, y) = Q(Y ,Y) + Q(Y ,Y) (3.41)

Since π is the stationary distribution we also have

π(Y) =
∑

x∈X ,y∈Y

π(x)P(x, y) = Q(Y ,Y) + Q(Y ,Y) (3.42)

Combining we get the result.

Conductance was first introduced by Jerrum and Sinclair [31]. Intuitively, if we

collapse the chain to two states Y and Y and start the chain at Y , we move over to

Y with probability Φ. So in order to have the right probability of being at Y we need

to run the chain for at least O(1/Φ) steps. This intuition was made precise in [17].

Theorem 3.26 (Dyer et al. [17, Claim 2.3]). Let P be a (not-necessarily reversible)

Markov Chain with stationary distribution π and Φ its conductance. Then

T (P, ε) ≥ (1/2− ε)/Φ(P) (3.43)

Proof. For distributions µ, ν, Proposition 3.22 implies ‖(µ − ν)P‖TV ≤ ‖µ − ν‖TV.

Hence for t > 0, and initial distribution µ, ‖µPt − µ‖TV ≤
∑t−1

i=0‖µPi+i − µPi‖TV ≤

t‖µP− µ‖TV. Thus

‖µPt − π‖TV ≥ ‖µ− π‖TV − ‖µPt − µ‖TV ≥ ‖µ− π‖TV − t‖µP− µ‖TV (3.44)
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Fix Y ⊆ X and let

µ(y) =


π(y)/π(Y) if y ∈ Y

0 otherwise

(3.45)

Now ‖µ− π‖TV ≥ π(Y) and for y ∈ Y , we have

µ(y)− (µP)(y) =
π(y)

π(Y)
−
∑

x∈Y µ(x)P(x, y)

π(Y)

=

∑
x∈X π(x)P(x, y)

π(Y)
−
∑

x∈Y µ(x)P(x, y)

π(Y)

=

∑
x 6∈Y π(x)P(x, y)

π(Y)
≥ 0

(3.46)

If y 6∈ Y , µ(y)− (µP)(y) ≤ 0. Hence

‖µ− µP‖TV =
∑
y∈X

(µ(y)− (µP)(y))+ = Q(Y ,Y)/π(Y) = ΦY(P) (3.47)

by Lemma 3.25. Thus (3.44) implies

‖µPt − µ‖TV ≥ π(Y)− tΦY(P) (3.48)

Now choose Y so that Φ(P) = ΦY(P) and Lemma 3.25 implies π(Y) ≤ 1/2. Thus

we have ‖µPt − π‖TV ≥ 1/2− tΦ(P).

For reversible chains Φ captures 1 − λ1 up to a quadratic factor. More precisely

we have

Theorem 3.27 (Sinclair [57, Lemma 2.4]). Let P be a reversible Markov Chain with

stationary distribution π and Φ its conductance. Then Φ ≥ 1− λ1(P) ≥ Φ2/2.

Putting these together we can bound the Robust mixing time in terms of standard
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mixing time for lazy chains.

Theorem 3.28. Let P be a lazy Markov Chain with stationary distribution π and

conductance Φ(P). Then R(P) ≤ R2(P) = O(T (P)2 log(1/π∗))

Proof. Let Q = (P +
←−
P )/2. For any Y ⊆ X , we have QP(Y ,Y) = Q←−P (Y ,Y) and

hence ΦY(P) = ΦY(
←−
P ). This implies Φ(P) = Φ(Q).

Now Theorem 3.27 implies λ1(Q) ≤ 1−Φ(Q)2/2. But since P is lazy, Proposition

2.42 together with Φ(P) = Φ(Q) implies

σ1(S(P))2 ≤ λ1(Q) ≤ 1− Φ(Q)2/2 = 1− Φ(P)2/2 (3.49)

Let P = (P, {At}) be any adversarially modified version of P and µ0 be any initial

distribution. Theorem 3.12 shows that for t > 0,

‖µt − π‖2,π ≤ σ1(S(P))t
√

1/π∗ (3.50)

Theorem 3.26 now implies σ1(S(P)) ≤ 1−T (P)−2/4 which implies the result. F

As an immediate corollary we get

Proposition 3.29. Let P be a lazy Markov Chain with stationary distribution π.

Then

T ((P +
←−
P )/2) ≤ O(T (P)2 log(1/π∗)) (3.51)

Proof. Let Q = (P +
←−
P )/2. Corollary 3.19 and Theorem 3.28 imply

T (Q) ≤ R(Q) = O(R(P)) = O(T (P)2 log(1/π∗)) (3.52)

F
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Definition 3.30. Let X be an undirected graph. An Eulerian orientation of X is a

directed graph Y obtained by assigning an orientation to each edge of X such that

for every vertex v of Y , d+(v) = d−(v), where d−, d+ are the in and out-degrees of v

in Y respectively.

Let Y be the Eulerian orientation of X. Proposition 3.29 implies that the lazy

walk on Y cannot lead to a better than quadratic speed up when compared to the

lazy walk on X. Proposition 2.42 together with Corollary 2.39 implies that the lazy

walk on Y cannot be slower by more than a constant factor when compared to the

lazy walk on X.

The laziness assumption on the speed up can be removed if we by pass Robust

mixing and just use that X and Y have the same conductance. On the other hand, [4]

shows the diameter of Y can be unbounded in the diameter of X, if we only require

that X be regular.

3.6.2 log-Sobolev Approach

In this section, we apply the observation of § 3.6 to get better bounds on Robust L2

Mixing times of lazy Markov Chains.

Definition 3.31. Let P be a Markov Chain with stationary distribution π. The

Dirichlet form associated with P is defined as

EP(f, g) = 〈f, (I − P)g〉π =
∑

x,y∈X

π(x)f(x)(g(x)− g(y))P(x, y) (3.53)

where f, g are real valued functions on X .

Lemma 3.32. Let P be a Markov Chain and f, g real valued functions on X .
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(a) 2 EP(f, f) =
∑

x,y(f(x)− f(y))2π(x)P(x, y)

(b) EP(f, f) = E←−P (f, f) = E P+
←−P

2

(f, f)

(c) If P is lazy, i. e., P(x, x) ≥ 1/2 for all x ∈ X , EP←−P (f, f) ≥ EP(f, f)

(d) If P is reversible, then

EP(f, g) = EP(g, f) =
1

2

∑
x,y

(f(x)− f(y))(g(x)− g(y))π(x)P(x, y) (3.54)

Definition 3.33. Let P be a Markov Chain with stationary distribution π. The

log-Sobolev constant is defined as

ρ(P) = min
f,L(f) 6=0

EP(f, f)

L(f)

where L(g) = Eπ

[
g2 log

(
g2

Eπ[g2]

)] (3.55)

The log-Sobolev constant was introduced in the context of finite Markov Chains

by [11] to derive tight bounds on L2-mixing time of (continuous time) Markov Chains.

In the case of reversible chains, they showed a tight relation between the L2-mixing

times in discrete and continuous time. Rather than stating the result their result in

full, we only state a consequence which we need

Theorem 3.34 (Diaconis and Saloff-Coste [11, Corollary 2.2, Theorem 3.7]). Let P be

a reversible Markov Chain with stationary distribution π. Assume that all eigenvalues

of P are non-negative and π∗ ≤ 1/e.

T2(P, ε) ≤ 1

ρ(P)

(
log(1/ε) +

log log(1/π∗)

4

)
(3.56)

Moreover, T2(P) ≥ 1
2ρ(P)
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Unfortunately the proof of the above result does not use the outline of § 3.6 and

hence does not translate into a Robust mixing time bound. [34] uses the log-Sobolev

constant to show a smooth entropy decay which immediately translates into a Robust

mixing time bound.

Theorem 3.35 (Laurent [34, Proposition 6]). Let P be a Markov Chain with station-

ary distribution π and µ any distribution. D(µP||π) ≤ (1− ρ(P
←−
P )) D(µ||π)

Montenegro and Tetali [45] show a similar result for L2-mixing time which uses

the outline of § 3.6.

Theorem 3.36 (Montenegro and Tetali [45, Corollary 3.4]). Let P be a Markov Chain

with stationary distribution π.

T2(ε) ≤
1

ρ(P
←−
P )

(
log log(1/π∗)− log log(1 + ε2)

)
(3.57)

Combining the above results, we have

Theorem 3.37. Let P be a Markov Chain with stationary distribution π and assume

π∗ ≤ 1/e.

T2(P
←−
P ) ≤ R2(P) ≤ T2(P

←−
P ) ·O (log log(1/π∗)) (3.58)

Proof. The lower bound follows from the adversarial strategy
←−
P . Let Q = P

←−
P and

note that the eigenvalues of Q are squares of the singular values of S(P) and hence

are all non-negative.

Let ρ = ρ(Q). By Theorem 3.34, T2(Q) ≥ (2ρ)−1. By Theorem 3.36 together with

observation in § 3.6 we have

R2(P, ε) ≤ 1

ρ

(
log log(1/π∗)− log log(1 + ε2)

)
(3.59)
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Combining this with 1/ρ ≤ 2T2(Q), we have the result. F

This allows us to improve the estimate of Proposition 3.14 for L2-mixing times.

Proposition 3.38. Let P be a reversible lazy Markov Chain with stationary distri-

bution π and assume π∗ ≤ 1/e.

T2(P) ≤ R2(P) = T2(P) ·O(log log(1/π∗)) (3.60)

Proof. The lower bound follows by the adversary not doing anything. Let Q = P
←−
P =

P2. From Theorem 3.36, we know that R2(P) = (ρ(Q))−1O(log log(1/π∗)). Since P is

lazy, Lemma 3.32 implies ρ(Q) ≥ ρ(P). Hence

R2(P) ≤ 1

ρ(P)
O(log log(1/π∗)) (3.61)

Since P is reversible, T2(P) ≥ (2ρ(P))−1 by Theorem 3.34. F

3.7 Application: Liftings

Definition 3.39. Let P and Q be Markov Chains on state spaces X and Y with

stationary distributions π and µ respectively. P is said to be a collapsing of Q if there

exists a mapping F : Y → X such that the following hold

• π(x) = µ(Yx) for all x ∈ X where Yx = F−1(x)

• For all x1, x2 ∈ X ,

P(x1, x2) =
∑

y1∈Yx1

∑
y2∈Yx2

µx1(y1)Q(y1, y2) (3.62)
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where µx is the conditional distribution of y ∈ Y given F (y) = x, i.e. µx(y) =

µ(y)/π(x).

A lifting of P is a chain Q such that P is the collapsing of Q.

x0 y0

x1

y1

x2

y2

x3y3

x4

y4

x5

y5

Q P u0

u1u2

u3

u4 u5

• dashed edges of Q have weight 1/n; solid edges of Q have weight
1− 1/n

• The projection map is defined via F (xi) = F (yi) = ui

• Hence loops in P have weight 1/n; remaining edges of P have weight
(1/2− 1/2n)

Figure 3.2: Double cover of cycle

Example 3.40. Figure 3.2 shows an example of lifting Q of P. Assume n is odd so

that there are no periodicity effects. Since P is just the random walk on the cycle with

a small holding probability, we have T (P) = Θ(n2). On the other hand, one can show

that T2(Q) = O(n log n) by explicitly diagonalizing Q. Thus by lifting the Markov

Chain P to Q we have decreased the mixing time by almost a quadratic factor.
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Theorem 3.41 (Chen et al. [8]). Let P be a reversible Markov Chain and Q a lifting

of P.

(a) T (P) = O(max(T (Q), T (
←−
Q))2 log(1/π∗))

(b) If Q is reversible, T (P) = O(T (Q) log(1/π∗))

(c) There is an explicit family of reversible liftings Q of P for which

T (P) = Ω

(
T (Q) log(1/π∗)

log log(1/π∗)

)
(3.63)

where µ∗ := miny µ(y) = Θ(π∗).

Proposition 3.42. Let Q be a lifting of P. For x ∈ X , let µx denote the distribution

µ conditioned on F (y) = x. Given a distribution ν on X put

ν̂(y) = ν(F (y))µF (y)(y) (3.64)

For all 1 ≤ p ≤ ∞, ‖ν̂ − µ‖p,π = ‖ν − π‖p,π. Also D(ν̂||µ) = D(ν||π).

Proof. Let

f(x) =
ν(x)

π(x)
and f̂(y) =

ν̂(x)

µ(x)
(3.65)

be the density functions of ν − π and ν̂ − µ respectively. For y ∈ Y and x = F (y) we

have

ν̂(y)

µ(y)
=

ν(x)

π(x)
(3.66)

Also since Q is a lifting of P, we have

∑
F (y)=x

µ(y) = π(x) (3.67)
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Now the result follows from the definition of the p-norms and D(·).

The crucial observation is the following

Theorem 3.43. Let Q be a lifting of P and 1 ≤ p ≤ ∞. Then Rp(Q) ≥ Rp(P).

Proof. Fix 1 ≤ p ≤ ∞. Let P = (P, {At}) be an adversarial modification of P such

that T (P) = R(P). We now exhibit an adversarial strategy {Bt} against Q so that

the adversarially modified Q = (Q, {Bt}) simulates the evolution of P .

Let F : Y → X be the projection map and consider the following adversarial

strategy C:

C(y, y′) =


µx(y′) if F (y) = F (y′) = x

0 otherwise

(3.68)

i.e. given y ∈ Y , the adversary picks a state y′ ∈ Y according to the distribution

µx where x = F (y). Recall that µx is the conditional distribution of µ given that

F (y) = x.

For y′ ∈ Y and x′ = F (y′), we have

(µC)(y′) =
∑
y∈Y

µ(y)C(y, y′) =
∑

y∈Yx′

µ(y)µx′(y′) = µx′(y′)µ(Yx′) = µ(y′) (3.69)

Thus C is compatible with Q.

Given a distribution ν on X , we lift it to distribution ν̂ on Y as defined in Propo-

sition 3.42. Also, Proposition 3.42 implies ‖ν̂ − µ‖p,π = ‖ν − π‖p,π.

Suppose we start with the distribution ν on X and ν̂ on Y . We show that applying
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P to ν is “equivalent” to applying QA to ν̂.

(ν̂ Q)(Yx2) =
∑
y1∈Y

∑
y2∈Yx2

F (ν)(y1)Q(y1, y2)

=
∑
x1∈X

∑
y1∈Yx1

∑
y2∈Yx2

ν(x1)µ
x1(y1)Q(y1, y2)

=
∑
x1∈X

ν(x1)P(x1, x2)

= ν̂P (x2)

(3.70)

which implies ν̂ QC = ν̂P. Thus the Markov Chain QC simulates P and hence

Rp(Q) ≥ Tp(QC) ≥ Tp(P).

To show Rp(Q) ≥ Rp(P), we just need to lift the strategy {At} on X to {Bt} on

Y . Given {At} define Bt as follows:

Bt(y1, y2) = µx2(y2)At(x1, x2) (3.71)

where x1 = F (y1) and x2 = F (y2). First observe that if At = I then Bt = C. Also

for x1, x2 ∈ X , we have

∑
y1∈Yx1 ,y2∈Yx2

µx1(y1)Bt(y1, y2) = At(x1, x2) (3.72)

showing that the transitions of Bt and At are compatible with the projection F . It

only remains to verify that for any distribution ν on X , ν̂ Bt = ν̂At.

For y2 ∈ Y such that F (y2) = x2, (3.71) implies

(ν̂ Bt)(y2) =
∑
y1∈Y

ν̂ (y1)Bt(y1, y2) = µx2(y2)
∑
y1∈Y

ν(x1)µ
x1(y1)At(x1, x2) (3.73)
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where x1 = F (y1). Thus ν̂ Bt restricted to Yx2 = F−1(x2) is proportional to µx2 . On

the other hand, summing (3.72) over x1 ∈ X , shows (ν̂ Bt)(Yx2) = (νAt)(x2) for any

x2 ∈ X . Hence ν̂ Bt = ν̂At. It now follows from Proposition 3.42 that Q simulates P

which implies Rp(Q) ≥ Rp(P). F

Together with relation between Robust and standard mixing times, we have

Proposition 3.44. Let Q with stationary distribution µ be a lifting of P with sta-

tionary distribution π. Let µ∗ = miny∈Y µ(y).

(a) If Q is lazy, T (P) ≤ T2(P) ≤ T (Q)2 log(1/µ∗)

(b) If Q is reversible, T (P) ≤ T (Q) log(1/µ∗)

(c) If Q is reversible and lazy, T2(P) ≤ T2(Q) log log(1/µ∗)

Proof. By Theorem 3.43 we have Rp(Q) ≥ Rp(P) ≥ Tp(P) for p = 1, 2.

(a) Theorem 3.28 implies R2(Q) ≤ T (Q)2 log(1/µ∗).

(b) Proposition 3.14 implies R(Q) ≤ T (Q) log(1/µ∗).

(c) Proposition 3.38 implies R2(Q) ≤ T2(Q) log log(1/µ∗). F

Note that Proposition 3.44(b) has a log(1/µ∗) while Theorem 3.41 has log(1/π∗).

The difference is only a constant factor if µ∗ is only polynomially smaller than π∗. In

potential applications, µ∗ is usually only a constant factor smaller than π∗.

For the general case, the laziness requirement can be dropped as well as log(1/µ∗)

improved to log(1/π∗) if we do not go via the Robust mixing time and observe that

the conductance of Q is smaller than that of P and use Theorem 3.26 and Theorem

3.27. See [18] for details.
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When Q is reversible, we improve the Theorem 3.41 by analyzing the strategy C

used in the proof of Theorem 3.43.

Theorem 3.45. Let Q be a reversible lifting of P. Assume that π∗ ≤ 1/e. Then

T (Q) ≥ Trel(P) log(2) (3.74)

T2(Q) ≥ 1

2ρ(P)
(3.75)

Proof. Let C be the stochastic matrix as defined in Theorem 3.43. Note that C is

reversible, since it reaches stationarity in one step in each reducible component.

Let ~v denote the eigenvector (of length |X |) corresponding to λ∗(P) and lift ~w to

~̂w =
∑
x∈X

~w(x)µx(y) (3.76)

It is easy to see that for x ∈ X ,
∑

y∈Yx
(~̂w Q)(y) = (wP)(x). Hence

~̂w (QC)(y) = λ∗(P)~w(x)µx(y) = λ∗(P)~̂w (y) (3.77)

where x = F (y). Thus λ∗(QC) ≥ λ∗(P).

Since A is a contraction (it is stochastic), we have |λ∗(Q)| ≥ |λ∗(QC)| ≥ |λ∗(P)|.

Hence by Theorem 2.40, T (Q) = T (Q, 1/4) ≥ Trel(Q) log(2) ≥ Trel(P) log(2).

For the second result, by Theorem 3.34 it is enough to show that ρ(Q) ≤ ρ(P).

For f : X → R, define g : Y → R via g(y) = f(F (y)). Then

‖g‖22,µ =
∑
x∈X

π(x)
∑

y=F (x)

µx(y)g(y)2 =
∑
x∈X

π(x)f(x)2 = ‖f‖22,π (3.78)
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It is easy to see that Lµ(g) = Lπ(f) and since Q is a reversible lifting of P, we have

2 EQ(g, g) =
∑

x1,x2∈X

∑
F (y1)=x1

∑
F (y2)=x2

π(x1)µ
x1(y1)Q(y1, y2)(g(y1)− g(y2))

2

=
∑

x1,x2∈X

π(x1)(f(x1)− f(x2))
2

 ∑
F (y1)=x1

∑
F (y2)=x2

µx1(y1)Q(y1, y2)


=

∑
x1,x2∈X

π(x1)(f(x1)− f(x2))
2P(x1, x2)

= 2 EP(f, f) (3.79)

Hence ρ(Q) ≤ ρ(P). F

For many reversible chains T (P) = O(Trel(P)). Theorem 3.45 shows that one

cannot gain more than a constant factor improvement by considering a reversible

lifting. Similarly if T2(P) = O(ρ(P)−1), one cannot gain more than a constant factor

by taking a reversible lifting.

3.8 Discussion

Boyd et al. [6] considers the fastest mixing Markov Chain on a graph problem.

Given an undirected graph X, assign weights to the edges of the graph, so that the

Random walk on the resulting graph has the largest spectral gap. Robust Mixing is a

complementary notion which addresses the question of how much can one slow down

a Markov Chain.

Proposition 3.14 shows that for a reversible chain the adversary cannot slow it

down by more than a O(log(1/π∗) factor. However the example in Theorem 3.41

together with Theorem 3.43 shows that this gap is nearly tight.



Chapter 4

Cayley Walks on Groups

In this chapter, we look at Markov Chains which arise from walks on finite groups.

Definition 4.1. Let G be a finite group and P (·) a distribution over G. The Cayley

walk induced by P on G is the Markov Chain P with following transition matrix

P(g, h) = P (g−1h) (4.1)

In other words, P takes the current group element g and right multiplies it with an

element s of G chosen from the distribution P .

By a Cayley walk on G we mean a Cayley walk on G induced by some probability

distribution P on G.

Definition 4.2. For a distribution P over G, the support of P , denoted supp(P ) is

defined as {h ∈ G : P (h) > 0}.

Lemma 4.3. Let P be a Cayley walk on a finite group G induced by P .

(a) P is irreducible iff supp(P ) generates G

76
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(b) P is aperiodic iff supp(P ) does not lie in a coset of some non-trivial subgroup

of G

In particular, P is ergodic if supp(P ) generates G and P (1) > 0, where 1 is the

identity element of G.

Cayley walks of groups are a well studied class of Markov Chains. Since the

transition matrices of Cayley walks are doubly stochastic, the stationary distribu-

tion is always uniform. The underlying group structure ensures that Cayley walks

are vertex transitive and hence Corollary 2.45 applies. However estimating all the

eigenvalues of the transition matrix is not always easy and usually leads to problems

dealing with representation theory of G, as the invariant subspaces of P are the irre-

ducible representations of G (the |G|-dimensional vector space is the so called regular

representation of G).

In this chapter, we look at the Robust mixing time of Cayley walks under certain

restricted adversaries.

4.1 Cayley Adversaries

Definition 4.4. Let P be a Cayley walk on a finite group G. A Cayley strategy is a

sequence of doubly stochastic matrices {At} such that each At is the transition matrix

of some Cayley walk on G. Denote by C the set of all Cayley strategies on G (G will

be clear from context).

G. [21] showed that set of N × N doubly stochastic matrices equals the convex

hull of the N ! permutation matrices. In case of a Cayley strategy, the choice of At is

limited to the convex combinations of the N right translations, where N = |G|.
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Definition 4.5. Let P be a Cayley walk on a group G. The Cayley Robust mixing

times of P, are defined via

RC(P, ε) = sup
P
T (P, ε) RCp(P, ε) = sup

P
Tp(P, ε) (4.2)

where the suprema are taken over adversarially modified versions P = (P, {At}) of P

where {At} is a Cayley strategy.

Since the set of Cayley strategies is symmetric as well as a valid set of strategies

(see Definition 3.6), the Cayley Robust mixing time enjoys all the basic properties of

Robust mixing time.

Another natural class of adversaries is the following:

Definition 4.6. Let G be a finite group. A translation strategy is a sequence of doubly

stochastic matrices {At} such that each At can be written as the convex combination

of two-sided translations ηs,s′ , where ηs,s′ is the permutation matrix corresponding to

the permutation g 7→ sgs′

A translation adversary is one who is restricted to translation strategies.

While a Cayley adversary is only allowed right translations by elements of the

group, a translation adversary is allowed two-sided translations. We quickly see this

does not buy any additional power for the adversary.

Proposition 4.7. Let P be a Cayley walk on a group G. The Cayley Robust mixing

time equals the translation Robust mixing time under any distance measure which is

invariant under permutations.

In particular, for the Lp mixing times and entropy mixing time, a translation

adversary has the same power as a Cayley adversary.
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Proof. Since the set of translation strategies is a convex hull of two-sided translations,

the translation Robust mixing time of P is the mixing time of P = (P, {At}) where

each At corresponds to the two-sided translation η`(t),r(t) for some fixed elements

`(t), r(t) of G.

Now consider the Cayley strategy Q = (P, {Bt}) where Bt corresponds to the right

translation by r(t). If we define L(t) = `(1) · `(2) . . . `(t), it is clear that the t-round

distribution of P and Q only differ by a left translation by L(t). Since the stationary

distribution is uniform and the distance measure is invariant under permutations,

they are equal. F

4.2 Holomorphic Adversaries

We now consider another natural set of strategies which preserve the symmetry of

underlying group. In additional to allowing translations we also allow the adversary

to apply automorphisms of the group.

Definition 4.8. Let G be a finite group. A permutation J on G is said to be a

holomorphism if it can be written as the composition of a right translation and an

automorphism of G.

Definition 4.9. Let G be a group. A holomorphic strategy is a sequence {At} of

matrices each of which can be written as the convex combination of holomorphisms

of G. Denote by H the set of all holomorphic strategies of G (G will be clear from

context).

Definition 4.10. Let P be a Cayley walk on a group G. The holomorphic Robust
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mixing times of P, are defined via

RH(P, ε) = sup
P
T (P, ε) RHp (P, ε) = sup

P
Tp(P, ε) (4.3)

where the suprema are taken over adversarially modified versions P = (P, {At}) of P

where {At} is a holomorphic strategy.

Like Cayley strategies, the set H of holomorphic strategies are symmetric as well

as a valid set of strategies against any Cayley walk on G.

Definition 4.11. (a) For a group G, let Aut(G) denote the group of automor-

phisms of g.

(b) f ∈ Aut(G) is said to be an inner automorphism if f(g) = hgh−1 for some

h ∈ G, i. e., f corresponds to a conjugation.

(c) Inner(G) denote the sub-group of inner automorphisms of G

(d) Outer(G) ∼= Aut(G)/ Inner(G) denote the group of outer-automorphisms of G.

Proposition 4.12. Let P be a Cayley walk on a group G. If Outer(G) is trivial,

then the Cayley Robust mixing times are the same as the holomorphic Robust mixing

times.

In particular, this is the case for the symmetric group Sn for n ≥ 5,n 6= 6.

Proof. If Outer(G) is trivial, then all automorphisms are only conjugations. Hence a

translation adversary can simulate the moves of a holomorphic adversary. By Propo-

sition 4.7 we have the result.

Since Outer(Sn) is trivial for n ≥ 6 the claim for Sn holds. F
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Definition 4.13. Let G be a group. By the holomorph of G, we mean the semi-direct

product Hol(G) := G o Aut(G), where Aut(G) acts on G naturally.

Example 4.14. Consider the lazy random walk on the hypercube. Here G = Zn
2 . A

Cayley adversary would only be allowed to flip coordinates (which are chosen arbi-

trarily). A holomorphic adversary on the other hand, can also apply any permutation

on the coordinates, since Hol(Zn
2 ) = Zn

2 o Sn.

4.3 Upper Bounds on Holomorphic Robust Mix-

ing Time

Let P be a Cayley walk on a finite group G and assume |G| ≥ 3. Note that
←−
P is a

legal Cayley strategy. Hence from Theorem 3.37, we have

T2(P
←−
P ) ≤ RC2(P) ≤ RH2 (P) ≤ T2(P

←−
P ) ·O(log log |G|) (4.4)

In this section we improve this result by eliminating the O(log log |G|) factor and

show RH2 (P) ≤ 2T2(P
←−
P ).

We identify holomorphisms of G with the permutation they induce. This permu-

tation representation of G is faithful, i. e., only the identity holomorphism induces the

identity permutation on G. To see this consider α = hof ∈ Hol(G) where f ∈ Aut(G)

and suppose that α induces the identity permutation on G, i.e. α fixes all elements

of G. Since f always fixes the identity element of G, we have 1 = α(1) = h. Thus

α must be an automorphism of G. Now if α fixes every element of G then α is the

identity automorphism.

The holomorphic adversary corresponds to Hol(G) and the Cayley adversary cor-
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responds to G ≤ Hol(G).

Definition 4.15. Let G be a group. A permutation J on G is said to be G-respecting

if there exists a permutation K on G such that for all h, g ∈ G,

J(h)−1J(g) = K(h−1g) (4.5)

Proposition 4.16. Let G be a group. A permutation J on G is G-respecting iff it is

a holomorphism of G.

Proof. Let G be the set of all G-respecting permutations of G. If J ∈ Aut(G), then

J is G-respecting (take K = J). If J is a right translation, then J is G-respecting

(take K to be identity). We now show that G is closed under compositions.

Suppose J1, J2 ∈ G and let K1, K2 be the corresponding permutations given by

Definition 4.15. Then for h, g ∈ G,

J1(J2(h))−1 · J1(J2(g))−1 = K1(J2(h)−1J2(g)) = K1(K2(h
−1g)) (4.6)

Hence G contains all the holomorphisms of G.

Now let J be any G-respecting permutation of G and set J ′(h) = J(h)J(1)−1.

Clearly J is a holomorphism iff J ′ is a holomorphism. Since J is G-respecting and G

is closed under compositions and contains right translations, J ′ is also G-respecting.

Moreover, J ′(1) = 1. If K ′ is the permutation on G given for J ′ by Definition 4.15

we have

J ′(g) = J ′(1)−1J ′(g) = K ′(1−1g) = K ′(g) (4.7)

and now K ′ = J ′ implies J ′(h)−1J ′(g) = J ′(h−1g), i. e., J ′ is an automorphism of G.

Hence J is a holomorphism of G. F
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Definition 4.17. Let G be a group and A be a square matrix whose rows and columns

are indexed by elements of G. A is said to be G-circulant if for some F : G→ R,

A(h, g) = F (h−1g) (4.8)

Note that transition matrices of Cayley walks on G are G-circulants as are the

strategies of an Cayley adversary. Even though holomorphic strategies do not corre-

spond to G-circulants they respect G-circulant matrices as shown in the following

Proposition 4.18. (a) G-circulants are closed under products, affine combinations

and taking transposes.

(b) Let J be a G-respecting permutation and A be a G-circulant. Then so is JAJT

where by abuse of notation J also stands for the |G| × |G| matrix representing

the permutation J on G.

Proof. (a) If Ai(h, g) = Fi(h
−1g), then products correspond to convolution, affine

combinations correspond to affine combinations and AT corresponds to F ′(g) =

F (g−1).

(b) Let K denote the permutation corresponding to J as given by Definition 4.15.

Note that since J is a permutation matrix, JT = J−1.

(J−1AJ)(h, g) = A(J(h), J(g)) = F (J(h)−1 · J(g)) = F (K(h−1g)) (4.9)

Hence the result. F

Combining all of the above, we can show the following

Theorem 4.19. Let P be a Cayley walk on a group G. Then RH2 (P) ≤ 2T2(P
←−
P )
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Proof. Let P = (P, {At}) be any adversarially modified version of P where {At} is a

holomorphic strategy. By convexity and Proposition 4.16 we may assume that each

At corresponds to some G-respecting permutation Jt on G.

For t > 0, let Qt = PA1PA2 . . . PAt so that the t-round distribution is given by µQt

for an initial distribution µ. Note that for a Markov Chain with uniform stationary

distribution, its reverse chain is just its transpose.

For g ∈ G and initial state g, applying Proposition 2.35 for Qt we get

‖δgQtπ‖22,π = |G|Qt

←−
Qt(g, g)− 1 (4.10)

Now evaluate Qt

←−
Qt inside out by defining

Ct+1 = I Ck = P(AkCk+1Ak
T )PT (4.11)

so that C1 = Qt

←−
Qt. Clearly Ct+1 is G-circulant. Assuming Ck+1 is a G-circulant,

Proposition 4.18 together with the fact that At is a G-respecting permutation shows

that AkCk+1Ak
T is also G-circulant. Since P is G-circulant, it follows that Ck is

G-circulant. Hence Qt

←−
Qt is G-circulant.

From (4.10) and the fact that Qt

←−
Qt is constant on the diagonal, we have

‖µQt − π‖22,π ≤ tr(Qt

←−
Qt)− 1 (4.12)

for any initial distribution µ. Also,

tr(Qt

←−
Qt) =

|G|−1∑
i=0

σi(Qt)
2 ≤

|G|−1∑
i=0

t∏
j=1

σi(P)2σi(Aj)
2 ≤

|G|−1∑
i=0

σi(P)2t (4.13)
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since the singular values of a product is majorized the product of the singular values

(see [29, Chapter 3] for details) and σi(Aj) ≤ 1 (Aj is a permutation). Since σ0(Aj) =

σ0(P) = 1, the term i = 0 evaluates to 1. Hence for any initial distribution µ,

‖µQt − π‖22,π ≤
|G|−1∑
i=1

σi(P)2t (4.14)

Now let P′ = P
←−
P , g ∈ G and s > 0. Consider the s-step distribution of the

Markov Chain P′ when the initial distribution is δg. By Proposition 2.35, we have

‖P′s(g, ·)− π‖22,π = |G|(P′s
←−
P′ s)(g, g)− 1 (4.15)

Since P′ is G-circulant and doubly stochastic, we have ‖P′s(g, ·)−π‖22,π = tr(P′2s)−1.

But the eigenvalues of P′ are the squares of the singular values of P and the top

eigenvalue is 1. Hence

‖P′s(g, ·)− π‖22,π =

|G|−1∑
i=1

σi(P)4s (4.16)

Hence the worst case (2s)-round L2-distance for P is bounded above the worst

case s-step L2-distance for the Markov Chain P
←−
P . Hence the result. F

As an immediately corollary, we have

Corollary 4.20. Let P be a Cayley walk on a group G.

max(T2(P), T2(P
←−
P )) ≤ RC2(P) ≤ RH2 (P) ≤ 2T2(P

←−
P ) (4.17)

In particular, if P is reversible, T2(P) ≤ RC2(P) ≤ RH2 (P) ≤ T2(P) + 1.

Proof. The adversarial strategies At = I and At =
←−
P show the lower bound onRC2(P).

Clearly RC2(P) ≤ RH2 (P). Theorem 4.19 shows RH2 (P) ≤ 2T2(P
←−
P ).
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If P were reversible, we have RH2 (P) ≤ 2T2(P2) ≤ T2(P) + 1, since running a chain

twice as fast mixes in half the time. F

An immediate consequence is that a convex combination of reversible Cayley walk

cannot mix slower than the faster of the two.

Theorem 4.21. Let P1 and P2 be two reversible ergodic Cayley walks on a group G

and put Q = a1P1 + a2P2 where 0 < a1 = 1 − a2 < 1. Then assuming T2(Pi) ≥

log(|G|)/2 for i = 1, 2 and |G| ≥ 16, we have

T2(Q) ≤ 1 + min

(
7T2(P1)

a1

,
7T2(P2)

a2

, T2(P1) + T2(P2)

)
(4.18)

Proof. Since the Pi are reversible, Corollary 4.20 implies RH2 (Pi) ≤ T2(Pi) + 1. Ap-

plying Proposition 3.20 and Lemma 3.16 for S = H, we have

RH2 (Q) ≤ min
(
RH2 (P1) +RH2 (P2)− 1, 7RH2 (P1)/p, 7RH2 (P2)/q

)
(4.19)

4.4 Application: Non-Markovian Processes

We now illustrate the power of Robust mixing by estimating the mixing time of a

non-Markovian process.

Definition 4.22. Let PRT denote the random-to-top transposition chain on Sn which

we define below: Given n cards, each arrangement can be identified with a permuta-

tion of Sn.

At each time t, pick 1 ≤ i ≤ n, uniformly at random and exchange the cards

at locations i and 1. Formally, it is the Cayley walk on Sn generated by uniform

distribution on the transpositions {(1, i) : 1 ≤ i ≤ n}.
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Definition 4.23. Let PRC denote the random-to-cyclic transposition process on Sn

which we define below: Given n cards, each arrangement can be identified with a

permutation of Sn.

At each time t, pick 1 ≤ i ≤ n, uniformly at random and exchange the cards at

locations i and (t mod n).

In the random-to-cyclic process at time t, we exchange the card at location t with

a random card. Due to this dependence on t, the process is not Markovian. The

problem of estimating the mixing time of PRC was raised by Aldous and Diaconis

[2] in 1986. Mironov [42] used this process to analyze a cryptographic system known

as RC4 and showed that PRC mixes in time O(n log n) without an estimate on the

hidden constant. Mossel et al. [47] showed T (PRC) = Θ(n log n). They showed a

lower bound of (0.0345 + o(1))n log n.

For the upper bound, they considered the following generalization of PRC : At time

t, we exchange the card at location Lt with a random card, where the sequence Lt is

chosen by an oblivious adversary. For this chain PRA (random-to-adversarial), they

showed that T (PRA) ≤ Cn log n+O(n) giving the first explicit bound of C ≈ 4×105.

They also observed that since PRA can simulate PRT , T (PRA) ≥ T (PRT ). Since

T (PRT ) = n log n + O(n) ([13, 55]) it follows C ≥ 1.

We now reduce C to 1 by using the Robust mixing framework.

Theorem 4.24.

T2(PRC) ≤ T2(PRT ) + 1 ≤ n log n + O(n) (4.20)

Proof. In fact, we prove the following chain of inequalities:

T2(PRC) ≤ T2(PRA) ≤ RH2 (PRT ) ≤ T2(PRT ) + 1 ≤ n log n + O(n) (4.21)
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For a particular choice of adversarial moves the PRA process can simulate the PRC

process. Hence T2(PRC) ≤ T2(PRA).

By convexity arguments, it is enough to consider the case that the adversary’s

choice is deterministic to estimate the mixing time of PRA. Let αt ∈ {1, . . . , n} de-

note an adversarial choice for time t (fixed before the process begins). We first observe

that an adversarial version of PRT can simulate PRA. For k, r ∈ {1, . . . , n}, (k, r) =

(1, k)(1, r)(1, k). Hence if we let At correspond to right multiplication by (1, αt)(1, αt+1),

it follows that the given adversarial modification of PRT simulates PRA. Since the sim-

ulation was done by a Cayley adversary, we have

T2(PRA) ≤ RC2(PRT ) ≤ RH2 (PRT ) (4.22)

Since PRT is reversible, by Corollary 4.20 we have RH2 (PRT ) ≤ T2(PRT ) + 1. But

T2(PRT ;T ) ≤ n log n + O(n) ([13, 55]).

The same reductionist approach can be used to estimate the mixing times of

non-Markovian processes, if we can un-entangle the non-homogenous aspect of the

evolution rule from the random choices made during the evolution. We give another

example below.

Definition 4.25. Fix 1 ≤ k ≤ n. k-adjacent transposition chain has the following

evolution rule. At time t, we pick a random card r and exchange it with the card at

location (r + k mod n).

For k = 1, this is the adjacent transpositions chain. If k is not relatively prime to

n, then it is easy to see that the Markov Chain is reducible. Suppose k is relatively

prime to n. Then we can re-order the cards so that they appear in the order 1, k +

1, 2k + 1, . . . . Since k and n are relatively prime, the set {(ki + 1 mod n)}n−1
i=0 is
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a permutation of {1, . . . , n}. Also after this reordering the k-adjacent transposition

chain, reduces to the adjacent transposition chain. Hence for fixed k, the mixing time

of adjacent transposition chain is the same as that of the k-adjacent transposition

chain.

Now suppose k is not fixed and varies with time, i. e., at time t, we apply the

kt-adjacent transposition rule, where kt is an adversarially specified sequence. Now

if all kt are relatively prime to n (which holds if n is prime), then the adversary can

apply the kt-reordering before and after the adjacent transposition step. Thus we

have shown that the {kt}-adjacent transposition process cannot mix slower than the

adjacent transpositions Markov Chain. This non-Markovian shuffle is related to Shell

Sort, just like adjacent transposition is related to Bubble Sort.

4.5 Application: Semi-direct Products

Let G and H be groups and suppose G ≤ Aut(H). Then we can consider their semi-

direct product H o G. In this section, we show how we can use Robust mixing to

show that semi-direct products cannot mix slower than the direct product.

We restrict ourselves to semi-direct products of two groups so that we don’t get

bogged down by the notation.

Proposition 4.26. Let µ1 and µ2 be distributions on X1 and X2 respectively and

µ = µ1µ2 denote the product distribution on X := X1 × X2. Let ν be a distribution

on X such that

(a) the marginal distribution along X1 satisfies ‖ν(·,X2)− µ1‖2,µ1 ≤ ε1 and

(b) ∀x ∈ X1, the conditional distribution along X2 satisfies ‖ν(x, ·)− µ2‖2,µ2 ≤ ε2.
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Then 1 + ‖ν − µ‖22,µ ≤ (1 + ε2
1)(1 + ε2

2)

Proof. Let f(x) = ν(x,X2)/µ1(x) denote the density of the marginal with respect to

µ1 and for x ∈ X1, let gx(y) = ν(x, y)/ν(x,X2)µ2(y) be the density of the conditional

of ν along X2 with respect to µ2. Then for any x ∈ X1, we have

1 + ‖ν(·,X2)− µ1‖22,µ1
= ‖f‖22,µ1

= Eµ1 [f
2] (4.23)

1 + ‖ν(x, ·)− µ2‖22,µ2
= ‖gx‖22,µ2

= Eµ2 [g
2
x] (4.24)

1 + ‖ν − µ‖22,µ = ‖h‖22,µ = Eµ[h2] (4.25)

where h(x, y) = ν(x, y)/µ(x, y) is the density function of ν.

Eµ[h2] = Eµ1 [f
2 Eµ2 [g

2
x]] ≤ (1 + ε2

2) Eµ1 [f
2] = (1 + ε2

1)(1 + ε2
2) (4.26)

by the law of iterated conditional expectations. F

Qualitatively, Proposition 4.26 implies that in order for the joint distribution to

be close to stationarity, it is enough for one marginal and each conditional to be close

enough to stationarity.

Proposition 4.27. Let G1, G2 be groups and ϕ : G2 → Aut(G1) be a homomorphism

of groups. For i = 1, 2, let Pi be a Cayley walk on Gi.

Put G = G1 o G2 and consider the following Markov Chain P on G.

1. Let the current state of the Markov Chain be (g1, g2) ∈ G

2. Pick s1 ∈ G1 according to P1 and s2 ∈ G2 according to P2

3. With probability p1 move to (g1s1, g2) and with probability p2 = 1− p1 move to

(ϕ(s2)(g1), g2)
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Fix ε > 0 and put T2 = T2(P2, ε) and T1 = RH2 (P1, ε). Assume that Ti ≥ log(|Gi|).

Then

T2(P, δ) = O

(
T1

p1

+
T2

p2

)
(4.27)

where 1 + δ2 = (1 + ε2)2 + o(1) as min(|G1|, |G2|)→∞.

Proof. Fix t > 0 and let µt be the distribution after t-steps. Let T denote the number

of times G2 was updated, so E[T] = tp2.

Suppose T ≥ T2. Then the marginal distribution of µt along G2 is ε2 close to

uniform in L2 distance. Now condition on the complete evolution of G2 during the

T steps. Due to this conditioning, we know exactly how the G1 component evolves

whenever G2 is updated.

What remains is an adversarially modified version of P1 on G1 with a holomorphic

adversary, since G2 acts on G1 via automorphisms. Hence if T ≥ T2 and t−T ≥ T1,

we have by Proposition 4.26, ‖µt − π‖2,π ≤ δ.

Suppose T ≥ T2 and t−T < T1. Then we can apply Proposition 4.26 with ε and√
|G1| − 1 (worst case L2 distance). Similarly for T < T2 and t−T ≥ T1.

Now take t = α(T1/p1 + T2/p2) for some α > 1 to be determined later. This

ensures that either T ≥ T2 or t−T ≥ T1. By Proposition 3.17,

Pr{T < T2} ≤ exp (−(α− 1− log α)T2) ≤ |G2|α−1−log α (4.28)

Pr{t−T < T1} ≤ exp (−(α− 1− log α)T1) ≤ |G1|α−1−log α (4.29)

Hence for t = α(T1/p1 + T2/p2) and β = α− 1− log α, we have

1 + ‖µt − π‖22,π ≤ (1 + ε2)2 + |G2|−β(1 + ε2)|G2|+ |G1|−β(1 + ε2)|G1|

≤ (1 + ε2)2 + 2 min(|G1|, |G2|)1−β(1 + ε2)

(4.30)
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Choose β = 3 so that ‖µt − π‖2,π = ε + o(ε) as |G1|, |G2| → ∞. F

Hence the mixing time of the semi-direct product is essentially the time it takes

to update each component the right number of times.

• Robust Mixing time accounted for changes to G1 caused by updates to G2

• In case of a direct product, we may take T1 = T2(P1, ε)

• The result continues to hold for constant number of factors.

• If the number of factor is unbounded, a more careful analysis is required and

will be considered in § 5.3.



Chapter 5

Markovian Products

In this chapter, we generalize Proposition 4.27 in various directions and show how to

bound mixing times of product chains, in terms of that of the factor chains by only

using a coupon collector type of analysis. Traditionally, this type of analysis has only

been done to estimate the total variation mixing time of the product chains.

In § 5.2 we consider the case when the evolution of the components are indepen-

dent. Just like in the semi-direct product case, one can consider the product of k

chains, where updating component i can potentially affect all components < i. § 5.3

deals with the dependent case.

5.1 Distributions on Product Spaces

Fix k > 0 and for i = 1, . . . , k, let µi be a distribution on Xi. Consider X =
∏k

i=1Xk

and let µ = ⊗iµi be the product distribution on X . Let ν be any distribution on X .

If each component of ν is close enough to µi and the components have enough

independence then ν is close to µ.

We now give quantitative versions of the above statement for various distance

93
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measures. Proposition 4.26 covered the L2-distance for k = 2.

Definition 5.1. Let {µi}ki=1, {Xi}ki=1, ν be as above. For 1 ≤ i ≤ k and fixed

y1, . . . , yi, denote by ν(i) the marginal distribution of ν(x1, . . . , xk) along Xi condi-

tioned on xj = yj for 1 ≤ j < i.

Proposition 5.2. Let k > 0 and ν, {µi}, {Xi} be as above. Fix ε1, . . . , εk ≥ 0.

Suppose that for all 1 ≤ i ≤ k and y1 ∈ X1, . . . , yi−1 ∈ Xi−1, we have

‖ν(i) − µi‖2,µi
≤ εi (5.1)

Then 1 + ‖ν − µ‖22,µ ≤
∏k

i=1(1 + ε2
i ) where µ = ⊗iµi is the product distribution on

X =
∏

iXi.

More over, if ν = ⊗iνi where νi is the marginal distribution along Xi, then

1 + ‖ν − µ‖22,µ =
∏

i

(1 + ‖νi − µi‖22,µi
) (5.2)

Proof. Proposition 4.26 shows the inequality for k = 2. The general case follows by

induction on k.

Now suppose the marginals νi are independent and let fi = νi/µi by the corre-

sponding density function. Then

1 + ‖νi − µi‖22,µi
= Eµi

[f 2
i ] (5.3)

Independence implies Eµ[
∏

i f
2
i ] =

∏
i Eµi

[f 2
i ]. Now the result follows since

1 + ‖ν − µ‖22,µ = Eµ

[(
ν

µ

)2
]

= Eµ

[∏
i

f 2
i

]
(5.4)

F
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Proposition 5.3. Assume k ≥ 2. For i = 1, . . . , k, let νi, µi be distributions on

Xi. Put ν = ⊗iνi and µ = ⊗iµi. In order for ‖ν − µ‖2,µ ≤ 0.7, we must have

‖νi − µi‖2,µi
≤ 1√

k
for at least k/2 values of i.

Proof. If the conclusion does not hold, we have by Proposition 5.2,

1 + ‖ν − µ‖22,µ ≥ (1 + 1/k)k/2 ≥ 1.5 (5.5)

since (1 + 1/x)x increases to e as x→∞. Hence ‖ν − µ‖2,µ ≥
√

0.5 ≥ 0.7

For the L∞ norm, we have

Proposition 5.4. Let k > 0 and ν, {µi}, {Xi} be as above. Fix ε1, . . . , εk ≥ 0.

Suppose that for all 1 ≤ i ≤ k and y1 ∈ X1, . . . , yi ∈ Xi, we have

‖ν(i) − µi‖∞,µi
≤ εi (5.6)

Then 1 + ‖ν − µ‖∞,µ ≤
∏k

i=1(1 + εi) where µ = ⊗iµi is the product distribution on

X =
∏

iXi.

Proof. We only show for the case when the marginals are independent. Let fi = νi/µi,

where νi is the marginal distribution of ν along Xi. Then

‖ν(i) − µi‖∞,µi
= max

yi∈Xi

|fi(yi)− 1| (5.7)

For real numbers a, b we have |ab+a+b| ≤ |a|+ |b|+ |ab|. Substituting a = α−1, b =

β − 1 and rearranging, we get

1 + |αβ − 1| ≤ (1 + |α− 1|)(1 + |β − 1|) (5.8)
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and by induction we have

1 + |
∏

i

fi − 1| ≤
∏

i

(1 + |fi − 1|) (5.9)

Taking expectations on both sides and using the independence of fi, we have the

result. In the general case, we take the expectation of the right hand side, by taking

expectation over each µi in turn in that order. F

Proposition 5.5. Let k > 0 and ν, {µi}, {Xi} be as above. Fix ε1, . . . , εk ≥ 0.

Suppose that for all 1 ≤ i ≤ k and y1 ∈ X1, . . . , yi ∈ Xi, we have

‖ν(i) − µi‖TV ≤ εi (5.10)

Then 1 − ‖ν − µ‖TV ≥
∏k

i=1(1 − εi) where µ = ⊗iµi is the product distribution on

X =
∏

iXi.

Proof. Let η1, η2 be two distributions on Y and ω be any distribution on Y ×Y with

marginals η1 and η2 respectively. Then from Lemma 2.12, we have

1− ‖η1 − η2‖TV = max
ω

Pr{ω(∆)} (5.11)

where ∆ is the diagonal in Y2.

Suppose that ν is the product of its independent marginals. Then for each i there

is an ωi on X 2
i such that Pr{ωi(∆i)} = 1− εi, where ∆i is the diagonal in X 2

i . Define

ω on X ×X =
∏

iX 2
i as ⊗iωi. Observe that the diagonal ∆ of X 2 is the intersection

of ∆i. Hence we have

1− ‖ν − µ‖TV ≥ Pr{ω(∆)} =
∏

i

Pr{ωi(∆i)} =
∏

i

(1− εi) (5.12)
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In the general case, we have a family of couplings on X 2
i one for each value of

y1, y2, . . . , yi−1. Define the coupling on X 2 by an appropriate product. We illustrate

it for k = 2. Let ω1 be a coupling on X 2
1 so that Pr{ω1(∆1)} = 1 − ε1. For each

y1 ∈ X1, we have ‖ν(2)−µ2‖TV ≤ ε2. Hence we have a coupling ω2,y1 on X 2
2 such that

Pr{ω2,y1(∆2)} ≥ (1− ε2) for every y1 ∈ X1. Now define ω on X 2
1 ×X 2

2 as follows:

ω(y1, y
′
1, y2, y

′
2) = ω1(y1, y

′
1) · ω2,y1(y2, y

′
2) (5.13)

Now

Pr
ω
{y1 = y′1, y2 = y′2} = Pr

ω
{y1 = y′1}Pr

ω
y2 = y′2|y1 = y′1

= Pr
ω
{y1 = y′1}ω2,y1(∆2)

≥ (1− ε2) Pr
ω
{y1 = y′1}

≥ (1− ε2)(1− ε1) F

Even though, the total variation distance for a product space cannot be written

in terms of the component wise total variation distances, one can still show a result

like Proposition 5.3 for total variation distance.

Definition 5.6. Given two distributions ν and µ on X , their Hellinger distance is

defined via

H(ν, µ) = ‖
√

f‖2,µ =

√√√√2− 2

(∑
x

√
ν(x)µ(x)

)
(5.14)

where f(x) = ν(x)/µ(x).

The Hellinger distance is the L2(µ) norm of the square root of the density function

of ν with respect to µ and lies between 0 and
√

2. Hellinger distance is closely related

to the total variation distance and splits nicely over product measures.
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Proposition 5.7. Let ν, µ be two measures on X . Then

(a) H(ν,µ)2

2
≤ ‖ν − µ‖TV ≤ H(ν, µ)

(b) For k > 0, if ν = ⊗k
i=1νi and µ = ⊗k

i=1µi where νi and µi are distributions on

Xi, we have

1− H(ν, µ)2

2
=

k∏
i=1

(
1− H(νi, µi)

2

2

)
(5.15)

Proof. (a) See [51, Chapter 3] for a proof.

(b) Observe from Definition 5.6 that

1− H(ν, µ)2

2
=
∑

~x

√
ν(~x)µ(~x)

=
∑

~x

∏
i

√
νi(xi)µi(xi)

=
∏

i

(
1− H(νi, µi)

2

2

) (5.16)

where ~x = (x1, . . . , xk) ranges over
∏

iXi.

Proposition 5.8. Fix k ≥ 2. For i = 1, . . . , k, let νi, µi be distributions on Xi. Let

ν = ⊗iνi and µ = ⊗iµi. In order for ‖ν − µ‖TV ≤ 0.3, we must have ‖νi − µi‖TV ≤

1/
√

k for at least k/4 values of i.

Proof. If not, ‖νi − µi‖TV ≥ 1/
√

k for more than 3k/4 values of i. Proposition 5.7

implies H(νi, µi) ≥ 1/
√

k for 3k/4 values of i. Again by Proposition 5.7, we have

1− H(ν, µ)2

2
≤
(

1− 1

2k

)3k/4

(5.17)
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Since (1− 1/x)x increases monotonically to 1/e as x→∞, we have 1−H(ν, µ)2/2 ≤

(1/e)3/8. A final application of Proposition 5.7 gives,

‖ν − µ‖TV ≥
H(ν, µ)2

2
≥ 1−

(
1

e

)3/8

≥ 0.3 (5.18)

For Relative Entropy we have

Proposition 5.9. For i = 1, . . . , k, let νi, µi be distributions on Xi. Suppose that the

νi are independent. Put ν = ⊗iνi and µ = ⊗iµi. Then

D(ν||µ) =
∑

i

D(νi||µi) (5.19)

Proof. Let fi = νi/µi be the density functions of νi w.r.t. µi. Then D(νi||µi) =

Eµi
[fi log(fi)] and D(ν||µ) = Eµ[f log f ] where f =

∏
i fi. Hence

D(ν||µ) = Eµ

[
f

(∑
i

log fi

)]

=
∑

i

Eµ [f log fi]

=
∑

i

Eµi
[fi log fi]

=
∑

i

D(νi||µi)

(5.20)

since Eµi
[fi] = 1 and the fi are independent. F

Note that unlike the other distances, we needed full independence here. As an

immediate corollary of Proposition 5.9, we get

Proposition 5.10. Fix k ≥ 2. For i = 1, . . . , k, let νi, µi be distributions on Xi. Let
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ν = ⊗iνi and µ = ⊗iµi. In order for D(ν||µ) ≤ 1/2, we must have D(νi||µi) ≤ 1/k

for at least k/2 values of i.

5.2 Markovian Product of Markov Chains

Definition 5.11. Fix k > 0 and let

• P1, . . . , Pk be Markov Chains on X1, . . . ,Xk with stationary distributions µ1, . . . , µk,

• X ′ =
∏

iXi, µ = ⊗iµi,

• Q be a Markov Chain on Y with stationary distribution π,

• F : Y × [0, 1]→ 2[k], where [k] = {1, . . . , k}.

• G : [0, 1]→ {0, 1}.

Define a Markov Chain P on X = X ′ × Y which evolves as follows.

(a) Let the current state be (x1, . . . , xk; y)

(b) Pick r ∈ [0, 1] uniformly at random

(c) If G(r) = 1, choose y′ from the distribution Q(y, ·) using r and any additional

randomness. Otherwise, let y′ = y.

(d) If i ∈ F (y, r), choose x′i from Pi(xi, ·) without using r. Otherwise let x′i = xi.

(e) Move to the state (x′1, . . . , x
′
k; y
′)

• P is said to be an independent Markovian product of P1, . . . , Pk controlled by Q.

• Q is said to be the controller, F the selector function and G the decider function.
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x1

P1

x2

P2

. . .
xi

Pi

. . .
xk

Pk

y

Q

F – selector

G – decider r ∈R [0, 1]

Figure 5.1: Markovian Product of Markov Chains

• By the configuration part we mean the projection of the state on X ′.

• By the controller part we mean the Y component of the state.

Some observations are in order

• Each application of Pi uses its own independent random choices.

• Applications of Q may reuse r, but the distribution of y′ must be Q(y, ·).

• The random number r only influences F (y, r), G(r) and possibly y′.

• Since the evolution of the components are independent the stationary distribu-

tion is the product distribution.

• Varying F and G gives different chains on the same state space with the same

stationary distribution.

We start with a few examples.
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Example 5.12. (Direct product) Consider the following choices

• Y = {1, . . . , k}, π arbitrary

• Q(y1, y2) = π(y2)

• G(r) = 1

• F (y, r) = {y}

Now what we get is the direct product of P1, . . . , Pk where at each time, we update

component i with probability π(i). Technically, we have a lag of one unit of time,

since value of y decides which component gets updated during the next time period.

Example 5.13. (Lazy Lamplighter chains) Here we take

• Y = {1, . . . , k}

• Q any ergodic Markov Chain on Y with stationary distribution π

• G(r) = 1 iff r ≥ 1/2

• F (y, r) = {y} if r < 1/2, {} otherwise

• Xi = Z2 for 1 ≤ i ≤ k

• Pi sets xi = 0/1 with probability 1/2 each

What we get now is a variant of the Lamplighter chain considered in [49]. Here we

have a lamp lighter moving around Y with each vertex of Y having a two-state lamp.

A state of the chain, consists of the configuration of the lamps together with the

position of the lamplighter. At each time step, the lamplighter moves with probability

1/2 and randomizes the state of the current lamp with probability 1/2.
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By changing F and G suitably, we can also make it so that the lamplighter ran-

domizes the current lamp and moves on Y . This was the version considered in [49]

In both examples above r only influenced F and G. We now see an example where

it influences y′ as well.

Example 5.14. Complete Monomial Groups

• Y = Sk the symmetric group on k letters.

• Q is the random transposition chain.

• Interpret r as a pair i, j ∈ {1, . . . , k} where both i and j are uniform and

independent

• G((i, j)) = 1 always

• Let y′ = y · (i, j) where (i, j) is the transposition in Sk. Observe that y′ has the

distribution Q(y, ·)

• Xi = {1, . . . ,m} for some m for all 1 ≤ i ≤ k

• Pi reaches its stationary distribution in one step

• F (y, (i, j)) = {i, j}

Here we have a deck of k cards and on each card is a number between 1 and m. At

each step, we pick two cards at random exchange their locations and randomize the

number written on both of them. We use
∏

iXi to represent the number on each

card (identified by its position at time t = 0) and Y to represent the current ordering

(relative to initial ordering). [56] gives tight estimates of the L2 mixing times of this

chain using Fourier analysis to estimate the eigenvalues of this chain.
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We now show how to infer bounds on various mixing times of the Markovian

product using just the knowledge of the mixing times of the factor chains and some

in depth knowledge about the controller chain.

Definition 5.15. Consider a Markovian product of P1, . . . , Pk with controller Q and

selector and decider functions F and G. Let γ : {1, . . . , k} → Z+ be given.

For t > 0, consider a t-step run of the product chain and define the following

random variables

Ni(t) = # of times component i was updated till time t (5.21)

Zt,γ = |{1 ≤ i ≤ k : Ni(t) < γ(i)}| (5.22)

where we include time 0 and exclude time t. Thus Zt,γ is the number of components

i which have been updated < γ(i) times. The function γ is called the target function.

When Y = {1, . . . , k} and F (y, r) = {y}, Zt,γ becomes the number of states of Y

which have not been visited the appropriate number of times. Further specializing to

Q(y1, y2) = 1/|Y| and γ(y) = 1 gives the standard coupon collector problem.

Theorem 5.16. Consider a Markovian product of chains P1, . . . , Pk with controller

Q. Fix ε1, . . . , εk ≥ 0. For t > 0, let νt be the distribution of the configuration (ignor-

ing the controller component) at time t and µ = ⊗iµi be its stationary distribution.
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Finally put M = maxi 1/µi∗ where µi∗ = minxi∈Xi
µi(xi). Then

1− ‖νt − µ‖TV ≥ Pr{Zt,γ = 0} ·

(∏
i

(1− εi)

)
where γ(i) ≥ T (Pi, εi) (5.23)

D(νt||µ) ≤
∑

i

εi + E [Zt,γ log(M)] where γ(i) ≥ TD(Pi, εi) (5.24)

1 + ‖νt − µ‖22,µ ≤ E
[
MZt,γ

]
·

(∏
i

(1 + ε2
i )

)
where γ(i) ≥ T2(Pi, εi) (5.25)

1 + ‖νt − µ‖∞,µ ≤ E
[
MZt,γ

]
·

(∏
i

(1 + εi)

)
where γ(i) ≥ T∞(Pi, εi) (5.26)

Proof. Fix t > 0 and let νt = (ν(1), . . . , ν(k)). From the definition of the product chain,

it is clear that the ν(i) are all independent. Let dist be one of total variation, relative

entropy, L2 or L∞ distance measures and γ be the corresponding target function.

If Ni(t) ≥ γ(i), then we know that dist(ν(i), µi) ≤ εi. If Ni(t) < γ(i), we can take

dist(ν(i), µi) ≤ α, where α is worst value for the distance measure. Now condition on

Zt,γ = z.

For total variation norm, we see by Proposition 5.5 that 1−‖νt−µ‖TV ≥
∏

i(1−εi)

if z = 0. When z > 0, we assume pessimistically that ‖νt − µ‖TV = 1. This gives

(5.23).

For relative entropy norm, the worst value of entropy distance for any component

is log(M). Thus for a given value of z, we see that D(ν(i)||µi) ≤ εi for all but z

components for which it can be bounded by log(M). Thus for fixed z, Proposition

5.9 implies

D(νt||µ) ≤
∑

i

εi + z log(M) (5.27)

which implies (5.24).

For the L2 norm, the worst value of L2 distance for any component is
√

M − 1.
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For a given z, 1+‖ν(i)−µi‖22,µi
≤ 1+ ε2

i for all but z components for which 1+‖ν(j)−

µj‖22,µj
≤M . Thus for fixed z, Proposition 5.2 implies

1 + ‖νt − µ‖22,µ ≤M z
∏

i

(1 + ε2
i ) (5.28)

which implies (5.25).

A similar analysis for L∞ norm using the worst value of M − 1 and applying

Proposition 5.4 implies

1 + ‖νt − µ‖∞,µ ≤M z
∏

i

(1 + εi) (5.29)

which gives (5.26). F

Thus in order for the configuration part of the Markovian product to mix it is

enough for each component to updated the requisite number of times. Different

distance measures impose different penalties if the component has not been updated

as often as one would have liked. Pessimistically, we have taken the penalty to be the

maximum possible distance.

A special mention should be made of the total variation bound. In many cases,

one can obtain non-trivial estimates of ‖νt− µ‖TV even if Zt,γ > 0. However, for this

one would need additional information about the chain Q.

For example, suppose Q were the complete graph with self loops (so we have a

coupon collector problem). Here if Zt,γ = z > 0, it is known that the actual set

of vertices which have not been visited is equally likely to any set of z vertices not

containing the initial vertex. This information can be used to get non-trivial estimates

for ‖νt−µ‖TV when z ≤
√

k and there by reduce the time needed to establish mixing.
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In other words, our bound would be based on the time it takes to visit all vertices of

the complete graph, where as it is enough to visit all but
√

k vertices to show mixing.

This usually saves a factor 2 in the mixing time.

We finish this section with a lower bound.

Theorem 5.17. Consider a Markovian product of chains P1, . . . , Pk with controller

Q. Fix ε ≥ 0 and for t > 0, let νt be the distribution of the configuration (ignoring

the controller component) at time t and µ = ⊗i be its stationary distribution. Then

1− ‖νt − µ‖TV ≥ E

[(
1− ε2

2

)Zt,γ
]

where γ(i) ≤ T (Pi, ε) (5.30)

D(νt||µ) ≥ E [εZt,γ] where γ(i) ≤ TD(Pi, ε) (5.31)

1 + ‖νt − µ‖22,µ ≥ E
[
(1 + ε2)Zt,γ

]
where γ(i) ≤ T2(Pi, ε) (5.32)

Proof. Let νt = (ν(1), . . . , ν(k)). As in the upper bound proof, we condition on Zt,γ =

z. If component i has not been updated γ(i) times, then the distance along that

component is at least ε. If component i has been updated ≥ γ(i) times, we assume

pessimistically that the distance is already 0 along that component.

In case of entropy, Proposition 5.9 implies that if z components have not been

updated the requisite number of times, D(νt||µ) ≥ εz. This gives (5.31).

In case of L2-mixing, Proposition 5.2 implies that if z components have not been

updated the requisite number of times, 1 + ‖νt− µ‖22,µ ≥ (1 + ε2)z. This gives (5.32).

In case of total variation distance, Proposition 5.7 implies that for each component

i which has not been updated the requisite number of times, 1 − H(ν(i), µi)
2/2 ≥

1− ε2/2 and hence again by Proposition 5.7,

1− ‖νt − µ‖TV ≥ 1− H(νt, µ)2

2
≥
(

1− ε2

2

)z

(5.33)
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Taking expectation over Zt,γ = z we get (5.30). F

5.3 Dependent Components

In this section we extend Theorem 5.16 to Markovian products of P1, . . . , Pk controlled

by Q where the evolution of Pi are not necessarily independent of each other.

Definition 5.18. Consider a Markovian product of P1, . . . , Pk controlled by Q where

the evolution of Pi are not necessarily independent of each other, i. e., an update of

the i’th component may result in changes to other components. In such a case, the

selector function F must also specify the order in which the components are to be

updated, as this may influence the final state.

Recall that a state of the product chain is represented by (x1, . . . , xk; y) where

xi ∈ Xi and y ∈ Y .

• The dependence is said to be acyclic if the evolution of each Pi is independent

of all Pj for j > i.

• The dependence is said to be compatible if changes to xi caused by an update

of some other component is via a stochastic matrix on Xi which is compatible

with the stationary distribution µi of Pi.

• For i = 1, . . . , k, let Si be a valid set of strategies against Pi (see Definition 3.6).

The dependence is said to be compatible with (S1, . . . ,Sk) if the dependence is

compatible and for all i changes to xi caused by update of some other component

is via a stochastic matrix in Si.

• The Markovian product is said be (S1, . . . ,Sk)-dependent if the dependence is

acyclic and is compatible with (S1, . . . ,Sk).



109

For a (S1, . . . ,Sk)-dependent Markovian product, the compatibility condition en-

sures that the stationary distribution is the product distribution.

x1

P1

x2

P2

. . .
xi

Pi

. . .
xk

Pk

y

Q

F – selector

G – decider r ∈R [0, 1]

A dashed line from xi to xj

indicates that updates to xi

may result in changes to xj

Figure 5.2: (S1, . . . ,Sk)-dependent Markovian Product of Markov Chains

We consider an illuminating example.

Definition 5.19. Let G be a group. A chain of sub-groups G = G0 ≥ G1 ≥ · · · ≥

Gk = {1} is said to be a normal chain in G if each Gi is normal in G.

Example 5.20. Let G = G0 ≥ G1 ≥ · · · ≥ Gk = {1} be a normal chain in G and

Si ⊆ Gi generate Gi/Gi+1. Now consider the following Markov Chain on G.

(a) Suppose the current state is g

(b) Pick 0 ≤ i ≤ k − 1 uniformly at random

(c) Pick s ∈ Si uniformly at random
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(d) Move to gs

Let Ri ⊆ Gi be a set of coset-representatives of Gi+1 in Gi, i. e., Ri · Gi+1 = Gi

and |Ri| = |Gi|/|Gi+1|. Then each element of G can be written uniquely in the form

r0r1 . . . rk−1 where ri ∈ Ri.

We can look at this Markov Chain on G as a Markov Chain on the product

R0×R1× · · ·×Rk−1 with component chains being the Cayley walk induced by Si on

Gi/Gi+1 and controller being the complete graph on k vertices.

If the current state is g = r0r1 . . . rk−1 and we pick sj ∈ Sj. Then gsj = r′0r
′
1 . . . r′k−1

where

r′i =


ri if i < j

rjsj if i = j

s−1
j risj if i > j

(5.34)

Thus an update of Rj can only cause higher components to change. Moreover in

this example the change is caused by an automorphism of Gi/Gi+1. Hence this is an

example of acyclic dependency which is compatible with a holomorphic adversary.

A special case of a normal chain is obtained by a sequence of iterated semi-direct

products. For example, if G2 acts on G1 and G3 acts on G1 o G2, we can consider

the normal chain (G1 o G2) o G3 ≥ G1 o G2 ≥ G1. Thus the normal chain example

is a generalization of the semi-direct product considered in Proposition 4.27

Theorem 5.21. Consider a (S1, . . . ,Sk)-dependent Markovian product of Markov

Chains P1, . . . , Pk with controller Q. Fix ε1, . . . , εk ≥ 0. For t > 0, let νt be the

distribution of the configuration part (ignoring the controller component) at time t

and µ = µ1 . . . µk be its stationary distribution. Finally put M = maxi 1/µi∗ where
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µi∗ = minxi∈Xi
µi(xi). Then

1− ‖νt − µ‖TV ≥ Pr{Zt,γ = 0} ·

(∏
i

(1− εi)

)
where γ(i) ≥ RSi(Pi, εi) (5.35)

1 + ‖νt − µ‖22,µ ≤ E
[
MZt,γ

]
·

(∏
i

(1 + ε2
i )

)
where γ(i) ≥ RSi

2 (Pi, εi) (5.36)

1 + ‖νt − µ‖∞,µ ≤ E
[
MZt,γ

]
·

(∏
i

(1 + εi)

)
where γ(i) ≥ RSi

∞(Pi, εi) (5.37)

Proof. We only prove for L2-mixing time. The others follow similarly. Fix t > 0

and let ν denote the distribution of the configuration part at time t. Write ν =

(ν1, ν2, . . . , νk) and note that νi are not necessarily independent.

Let Yi denote the number of times component i has been updated (changes to a

component as a result of an update of another component does not count), and let Z

denote the number of components i for which Yi < γ(i).

First condition on the value of Z = z. Then condition on the choice of r and the

evolution of the controller part up till time t. So now, we know which component

was updated during which time step, but we do not know the random choices used

during the component updates.

If Y1 ≥ γ(1), then we know ‖ν1−µ1‖2,µ1 ≤ ε1. Otherwise, ‖ν1−µ1‖2,µ1 ≤
√

M − 1.

Here ν1 is the marginal distribution of ν along X1. Note the acyclic dependency

implies that the evolution of X1 component is independent of the others. Put δ1 = ε1

or
√

M − 1 depending on whether Y1 ≥ γ(1) or not.

Now condition the distribution on all the random choices made during the time

steps when X1 was updated. After this conditioning, the evolution of X2 is just an

adversarially modified P2 since we have conditioned on the complete evolution of X1

and X2 is independent of the evolution of X3 and higher. Thus ‖ν2 − µ2‖2,µ2 ≤ δ2
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where δ2 = ε2 or
√

M − 1 depending on whether Y2 ≥ γ(2) or not. Note that here

ν2 is marginal distribution of ν along X2 conditioned on x1.

Proceeding in this manner, conditioning on each component in turn, we have

‖νi − µi‖2,µi
≤ δi where δi = εi or

√
M − 1 depending on whether Yi ≥ γ(i) or not.

Here νi is the marginal distribution of ν along Xi conditioned on ν1, . . . , νi−1.

Hence Proposition 5.2 implies

1 + ‖ν − µ‖22,µ ≤
∏

i

(1 + δ2
i ) ≤M z

∏
i

(1 + ε2
i ) (5.38)

Since this conclusion only depends on the value of Z, we can now take expectation

over the value of Z and all the other things we conditioned on and conclude

1 + ‖ν − µ‖22,µ ≤ E
[
MZ

]∏
i

(1 + ε2
i ) (5.39)

F

We are unable to prove for TD(·) because Proposition 5.9 requires complete in-

dependence. Note that in case multiple components are to be updated in a single

time step, F specifies the order in which they are to be updated. Our proof does not

depend on the order in which the components are updated.

5.4 Coupon Collector Revisited

In this section, we give estimates on various quantities related to the distribution

of Zt,γ in case Q(y1, y2) = π(y2), i. e., Q reaches stationarity in one step. This is

essentially the coupon collector problem where each coupon has a different probability

of being chosen and we wish to collect γ(i) coupons of type i.

We start with a concentration inequality for Multinomial distributions.
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Theorem 5.22 (Coupon Collector Variant). Suppose we have n types of coupons and

we pick coupons with repetition. The probability that we pick a coupon of type i is

π(i), where π is a distribution on {1, . . . , n}. Let γ : {1, . . . , n} → Z+ be a target

function, i.e. we would like to collect γ(i) coupons of type i. For t > 0, let Zt,γ denote

the number of coupon types i for which we have < γ(i) coupons after having collected

t coupons.

Let γ̂ = maxi γ(i)/π(i) and γ∗ = mini γ(i). Suppose that with probability ≥ 1 −

1/K, we want to pick γ(i) coupons of type i for all i, where K > 1 is a confidence

parameter. Then it is enough to take t = γ̂(1 + δ + o(1)) where

δ =



log(Kn)
γ∗

+ log
(

log(Kn)
γ∗

)
− log(γ∗) if γ∗ = o(log(Kn))

δ′ if γ∗ ∼ C log(Kn) and δ′ − log(1 + δ′) = C

o(1) if γ∗ = ω(log(Kn))

(5.40)

In particular, if γ∗ = Ω(log(Kn)), t = O(γ̂). Also for this choice of t, and any θ > 0,

we have

E [Zt,γ] ≤ 1/K and E
[
θZt,γ

]
≤ exp(θ/K) (5.41)

Proof. Fix t = (1+ δ)γ̂ for some δ > 0 to be determined later. Let Yi be the number

of coupons of type i collected, so that E[Yi] ≥ (1+ δ)γ(i). Then by Proposition 3.17,

we have

Pr{Yi < γ(i)} ≤ exp
(
−γ(i)(δ − log(1 + δ))

)
(5.42)

and hence

Pr{Zt,γ > 0} ≤ E[Zt,γ] ≤ n exp
(
−γ∗(δ − log(1 + δ))

)
(5.43)

Now we choose δ so that δ− log(1 + δ) ≥ log(Kn)/γ∗ to ensure Pr{Zt,γ > 0} ≤ 1/K.
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For this choice of t, we have Pr{Ai} ≤ (Kn)−1 where Ai is the event {Yi < γ(i)}.

We now derive bounds on probabilities of z-wise intersections of the Ai.

Let A ⊆ {1, . . . , n} be arbitrary and let π(A) =
∑

i∈A π(i). Let a1, . . . , an be

arbitrary subject to the condition ai < γ(i) and put aA =
∑

i∈A ai and let B be the

event {(∀i ∈ A)Yi = ai}.

Finally fix 1 ≤ j ≤ n such that j 6∈ A. We now show that

Pr{Yj < γ(j)|B} ≤ 1

Kn
(5.44)

To see that, observe that the distribution of Yj conditional on B is binomial with

parameters t′ = t− aA and p′ = π(j)/(1− π(A)).

E[Yj|B] = p′t′ =
π(j)(t− aA)

1− π(A)
≥ π(j)(t− tπ(A))

1− π(A)
(5.45)

since t ≥ γ̂ implies ai ≤ γ(i) ≤ tπ(i). Hence we have

E[Yj|B] ≥ π(j)t = E[Yj] ≥ (1 + δ)γ(j) (5.46)

Thus applying Proposition 3.17 to (Yj|B) we get

Pr{Yj ≤ γ(j)|B} ≤ exp
(
−γ(j)

(
δ − log(1 + δ)

))
≤ 1

Kn
(5.47)

by choice of δ. Hence we have

Pr{Yj ≤ γ(j), B} ≤ Pr{B}
Kn

(5.48)

By induction on the size of A, and summing over all values of ai ≤ γ(i), we have
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for any B ⊆ {1, . . . , n},

Pr{(∀i ∈ B)Yi ≤ γ(i)} ≤ (Kn)−|B| (5.49)

Hence

Pr{Zt,γ ≥ z} ≤
(

n

z

)(
1

Kn

)z

≤ 1

Kzz!
(5.50)

Hence for θ > 0, we have

E
[
θZt,γ

]
≤

n∑
z=0

θz Pr{Zt,γ ≥ z} ≤
∞∑

z=0

θz

Kzz!
= exp(θ/K) (5.51)

F

5.5 Application: Complete Monomial Group

We now estimate the total variation and L2-mixing times of walks on complete mono-

mial groups. The complete monomial group is the semi-directed product Gn o Sn

where Sn acts on Gn by permutation. Here G is an arbitrary group. In the context

of Markov Chains G could be any set with a Markov Chain on it.

Proposition 5.23. (Generalized hypercube) Let π be any distribution on X and

P′(x, y) = π(y) reach stationary distribution in one step. For n > 0, consider the

chain P on X n which picks a coordinate at random and randomizes it. Then

T (P) ≤ n log n + O(n) (5.52)

TD(P) ≤ n log n + n log log |X |+ O(n) (5.53)

T2(P) ≤ n log n + n log |X |+ O(n) (5.54)

Proof. In this case, we take the controller to be complete graph on n vertices with
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self-loops. Since T (P′, 0) = 1 and T2(P′, 0) = 1, we take γ(i) = 1 for all i. Fix t > 0

to be determined later and let Z be the number of components which have not been

updated by time t.

For mixing in total variation norm, Theorem 5.16 implies it is enough to take t

large enough so that

Pr{Z = 0}(1− 0)n = Pr{Z = 0} (5.55)

is close to 1.

Let K > 0 be a confidence parameter which we will fix later and choose t =

n log(Kn)(1 + o(1)) from Theorem 5.22 so that Pr{Z = 0} ≥ 1− 1/K. Thus in total

variation norm the chain mixes in time ≤ n log(Kn) ∼ n log n by taking K = 4 say.

For L2 mixing time, we need t large enough so that E[|X |Z] − 1 is small. Again

by Theorem 5.22 for t ∼ n log(Kn) we have

1 + ‖νt − µ‖22,µ ≤ exp(|X |/K) (5.56)

Thus in this case we can take K = 3|X |, to get the L2 distance down to exp(1/3)−

1 ≤ 0.4. So the L2 mixing time we get is n log(3|X |n) = n log n + n log(|X |) + O(n).

Similarly for the entropy mixing time, we take K = 3 log(|X |), giving TD(P) ≤

n log(n log |X |). F

For total variation mixing, the correct answer is a factor of 2 smaller than our

estimate. This is because in order to mix it is only necessary to visit all but
√

n states

while we took the time it takes to visit all states.

Proposition 5.24. Let P denote the Markov Chain on the Complete Monomial Group
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considered in Example 5.14. Then

T (P) ≤ n log n + O(n) (5.57)

TD(P) ≤ n log n +
n

2
log log |X |+ O(n) (5.58)

T2(P) ≤ n log n +
n

2
log |X |+ O(n) (5.59)

Proof. Here we have n identical copies of X controlled by the random transposition

chain on Sn. If we just look at the configuration part and ignore the controller part,

it evolves just like the generalized hypercube chain considered in Proposition 5.23

except at twice the speed, since each step of the Complete Monomial Group chain

updates two components (not necessarily different).

After the configuration part is mixed, we can wait another (n log n)/2+O(n) steps

for the Sn component to mix. This is because the random transposition chain mixes

in time (n log n)/2 + O(n) in all three measures.

After this time, the whole chain has mixed. Hence the results. F

Using representation theory and explicit calculation of eigenvalues, [56] shows

T (P) ≤ (n log n)/2 + O(n) and T2(P) ≤ (n log n)/2 + n
4

log(|X | − 1) + O(n), only a

factor of 2 better than our bound. We can match the bound given in [56] if one shows

the following:

• For the configuration part to mix, it is enough to visit update all but
√

n

components (for variation as well as L2 mixing).

• In case of the complete monomial group, the mixing time of the whole chain is

the maximum of the mixing times of the two parts.

When the Markov Chain on {1, . . . , n} does not reach the stationary distribution
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in O(1) steps, the techniques of [56] become too complex to handle, as the underlying

representations would depend on the exact chain on {1, . . . , n}. Our approach can

handle those cases as well. In order to do that, we need the following

Proposition 5.25. Let P be a Markov Chain on X with stationary distribution π.

Fix n > 0 and consider the Markov Chain Q = P⊗n on X n where at each step we pick

a random component and apply P to it. Let ε > 0. Then

T (Q) = O(n(T + log(3n))) where T = T
(
P,

ε

3n

)
(5.60)

TD(Q) = O(n(T + log(3n log |X |))) where T = TD
(
P,

ε

3n

)
(5.61)

T2(Q) = O(n(T + log(3n|X |))) where T = T2
(

P,
ε√
3n

)
(5.62)

Proof. For t > 0, let νt be the distribution at time t and µ = π⊗n be the stationary

distribution. We only prove for L2 mixing time, others follow similarly.

Let T = T2(P, ε/
√

3n) and Zt denote the number of components which have not

been updated T ′ = T + K times till time t. We take K = log(3n|X |) to be the

confidence parameter. Note that T ′ = Ω(log(Kn)).

Theorem 5.22 with confidence parameter K = 3|X | implies

E
[
|X |Zt

]
≤ exp(1/3) (5.63)

for t = O(nT ′). Now Theorem 5.16 with t = O(nT ′) gives

1 + ‖νt − µ‖22,µ ≤ E
[
|X |Zt

]
·
(

1 +
ε2

3n

)n

∼ exp

(
1 + ε2

3

)
(5.64)

For the total variation and entropy distances we need to take the confidence pa-

rameters to be 3 and 3 log(|X |) respectively. F
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Proposition 5.26. Let m,n > 0 and let Q be the Markov Chain on Zn
m which

selects a component at random and performs a nearest neighbor random walk. Then

T2(Q) = O(m2n log n) and T (Q) = Ω(m2n log n).

Proof. (Upper bound) Apply Proposition 5.25 with P = Zm and use T2(P, ε/
√

3n) =

Θ(m2 log n) for a small constant ε. Proposition 5.25 now implies T2(Q) = O(n(m2 log n)+

log(3nm)) = O(m2n log n).

Note that the extra log n factor comes because of the exponential growth in the

L2 distance as a function of the number of components and not because of the coupon

collector analysis as in the case for the hypercube.

(Lower bound) Proposition 5.8 implies that at least n/4 components must be

1/
√

n close to uniform in total variation distance for the product chain to be 1/4

close to uniform. Since the spectral gap for the nearest neighbor random walk on Zm

is Θ(1/m2), we need the n/4 components to be updated Ω(m2 log n) times each for

that component to be 1/
√

n close to uniform. Hence T (Q) = Ω(m2n log n). F

[55, Theorem 8.10] proves T2(Q) = Θ(m2n log n) by going to continuous time and

using all the eigenvalues of the product chain. As a corollary of Proposition 5.26, we

can give bounds on mixing time of wreath product Zm o Sn where we use the simple

random walk on Zm.

Corollary 5.27. Let P′ be the simple random walk on Zm and Q be the random

transposition walk on Sn. Let P be the natural random walk on the wreath product

Zm o Sn induced by P′ and Q where Sn acts on Zn
m by coordinate permutation.

T2(P) = O(m2n log n) and T (P) = Ω(m2n log n) (5.65)

Proof. Fix ε > 0. Let P′⊗n denote the walk on Zn
m considered in Proposition 5.26.
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If we wait for time T2(Pn, ε) + T2(Q, ε), by Proposition 5.2 the L2 distance from

stationarity is bounded by 2ε. Now the upper bound follows from Proposition 5.26

and the fact that T2(Q) = O(n log n). The lower bound follows from the corresponding

lower bound on T1(Pn). F

5.6 Application: Sandpile Chains

We use the techniques of this chapter together with Robust mixing to get bounds on

L2 mixing time of the Sandpile Chain of some simple graphs. The Abelian Sandpile

model is used to model Self-organized criticality, one motivating example being how

adding grains of sand to an existing heap affects the structure of the heap. A closely

related notion is that of a Chip Firing Game. See [9, 10, 37] for more information.

Definition 5.28. Let X be a directed graph with a sink s. Assume that every vertex

has a path to the sink.

(a) A configuration is an assignment f of non-negative integers to each vertex except

the sink. We think of it as the amount of sand at vertex v.

(b) A configuration f is said to be stable if for all vertices v, f(v) < d+(v), where

d+(v) is the out-degree of v.

(c) If a configuration is unstable, it will topple as follows: Choose a v for which

f(v) ≥ d+(v). Reduce f(v) by d+(v) and increase f(w) by 1 for all out-neighbors

w of v, i. e., v distributes d+(v) of its sand grains to each of its out-neighbors.

(d) A stable configuration f is said to be reachable from configuration g, if f can

be obtained from g by adding some grains to some vertices and then toppling.
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(e) A stable configuration is said to be recurrent if it is reachable from any config-

uration

Note that sand grains reaching the sink are lost for ever and is only way for the

sand grains to leave the system. Every unstable configuration can be reduced to a

stable configuration by a sequence of topplings, since every vertex v has a path to the

sink s. Dhar [9] shows that the order in which the vertices are toppled is immaterial

and hence the stable configuration produced by toppling an unstable configuration is

unique.

One remarkable property of the recurrent configurations is that they form an

abelian group.

Theorem 5.29 (Dhar [9]). Let X be a directed graph with a sink s. Assume that

every vertex has a directed path to the sink.

• The set of all recurrent configurations form an abelian group.

• The size of the group equals the number of spanning trees of X with root s.

Since the groups are abelian we will write them additively and 0 would represent

the identity of the group.

Definition 5.30. Let X be a directed graph with sink s. The sandpile chain SP(X)

is defined as follows:

(a) The states of SP(X) are the recurrent configurations.

(b) Let f be the current configuration

(c) Pick a vertex v of X (except the sink) at random

(d) With probability 1/2 do nothing (ensures aperiodicity)
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(e) With probability 1/2 move to g obtained by adding one grain to f at v, and

toppling till it stabilizes.

We now estimate the mixing times of the sandpile chain of some simple graphs.

s

1 2 3 4 5 6 7

Solid edges have weight d− 1. Dashed edges have unit weight.

Figure 5.3: d out-regular di-path with sink

Proposition 5.31. Fix d, n. Let Pn,d denote an n-vertex directed path together with

a sink s. For every vertex v 6= s, add edges to s so that the out-degree of every

vertex (except sink) is d. Then SP(Pn,d) is the lazy Cayley walk on the group Zdn with

generators 1, d, . . . , dn−1.

Proof. The set of all stable configurations has size dn (grains at each vertex < d).

Every configuration can be reached from every other configuration. This is seen by

observing that the all zero configuration is reached from every configuration (keep

adding sand grains and push all the grains to the right till they fall off), and every

configuration is reachable from the all zero configuration (add appropriate number of

sand grains at appropriate vertex so there is no toppling).

Hence all stable configurations are recurrent. For i = 1, . . . , n, let ei denote the

generator corresponding to the vertex i. Then the toppling rules imply dei = ei+1 for

i = 1, . . . , n− 1 and den = 0. Hence the result. F

Proposition 5.32. T (SP(Pn,d)) = Ω(nd2), T2(SP(Pn,d)) = Ω(nd2 log n)
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Proof. Since the walk is lazy, we see that the eigenvalues of SP(Pn,d) are given by

(1 + λ`)/2, where

λ` =
1

n

(
exp

(
2πι`d0

N

)
+ exp

(
2πι`d1

N

)
+ · · ·+ exp

(
2πι`dn−1

N

))
(5.66)

where N = dn and ι =
√
−1. Getting good estimates on |λ`| seems to be difficult.

Note that λ0 = 1 and λ` = λd`. In particular, λ1 has multiplicity n.

λ1 is the average of n complex numbers on the unit circle at angles θ, dθ, d2θ, . . . , dn−1θ

where θ = 6.28/N , where 6.28 is “2*pi”. The largest of these is dn−1θ = 6.28/d. Hence

1−
∣∣∣∣1 + λ1

2

∣∣∣∣ ≤ 1− re

(
1 + λ1

2

)
≤ 1− cos(6.28/d)

2n
≤ (6.28)2

2nd2
(5.67)

By Proposition 2.29 we have T (SP(Pn,d)) = Ω(nd2). Since the multiplicity of λ1 is n,

Corollary 2.37 implies T2(SP(Pn,d)) = Ω(nd2 log n). F

Theorem 5.33. T2(SP(Pn,d)) = O(nd2 log n)

Proof. Instead of looking at this chain as a walk on Zdn , we look at it as a walk on

Zn
d . Identify Zdn with the set of all n-digit d-ary numbers. SP(Pn,d) picks a digit at

random and increments it with probability half. When a digit overflows, the carry

gets propagated to the next significant digit and the carry out of the most significant

digit is lost.

Let P be the random walk on Zd which at each step increments by one with

probability 1/2 and does nothing with probability 1/2. Consider n copies of P and

consider the Markov Chain where we pick a random component and update it using

P. This gives a random walk on Zn
d but is not quite the same as SP(Pn,d). Let us

now modify the walk on Zn
d so that whenever a component finds itself going from

d − 1 to 0, it updates the next significant digit by incrementing it (and if it over
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flows update the next one and so on). Since incrementing a digit can be done by

a holomorphic adversary, what we have now is a holomorphic dependent Markovian

product of n-copies of P with the complete graph on n-vertices as the controller. We

do not have any cyclic dependencies since the overflow from the most significant digit

is lost.

We now apply Theorem 5.21 to bound the mixing time. By Theorem 4.19 and

Proposition 2.42 we have

RH2 (P) ≤ 2T2(P
←−
P ) = O(T2((P +

←−
P )/2)) (5.68)

Since (P +
←−
P )/2 is just the symmetric random walk on Zd with some holding

probability, we see that RH2 (P) = O(d2). Applying Proposition 5.25 just like in

Proposition 5.26, we have T2(SP(Pn,d)) = O(nd2 log n). F

Note that there is a O(log n) gap between the lower and upper bounds for total

variation mixing time of SP(Pn,d).

s

Thin edges have unit weight.
Thick edges have weight d− 1.

Figure 5.4: d out-regular di-cycle with sink



125

Theorem 5.34. Let Cn,d be the n-vertex di-cycle shown in Figure 5.4 and SP(Cn,d)

be its sandpile chain. Then T1(SP(Cn,d)) = Ω(nd2) and T2(SP(Cn,d)) = Θ(nd2 log n)

Proof. SP(Cn,d) is very similar to SP(Pn,d). Now, the all zero configuration is not

recurrent so the state space now has N := dn− 1 elements. Thus SP(Cn,d) is the lazy

Cayley walk on the group Zdn−1 with generators, 1, d, d2, . . . , dn−1.

In terms of a n-digits d-ary number, the chain is like before except that the carry

from the most significant digit comes back to the least significant digit.

Unlike SP(Pn,d), the dependency among the different digits is cyclic. However

we can still show the same upper bound by directly comparing the eigenvalues of

SP(Cn,d) with that of SP(Pn,d) and using the mixing time bound for SP(Pn,d). The

lower bound arguments of Pn,d apply here as well. F

Theorem 5.35. Let Kn denote the (n−1)-vertex undirected complete graph with self

loops together with a sink s. Add a directed edge from every vertex to s, so Kn is

n out-regular. Let SP(Kn) denote the sandpile chain on Kn. Then T2(SP(Kn)) =

Θ(n3 log n) and T (SP(Kn)) = Ω(n3).

Proof. For i = 1, . . . , n, let ei denote the group element corresponding addition of a

grain at vertex i. The toppling rule at vertex i gives the relation

n · ei = e1 + · · ·+ en−1 (5.69)

Adding these over various i, gives e1 + · · ·+ en−1 = 0. Hence we have n−2 generators

e1, . . . , en−2 each of order n. Theorem 5.29 implies that the number of recurrent

configurations equals the number of spanning trees of Kn rooted at the sink, which

is nn−2. Hence there cannot be any more relations among e1, . . . , en−2.
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Thus SP(Kn) is the lazy Cayley walk on Zn−2
n with generators e1, . . . , en−2 and

en−1 = −(e1 + · · · + en−2). Let P be the lazy Cayley walk on Zn−2
n with generators

e1, . . . , en−2, i. e., we ignore the last generator for now. Since the components now

evolve independently and each component has mixing time Θ(n2), Proposition 5.25

implies T2(P) = O(n3 log n). Now

SP(Kn) =

(
n− 2

n− 1

)
P +

(
1

n− 1

)
Q (5.70)

where Q corresponds to the generator −(e1 + e2 + · · · + en−2). Since Q can be

implemented by a Cayley adversary, Proposition 3.20 and Corollary 4.20 imply

T2(SP(Kn)) ≤ RC2(SP(Kn)) = O(RC2(P)) = O(T2(P)) = O(n3 log n) (5.71)

For the lower bound, we calculate the largest non-trivial eigenvalue of SP(Kn).

Consider the vector

~α(x1, . . . , xn−2) = ηx1 (5.72)

where (x1, . . . , xn−2) ∈ Zn−2
n indexes the coordinates of the vector ~α and η is a prim-

itive n’th root of unity. The effect of the generator e1 is to multiply ~α by η and the

generators e2, . . . , en−2 do not move ~α. Hence the effect of −(e1 + · · · + en−2) is to

multiply by η = η−1. Since SP(Kn) is a lazy walk, we see that ~α is an eigenvector of

SP(Kn) corresponding to the eigenvalue (1 + λ1)/2, where

λ1 =
n− 3

n− 1
+

η

n− 1
+

η

n− 1
= 1− 2

n− 1

(
1− cos

(
6.28

n

))
(5.73)

giving a spectral gap of O(n−3). Also, by symmetry this eigenvalue has multiplic-

ity n − 2. Hence Corollary 2.30 and Corollary 2.37 gives T (SP(Kn)) = Ω(n3) and
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T2(SP(Kn)) = Ω(n3 log n) respectively. F



Chapter 6

Visiting States of a Markov Chain

So far, we have derived mixing time bounds for Markovian product chains (indepen-

dent or otherwise) when the controlling Markov Chain reaches its stationary distribu-

tion in one step. In order to facilitate further applications, we derive some estimates

of moment generating functions like those in Definition 5.15.

Notation: In this chapter, by Ey[X] we mean the expected value of the random

variable X when the Markov Chain under consideration has initial state y.

Definition 6.1. Let P be an ergodic Markov Chain on X with stationary distribution

π. Let γ : X → Z+ be given. For t > 0, consider a t-step run of P and define the

following random variables

Nx(t) = # of times x was visited till time t (6.1)

Zt,γ = |{x ∈ X : Nx(t) < γ(x)}| (6.2)

where we include time 0 and exclude time t. Thus Zt,γ is the number of states in X

which have been visited < γ(x) times.

128
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• When γ is clear from context, we drop the γ.

• When γ is the constant function C, by abuse of notation, we denote the random

variable as Zt,C .

• We call γ the target function and define

γ̂ = max
x∈X

γ(x)

π(x)
γ∗ = max

x
γ(x) γ∗ = min

x
γ(x) (6.3)

This is the same as Definition 5.15 if the components of a product chain are in

one-to-one correspondence with the states of the controlling chain. Note that γ̂ is the

length of time one must run the chain starting from the stationary distribution, so

that each state can be expected to be visited the right number of times.

6.1 Occupancy Measures

We recall a few concepts associated with occupancy measures of Markov Chains and

derive bounds on t for which Pr{Zt,γ > 0} is small.

Definition 6.2. (Hitting time) Let P be an ergodic Markov Chain on X with

stationary distribution π. For a state x ∈ X , and ` > 0, the `-hitting time is defined

via

H`
x = min

t
{Nx(t) ≥ `} (6.4)

An application of Strong Law of Large Numbers, shows that Ex[H
`
x] = ` Ex[H

1
x] =

`/π(x).

Definition 6.3. (Maximal Hitting time) Let P be an ergodic Markov Chain on
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X with stationary distribution π. The maximal hitting time is defined as

H = max
x,y

Ey[H
1
x] (6.5)

Definition 6.4. (Cover time) The Cover time of a Markov Chain P is the expected

time to visit all the states at least once. Formally,

C = max
y∈X

Ey[C] where C = max
x

H1
x (6.6)

Definition 6.5. (Blanket time) Let P be an ergodic Markov Chain with stationary

distribution π. For 0 < δ < 1, let

Bδ = min
t
{(∀x)Nx(t) > δπ(x)t} (6.7)

and the blanket time Bδ = maxy Ey[Bδ]

Intuitively, the blanket time is amount of time, we need to run the chain, so that

the observed frequency of visits is representative of the stationary distribution. The

following inequalities connect these quantities

Theorem 6.6. Let P be an ergodic Markov Chain with stationary distribution π.

H ≤ C ≤ B1−δ = O

(
H log |X |

δ2

)
(6.8)

Also B1/
√

2 = O(C(log log |X |)2).

Proof. H ≤ C ≤ B1−δ follows from definition. Winkler and Zuckerman [65] show

B1−δ = O
(

H log |X |
δ2

)
. Kahn, Kim, Lovász, and Vu [33] show Bδ = O(C(log log |X |)2).
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[65] conjectures that for constant δ, Bδ = O(C). For total variation bounds

on mixing times of product chains, the quantity of interest is the time t for which

Pr{Zt,γ = 0} is bounded away from 0. Note that this can be related to the blanket

time via

Proposition 6.7. Let P be an ergodic Markov Chain with stationary distribution π.

Let γ : X → Z+ be a target function and K ≥ 2.5 be a confidence parameter. Then

Pr{Zt′,γ > 0} ≤ 1/4K for t′ = 4K max(B1/2, γ̂).

Proof. Suppose γ̂ ≤ 4B1/2. By Markov’s inequality we have for t′ = 4KB1/2

Pr{(∃x),Nx(t
′) ≤ t′π(x)/2} < 1/4K (6.9)

4KB1/2 ≥ Kγ̂ implies t′π(x)/2 ≥ γ(x) since K ≥ 2. Hence Pr{Zt′,γ > 0} ≤ 1/4K.

Now suppose γ̂ = αB1/2 for some α ≥ 4. Now divide t′ = 4Kγ̂ = 4KαB1/2 into

2Kα intervals of size 2B1/2 each. For each 1 ≤ i ≤ 2Kα, let Ai denote the event

that during interval i, every state x was visited at least B1/2π(x) times. By Markov’s

inequality, we have Pr{Ai} ≥ 1/2.

Let Y denote the number of events {Ai} which happen. Since Y is the sum of 2Kα

independent Bernoulli random variables with success probability ≥ 1/2, Proposition

3.17 implies

Pr{Y < α} ≤ exp(−α(K − 1− log K)) (6.10)

If Y ≥ α, each state x ∈ X is visited at least αB1/2π(x) = γ̂π(x) ≥ γ(x) times. Thus

Pr{Zt′,γ > 0} ≤ Pr{Y < α}. Since α ≥ 4, (6.10) implies the result since for K ≥ 2.5,

we have exp(−4(K − 1− log K)) ≤ 1/4K.

A useful special case is
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Corollary 6.8. Let P be an ergodic Markov Chain with uniform stationary distribu-

tion π and target function γ. Suppose that the maximal hitting time, H = O(|X |).

Then for t′ = O(|X |(γ∗ + log |X |)), we have Pr{Zt′,γ > 0} < 1/4.

Proof. Assume without loss of generality that γ∗ = Ω(log |X |). Otherwise take γ′ =

max(γ, log |X |).

Since H = O(|X |), Theorem 6.6 implies B1/2 = O(|X | log |X |). γ∗ = Ω(log |X |)

implies γ̂ = γ∗|X | = Ω(B1/2). Now Proposition 6.7 gives the result. F

In order to bound the expected value and moment generating function of Zt,γ, we

need strong bounds on Pr{Zt,γ = z} for various values of z. We start with one such

result, using the techniques of [65, Theorem 1].

Proposition 6.9. Let P be an ergodic Markov Chain with stationary distribution π

and γ a target function. Let b and c be positive integers. Then for any x ∈ X , and

any initial distribution of the Markov Chain,

Pr

{
Hbc

x ≥ 15

(
bc

π(x)
+ bH

)}
≤ 3−b (6.11)

where H is the maximal hitting time of the chain.

The strong law of large numbers implies that starting from any initial distribution,

the expected time to visit x, bc-times is ≤ (bc)/π(x) + H, where H is the maximal

hitting time. The above result shows that if we wait for an additional bH time, the

probability of not visiting x the right number of times decays exponentially in b.

Proof. Fix x ∈ X , b, c ≥ 1 and let y ∈ X be arbitrary.

Ex[H
c
x] =

c

π(x)
and Ey[H

c
x] ≤

c− 1

π(x)
+ H (6.12)
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Put α = (c− 1)/π(x) + H. Markov’s inequality implies Pry{Hc
x ≥ eα} ≤ 1/e. Since

y was arbitrary, we have for integer q ≥ 1,

Pr
z
{Hc

x ≥ qeα} ≤ e−q (6.13)

for any z ∈ X . Fix z for the rest of the proof and put W = Hc
x/(eα).

Ez[e
W/2] =

∫ ∞
0

Pr
z
{eW/2 ≥ r}

≤ 1 +

∫ ∞
1

Pr
z
{W ≥ b2 log rc}

≤ 1 +

∫ ∞
1

er−2 ≤ 1 + e

(6.14)

Let W′ = W1 + · · · + Wb be the sum of b independent copies of W. For p ≥ 0, we

have

Pr
z
{W′ ≥ bp} = Pr

z
{exp(W′/2) ≥ exp(bp/2)} ≤ Ez[e

W′/2]

ebp/2
≤
(

1 + e

ep/2

)b

(6.15)

Since the sum of b independent copies of Hc
x is Hbc

x , taking p = 5 we have

Pr
z
{Hbc

x ≥ 5ebα} ≤ 3−b (6.16)

Since z was arbitrary, we have the result.

This gives good bounds on how large t must be to get E[Zt,γ] small.

Proposition 6.10. Let P be an ergodic Markov Chain with stationary distribution π

and target function γ. Fix θ > 0 and a confidence parameter K > 1. Suppose that
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γ∗ ≥ log(Kθ|X |). Then for t′ = 15(γ̂ + log(Kθ|X |)H), we have

E[θZt′,γ] ≤ 1/K (6.17)

where H is the maximal hitting time of P.

Proof. Fix x ∈ X and apply Proposition 6.9 with b = log(Kθ|X |) and bc = γ(x) to

get

Pr{Ax} ≤
1

Kθ|X |
(6.18)

where Ax is the event {Hγ(x)
x ≥ t′}. Now Zt′,γ is just the sum of |X | random variables

correspond to the events {Ax}x∈X . Hence we have

E[θZt′,γ] =
∑
x∈X

Pr{Ax} ≤
1

K
(6.19)

As before if γ is not large enough we consider γ′(x) = max(γ(x), log(Kθ|X |)).

Specializing to a common case,

Corollary 6.11. Let P be an ergodic Markov Chain with uniform stationary distri-

bution π and target function γ. Suppose that the maximal hitting time H = O(|X |).

Fix θ > 1 and a confidence parameter K > 1. Suppose γ∗ = Ω(log(Kθ|X |)). Then

for t′ = O(γ̂), we have E[θZt′,γ] < 1/K.

6.2 Moment Generating Functions

In this section we derive bounds on t, so that the moment generating function of Zt,γ

is close to 1. Unlike for the case of Pr{Zt,γ > 0} and E[Zt,γ], the picture here is not

entirely satisfactory when it comes to E[θZt,γ ].
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When γ is huge, we show that Strong Law of Large numbers takes over and we

can get tight results. For arbitrary γ, we give an upper bound on how large t must be

for E[θZt,γ ] to be close to 1. When γ = 1, [49] gives lower and upper bounds on how

large t must be. By a careful analysis of their proof, we improve their upper bound to

match the lower bound enabling us to give tight bounds on L2-mixing times of Lamp

Lighter chains. Implicit in [49, Theorem 1.4] is the following

Theorem 6.12. Let P be a reversible ergodic Markov Chain with uniform stationary

distribution π. Then E[2Zt′,1 ] ≤ 2 implies t′ = Ω(|X |(Trel(P) + log(|X |))).

We now consider the case when γ is huge.

Theorem 6.13. Let P be a Markov Chain with stationary distribution π and γ a

target function. Let K > 1 be a confidence parameter. If γ∗ ≥ |X | log(Kθ), then for

t′ = 15(γ̂ + |X | log(Kθ)H), we have

E[θZt′,γ ] ≤ 1 + K−|X | (6.20)

where H is the maximal hitting time.

Proof. Apply Proposition 6.9 with bc = γ(x) and b = |X | log(Kθ), to get

Pr

{
Hγ(x)

x ≥ 15

(
γ(x)

π(x)
+ |X | log(Kθ)H

)}
≤ 3−|X | log(Kθ) ≤ (Kθ)−|X | (6.21)

Hence for t′ = 15(γ̂ + |X | log(Kθ)H), we have

E[θZt′,γ ] ≤ 1 + θ|X | Pr{Zt′,γ > 0} ≤ 1 + K−|X | (6.22)

F
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Thus for fixed θ and large enough γ, it is enough to take t = O(γ̂) for E[θZt,γ ] to

be close to 1.

Corollary 6.14. Let P be an ergodic Markov Chain with uniform stationary distri-

bution π with target function γ and maximal hitting time H = O(|X |). For θ > 1 and

a confidence parameter K > 1, suppose γ∗ = Ω(|X | log(Kθ)). Then for t′ = O(γ̂), we

have E[θZt′,γ ] ≤ 1 + K−|X |.

Theorem 6.13 is also useful for chains which mix slowly, where H = ω(|X |).

Theorem 6.15. Let P be an ergodic Markov Chain with stationary distribution π and

target function γ. Let s = Tf(P, 1/2) be the filling time of P. Fix θ > 1 and K > 1 a

confidence parameter. Assume that γ∗ ≥ log(Kθ|X |). Then for t′ = O(γ̂s), we have

E
[
θZt′,γ

]
≤ exp(1/K) + (K|X |)−|X | (6.23)

Proof. Let {Xt}t>0 be the states visited by the Markov Chain. We start by construct-

ing a stopping time T for which XT has distribution exactly π.

(Stopping rule) Choose k from a geometric distribution with success probability

1/2 and set T = ks. since s = Tf(P, 1/2) it follows that XT has distribution exactly

π. See [1] for a proof. Note that E[T] = 2s.

(Sub-sample) Now define {Ti}∞i=0, so that T0 = 0 and Ti+1 − Ti are indepen-

dently distributed as T. Finally put Yi = XTi
.

By construction of Yi, it follows that Yi are all independent and distributed as

π, leading us back to the coupon collector case. Taking the confidence parameter as

Kθ in Theorem 5.22, we have for t′′ = Cγ̂, where C > 1,

E[θ
Z′

t′′,γ ] ≤ exp(1/K) (6.24)
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where Z′ is the number of states which have not been visited the appropriate number

of times for the chain {Yi}. Since Yi is a sub-sample of Xt, we have

E[θZt,γ |Tt′′ ≤ t] ≤ exp(1/K) (6.25)

It remains to show that for t = O(t′′s), Pr{Tt′′ > t} is very small. Suppose we toss

a fair coin every s steps. The number of heads we have seen is exactly the number of

samples we have in the {Yi} chain. Let t = 2C ′t′′s where C ′ > 1 to be determined

later. Proposition 3.17 implies

Pr{Tt′′ > t} ≤ exp(−t′′(C ′ − 1− log C ′)) ≤ exp(−γ̂) (6.26)

for C ′ = 4. Since γ̂ ≥ γ∗/(π∗) ≥ |X | log(Kθ|X |), (6.25) and (6.26) imply that for

t = 8t′′s, we have

E[θZt,γ ] ≤ E[θZt,γ |Tt′′ ≤ t] + Pr{Tt′′ > t}θ|X |

≤ exp(1/K) +

(
1

Kθ|X |

)|X |
θ|X |

≤ exp(1/K) +

(
1

K|X |

)|X |
F

If γ∗ is not large enough, we can consider γ′(x) = max(γ(x), log(Kθ|X |). Note

that this proof is quite wasteful, because it looks at only about (1/s)-fraction of

the states actually visited. This bought us independence which allowed us to apply

the coupon collector result. Also when P has uniform stationary distribution and

γ = 1, Theorem 6.15 gives t = O(|X | · log(Kθ|X |) · T (P)) where as the right answer

is t = O(|X | · (log(Kθ|X |) + Trel(P))).
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6.3 Visiting All States Once

We now consider the case where

• γ = 1,

• π is uniform, and

• the maximal hitting time H = O(|X |)

[49] showed that under these assumptions, it is enough to take t = O(|X |(T (P) +

log |X |)) to get E[2Zt,1 ] close to 1. Note that under these assumptions, Theorem 6.12

shows we must take t = Ω(|X |(Trel(P) + log |X |)). By a more careful analysis of the

proof in [49], we improve the upper bound to match the lower bound.

We start with a claim which is implicit in the proof of [49, Lemma 5.1]. Since our

definition of relaxation time does not match the one used in [49], the final expressions

are slightly different. See the discussion after Definition 2.31 for the difference between

the two definitions.

Lemma 6.16. Let P be a Markov Chain with uniform stationary distribution π and

f a real valued function on X . Let Xt denote the state of the chain at time t. Then

Covπ(f(X1), f(Xt)) ≤ σt
1 Varπ(f(X1)) (6.27)

where σ1 is the second largest singular value of P. In particular if P is reversible,

σ1 = λ∗(P).

Proof. Let g = Ptf , so that Covπ(f(X1), f(Xt)) = Covπ(f, g). and E denote the
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expectation operator. Observe that EP = PE = E implies (P− E)t = Pt − E.

Covπ(f, g) = Eπ[(f − Ef)(g − Eg)]

= Eπ[(f − Ef)(Ptf − EPtf)]

= Eπ[(f − Ef)((P− E)tf)]

≤
√

Varπ(f − Ef)σt
1

√
Varπ(f)

= σt
1 Varπ(f)

(6.28)

since the operator norm of P− E is σ1 and Varπ(f − c) = Varπ(f) for all c. F

The following lemma shows that if we have lots of unvisited states, we should be

able to visit some of them relatively quickly, if the chain admits long excursions.

Lemma 6.17. Let P be a reversible Markov Chain on X . Let {Xt} denote the state of

the Markov Chain at time t and assume that the initial distribution µ0 of X0 satisfies

µ0 ≥ π/2. Let T+(x) denote the return time to x and assume there are ε, δ > 0 for

which

Pr
x

(T+
x ≥ ε|X |) ≥ δ > 0 (6.29)

for all x ∈ X . Let Y ⊂ X and assume |Y| ≥ Trel + 1. Then the probability of hitting

at least δε|Y|/4 elements of Y by time Cδ−2|X |(Trel + 1)/|Y| is at least 1/2, where

Trel is the relaxation time of P and C ≥ 16 is an absolute constant.

Proof. Let r = ε|X |(Trel + 1)/|Y|. For 1 ≤ i ≤ r, let Ii be an indicator random

variable for the event {Xi ∈ Y} and Ji for the event {Xi ∈ Y} and {Xj 6= Xi} for

i < j ≤ r. Finally let J =
∑

i Ji and I =
∑

i Ii.

J is the number of distinct elements of Y which are visited in the time interval

[1, r]. Also Pr{Ji = 1|Ii = 1} ≥ δ since r ≤ ε|X |. This together with E[Ii] ≥ π(Y)/2



140

gives

E[J] ≥ δ E[I] ≥ δrπ(Y)/2 =
δε(Trel + 1)

2
(6.30)

We first conclude Pr{J ≥ εδ(Trel + 1)/4} is bounded away from 0 by bounding

E[I2]. Fix 1 ≤ i < j ≤ r. From Lemma 6.16 we have

∑
j>i

Cov(Ii, Ij) ≤
∑
j≥i

λj−i
∗ Var(Ii) ≤

λ∗Var(Ii)

1− λ∗
= Trel Var(Ii) ≤ Trel E[Ii] (6.31)

since Ii is an indicator random variable. Now we have

E[I2] ≤
∑

i

Var(Ii) + 2
∑
j>i

Cov(Ii, Ij)

≤
∑

i

(2Trel + 1) E[Ii]

= (2Trel + 1) E[I]

(6.32)

Since Ji ≤ Ii we have

E[J2] ≤ E[I2] ≤ (2Trel + 1) E[I] ≤ (2Trel + 1) E[J]/δ (6.33)

since E[Ji] ≥ δ E[Ii]. Hence using (6.30) we have

E[J2] ≤ 4

δ2ε
E[J ]2 (6.34)

Now let χ be the indicator for the event {J ≥ E[J]/2}. Then E[J(1−χ)] ≤ E[J]/2

and hence E[Jχ] ≥ E[J]/2. Now by Cauchy Shwartz, we have E[Jχ]2 ≤ E[J2] E[χ2].

Hence

Pr{J ≥ E[J]/2} = E[χ2] ≥ E[Jχ]2

E[J2]
≥ (E[J]/2)2

E[J2]
≥ δ2ε

16
(6.35)
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Thus in a trial of length r = ε|X |(Trel + 1)/|Y|, the probability that we do not pick

up δε|Y|/4 elements of Y is less than 1− δ2ε/16. Hence if we repeat this for Cδ−2/ε

intervals of length r each, we can reduce the probability of failure to less than 1/2.

Note that C ≥ 16 here.

Suppose that the initial distribution µ ≥ π/2. As long as the the current set of

unvisited states Y is large (≥ Trel +1) we can apply Lemma 6.17 to show that we visit

Ω(Trel + 1) new states within time O(|X |(Trel + 1)/|Y|) with probability ≥ 1/2. The

next lemma establishes the assumption of Lemma 6.17 and handles the case when Y

is small.

Lemma 6.18. Let P be a Markov Chain with uniform stationary distribution π and

maximal hitting time H. For x ∈ X , let T+
x denote the expected length of the return

time to x.

(a)

min
x

Pr
x

{
T+

x ≥
|X |
2

}
≥ |X |

2H
(6.36)

where Prx{·} refers to the probability of {·} if the initial state of the Markov

Chain is x.

(b) For any Y ⊆ X , with probability ≥ 1/2, we visit at least |Y|/2 elements of Y by

time 4H.

Proof. (a) Since the stationary distribution is uniform, Ex[T
+
x ] = 1/π(x) = |X |. If

after |X |/2 steps we have not yet returned to x, and are currently at state y,

then we expect to visit x within another H steps. Hence

|X | = Ex[T
+
x ] ≤ Pr{T+

x ≤ |X |/2}|X |/2 + Pr{T+
x ≥ |X |/2}H (6.37)
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Rearranging terms, we get the result.

(b) Fix x ∈ Y and let Hx denote the time when x is visited for the first time.

E[Hx] ≤ H. Thus by time 4H we visit x with probability ≥ 3/4. Let Y

denote the number of elements of Y which have been visited by time 4H. Then

E[Y] ≥ 3|Y|/4. For q = Pr{Y ≥ |Y|/2}, we have

3|Y|/4 ≤ E[Y] ≤ (1− q)
|Y|
2

+ q|Y| (6.38)

Solving gives q ≥ 1/2.

Now for our sharpening of [49, Lemma 5.4].

Theorem 6.19. Let P be a reversible Markov Chain with initial distribution µ ≥ π/2.

Let H ≤ K|X | for a constant K ≥ 1 and |X | ≥ 2. Let θ ≥ 2 be arbitrary. There

exists a universal constant c such that for all a, b > 0 we have

E[θZt ] ≤ 1 + δ + δ2 + δ9 (6.39)

where

• Zt is the number of unvisited states at time t,

• t ≥ t′ := cK2|X |
(
2(1 + a)(Trel + 1) log θ + (1 + b) log |X |

)
, and

• δ = θ−(1+2a)(Trel+1)|X |−b

In particular when a = 1/2,b = 0, we have E[θZt ] < 1.32.

Proof. Let r = b|X |/(Trel + 1)c and for i = 0, 1, . . . , r − 1, let ki = |X | − i(Trel + 1)

and for i = r, kr = 0. Let Zt denote the number of unvisited states at time t and
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define stopping times Ti via

Ti = min
t
{Zt = ki} (6.40)

From Lemma 6.17 and Lemma 6.18 it follows that Ti −Ti−1 is stochastically domi-

nated by Yi = κGi/ki where Gi is geometric with mean 2 and κ = C ·K2|X |(Trel +1)

and C ≥ 16 is a universal constant.

Fix t > 0, i < r and β > 0 be arbitrary, Then

Pr{Ti ≥ t} = Pr

{
i∑

j=1

Yi ≥ t

}
≤ Pr

{
i∑

j=1

κ

ki

Gi ≥ t

}

≤ exp(−tβ) E

[
i∑

j=1

κβ

ki

Gi

]
≤ exp(−tβ)

i∏
j=1

E
[
κβ

ki

Gi

]
(6.41)

Choose β = ki/3κ so that κβ ≤ kj/3 for all j ≤ i. For α ≤ 1/3, E[αGj] ≤ exp(3α).

This gives

E
[
κβ

kj

Gj

]
≤ exp(ki/kj) (6.42)

Hence we have

Pr{Ti ≥ t} ≤ exp

(
−t

ki

3κ
+

i∑
j=1

ki

kj

)
≤ exp

(
−t

ki

3κ
+

ki

(Trel + 1)
log |X |

)
(6.43)

For i = r, Lemma 6.18 implies (Tr−Tr−1) is stochastically dominated by the sum

of ` = log2(2(Trel + 1)) independent geometric random variables with mean 4K|X |

each. For t > 0, Pr{Tr − Tr−1 ≥ t} is the probability that after t independent coin

tosses with success probability (4K|X |)−1, we have fewer than ` successes. Now we
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can apply Proposition 3.17 to conclude

Pr{Tr −Tr−1 ≥ t} ≤ exp

(
`− t

4K|X |
+ ` log

(
t

4K|X |

))
(6.44)

Breaking the values of Zt into intervals of size (Trel + 1) we have

E[θZt ] ≤ 1 +
r∑

i=0

θki+(Trel+1) Pr{Zt ≥ ki} = 1 +
r∑

i=0

θki+(Trel+1) Pr{Ti ≥ t} (6.45)

For i < r, ki ≥ (Trel + 1) and hence

θki+(Trel+1) Pr{Ti ≥ t} ≤ exp

(
(ki + (Trel + 1)) log θ − t

ki

3κ
+

ki

(Trel + 1)
log |X |

)
≤ exp

(
2ki log θ +

ki

(Trel + 1)
log |X | − t

ki

3κ

)
(6.46)

When i = r, 0 = kr ≤ (Trel + 1) ≤ kr−1 and hence

θkr+(Trel+1) Pr{Tr ≥ t} ≤ θ(Trel+1)
(
Pr{Tr−1 ≥ t/2}+ Pr{Tr −Tr−1 ≥ t/2}

)
≤ θ(Trel+1) exp

(
− t

2

kr−1

3κ
+

kr−1

(Trel + 1)
log |X |

)
+ θ(Trel+1) exp

(
`− t

8K|X |
+ ` log

(
t

8K|X |

)) (6.47)

where ` = log2(2(Trel + 1)).

Let t′ = 6CK2|X |
(
2(1 + a)(Trel + 1) log θ + (1 + b) log |X |

)
for any a, b > 0 and

hence take c = 6C. We now show that for t ≥ t′, E[θ|St′ |]− 1 is small.
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Recall κ = CK2|X |(Trel + 1), hence

t′

3κ
= 4(1 + a) log θ + 2(1 + b)

log |X |
(Trel + 1)

(6.48)

t′

8K|X |
=

3CK

4

(
2(1 + a)(Trel + 1) log θ + (1 + b) log |X |

)
(6.49)

`′ := log

(
t′

8K|X |

)
≥ log

(
3(1 + a)CK log θ · 2(Trel + 1)

4

)
≥ log(6 · (2(Trel + 1)))

(6.50)

since C ≥ 16, K ≥ 1, θ ≥ 2.

Put η = θ−(1+2a)(Trel+1). For t ≥ t′ and i < r, we have ki ≥ (r − i)(Trel + 1). This

reduces (6.46) to

θki+(Trel+1) Pr{Ti ≥ t′} ≤ exp

(
2ki log θ +

ki

(Trel + 1)
log |X |

−4(1 + a)ki log θ − 2(1 + b)
ki

(Trel + 1)
log |X |

)
= θ−(2+4a)ki|X |−(1+2b)ki/(Trel+1)

≤ η2(r−i)|X |−(1+2b)(r−i)

(6.51)

On the other hand, (6.47) reduces to

θ(Trel+1) Pr{Ti ≥ t′} ≤ θ(Trel+1) exp
(
−2(1 + a)kr−1 log θ

−(1 + b)
kr−1

(Trel + 1)
logX +

kr−1

(Trel + 1)
logX

)
+ θ(Trel+1) exp (`− exp(`′) + ``′)

≤ exp

(
−(1 + 2a)kr−1 log θ − b

kr−1

(Trel + 1)
log |X |

)
+ exp

(
(Trel + 1) log θ + (1 + `′)(`′ − log(6))− exp(`′)

)
(6.52)
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using ` = log2(2(Trel + 1)) and `′ ≥ ` + log(6). Since f(z) = exp(z)/4 − (1 + z)(z −

log(6)) ≥ 0 for all z ≥ 0, and kr−1 ≥ (Trel + 1), we now have

θ(Trel+1) Pr{Ti ≥ t′} ≤ η|X |−b + exp
(
(Trel + 1) log θ

−9CK

16
(2(1 + a)(Trel + 1) log θ + (1 + b) log |X |)

)
≤ η|X |−b + exp

(
−9(1 + 2a)(Trel + 1) log θ − 9(1 + b) log |X |

)
≤ η|X |−b + η9|X |−9b (6.53)

using C ≥ 16, K ≥ 1. Combining (6.53) and (6.51) we have

E[θZt′ ] ≤ 1 +

(
r−1∑
i=0

η2(r−i)|X |−(1+2b)(r−i)

)
+ η|X |−b + η9|X |−9b

≤ 1 +
η2|X |−(1+2b)

1− η2|X |−(1+2b)
+ η|X |−b + η9|X |−9b

≤ 1 + η2|X |−2b + η|X |−b + η9|X |−9b

(6.54)

since η ≤ 1, |X | ≥ 2 implies 1− η2|X |−(1+2b) ≥ 1/|X |.

Our improvement over [49] is from Lemma 6.17. [49] ensured that the starting

distribution µ0 ≥ π/2 by running the chain for O(T (P)) steps in Lemma 6.17. Thus

in each application of Lemma 6.17 they incurred an overhead of O(T (P)) steps. We

assume µ0 ≥ π/2, and ensure its validity by running the chain for O(T (P)) steps once

and for all.

We now have four results giving bounds on how large t should be for the moment

generating function of Zt,γ to be close to 1.

• Theorem 6.13 gives optimal bounds when γ is huge,

• Theorem 6.19 gives optimal bounds when γ = 1 under the additional assump-
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tion that the maximal hitting time H = O(|X |),

• Theorem 5.22 gives bounds when the chain mixes in one step,

• Theorem 6.15 doesn’t make any assumptions, but the bounds are not always

optimal.

6.4 Application: Lamp Lighter Chains

We now estimate mixing times of Lamp Lighter chains. We start by defining the

Lamp Lighter chains, we consider

Definition 6.20. Let Q′ and Q Markov Chains on Y ′ and Y respectively. Consider

the following Markov Chain P on Y ′Y × Y :

(a) The states of the chain are of the form (f, y) where f is a function from Y to

Y ′ and y ∈ Y .

(b) At each time step, update y with probability 1/2 according to Q and do not

update f .

(c) With the remaining probability, update f(y) (no where else) according to Q′

and do not update y.

We call this a wreath product of Q′ and Q and denote it Q′ oQ.

Note that if Q′ and Q are reversible, the product Q′ o Q is reversible. As shown

in Example 5.13 this wreath product can be realized as a Markovian product of |Y|

copies of Q′ controlled by Q for an appropriate choice of the selector and decider

functions.
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When Q′ is the natural chain on Z2 we recover the result in [49], but for a slightly

different set of generators.

Proposition 6.21. Let Q′ be the chain on Y ′ := Z2 which mixes in one step, and Q

on Y be arbitrary reversible chain. Let P = Q′ oQ and Zt denote the number of states

of Y which have not been visited by a random walk on Y of length t.

(a) T (P) = O
(
C(Q) + T (Q)

)
(b) T2(P) = O

(
|Y|(Trel(Q) + log |Y|) + T2(Q)

)
where C(Q) and Trel(Q) are the cover time and relaxation time of Q respectively.

Proof. Since T (Q′, 0) = T2(Q′, 0) = 1, we take the target function γ to be the constant

function 1. Let Zt denote the number of states of Y which have not been visited by

the controller (a.k.a lamp lighter).

(a) Apply Theorem 5.16 to conclude that configuration part is mixed by time

inft Pr{Zt > 0} ≤ 1/4. But Pr{Zt > 0} ≤ 1/4 for t = 4C(Q). Thus by

time 4C(Q) the configuration part has been randomized. Another O(T (Q))

steps ensures that the controller part is also randomized.

(b) Apply Theorem 5.16 to conclude that configuration part is mixed by time

inft E[2Zt ] < 1.25. First run the chain for O(T (Q)) steps, so that the distribu-

tion of the controller’s current position is at least 1/2 its stationary distribution.

Now Theorem 6.19 implies

E[2Zt ] < 1.25 (6.55)

for t = O(T (Q)) + O(|Y|(Trel(Q) + log |Y|)). Now run the chain for additional

T2(Q) steps to randomize the lamplighter’s position. F
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Instead of looking at two-state lamps, we can look at n-state lamps. For con-

creteness we consider the lamplighter (a.k.a controller) to be a d-dimensional torus

for constant d and the lamp states to be the random walk on the circle.

Proposition 6.22. Let Q′ denote the simple random walk on Zn and Q the simple

random walk on Zd
n, where d ≥ 2. Let P = Q′ oQ. Then

(a) T (P) = Θ(nd+2 log n)

(b) T2(P) = O(nd+4 log n)

(c) T2(P) = O(n2d log n)

Proof. We have nd copies of Zn controlled by a random walk on Zd
n. By Propo-

sition 5.8, in order to mix in total variation distance, Ω(nd) copies of Zn must be

Ω((d log n)−1) close to stationarity. Since the relaxation time of Zn is Θ(n2), each of

the Ω(nd) copies must be updated Ω(n2 log n) times. Hence T (P) = Ω(nd+2 log n).

On the other hand, if each state of Zd
n is visited O(n2 log n) times, with high

probability Theorem 5.16 implies that the controller part of the state is mixed in total

variation norm. Since the maximal hitting time for Zd
n is Θ(nd), Theorem 6.6 implies

its blanket time is O(nd log n) and now Proposition 6.7 implies that the probability

that we have not visited all the states of Zd
n by time O(nd+2 log n) is less than 1/10.

Now run the chain for an additional O(nd) time to randomize the controller part.

Hence T (P) = O(nd+2 log n).

For the L2-mixing bound: Theorem 5.16 implies we need to find t, for which

E[nZt ] is close to 1, where the target function γ is the constant O(n2 log n). Applying

Theorem 6.13 with the target function as O(nd log n), gives E[nZt ] is small for t =

O(n2d log n). On the other hand, applying Theorem 6.15 shows that E[nZt ] is small
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for t = O(nd+2 log n ·s), where s = Tf(Zd
n). Since the random walk on Zd

n is reversible,

Proposition 2.50 implies s = Θ(n2). F

Thus for d = 2, we see that the variation mixing time and the L2 mixing time are

of the same order. Even though we have a O(n2) gap between the variation and L2

mixing times for d ≥ 4, we believe that the correct answer for the L2-mixing times

are O(nd+2 log n).

Wreath products P = Q′ o Zn was considered by [27] and [59] when Q′ mixes

completely in one step. [27] shows T (P) = O(n2) and [59] shows T2(P) = O(n3). Our

bounds give the same order of magnitude as those obtained by [27] and [59].

Proposition 6.23. Let Q′ be the natural walk on Z2 and Q the random walk on Zn.

Consider P = Q′ o Zn

(a) T (P) = Θ(n2)

(b) T2(P) = Θ(n3)

Proof. Since the controller part requires Ω(n2) time to mix we have the lower bound.

Since Q′ mixes in one step, here we have γ = 1. [65] shows that the blanket time for

Zn is O(n2). Hence Proposition 6.7 together with Theorem 5.16 shows T (P) = O(n2).

For the L2 upper bound: We apply Theorem 6.13 to see that when t = O(n3), the

moment generating function of the number of unvisited states in Zn becomes close to

1. Here we use the fact that the maximal hitting time of Zn is O(n2).

For the L2 lower bound: For t > 0, let Zt denote the number states of Zn which

have been visited. Applying Theorem 5.17 with ε = 1 and γ(i) = 1, we see that

the t-step L2-distance is at least
√

E[2Zt ]− 1. Now Theorem 6.12 implies E[2Zt ] ≥ 2

unless t = Ω(|Zn|Trel(Q)) = Ω(n3). F
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We now consider the case when Q′ does not mix in one step. For concreteness we

take Q′ to be the random walk on Zd
n.

Theorem 6.24. Let Q′ be the random walk on Zd
n and Q be the random walk on Zn.

Consider P = Q′ oQ.

(a) T (P) = Ω(n3 log n)

(b) T2(P) = O(n3 log n)

Proof. By Proposition 5.8, in order to mix in total variation distance, Ω(n) copies of

Zd
n must be Ω(1/

√
n) close to stationarity. Since the relaxation time of Q′ is Θ(n2),

we need to update Ω(n) copies Ω(n2 log n) times each, giving T (P) = Ω(n3 log n).

Take γ to be the constant function O(n2 log n) and let Zt be the number of states

of Zn which have not been visited γ-times, by time t. By Theorem 5.16, we need to

find t such that E[ndZt ] is close to 1. Applying Theorem 6.13, we see that it is enough

to take t = O(n3 log n) since the maximal hitting time of the simple random walk on

Zn is Θ(n2). F
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Open Questions

We conclude with a few questions.

7.1 Robust Mixing

Just how powerful is the adversary? Let P be a Markov Chain with stationary dis-

tribution π. How large can R(P)/T (P
←−
P ) be? Theorem 3.13 shows that it can be

at most O(log(1/π∗)) and Theorem 3.43 and Theorem 3.41 show that this is almost

tight. However, the example in Theorem 3.41 has π∗ exponentially small in the num-

ber of states of the chain. Can we improve the O(log(1/π∗)) gap under additional

assumptions on the stationary distribution?

Question 7.1. Let P be a Markov Chain on X with stationary distribution π. Is is

true that R(P) = O(T (P
←−
P )) when the stationary distribution is uniform?

More specifically, if P is a Cayley walk on a group G, is it true that R(P) =

T (P
←−
P )?

What strategies can the adversary use to slow down the mixing? In this thesis,

152
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we encountered two types of strategies:

(a) Reverse: Simulate the evolution of P
←−
P ,

(b) Collapse: Simulate the evolution of Q where Q is obtained from P by lumping

certain states of P together

Question 7.2. Is there an optimal strategy for the adversary which is a combination

of reversing and collapsing?

Question 7.3. Even though the adversarial strategy {At} is allowed to be time

dependent, in all our examples the optimal adversarial strategy has been time ho-

mogenous, i.e. all the At are equal. Is this always the case? i. e., is it true that for

some absolute constant C,

R(P) ≤ C ·max
A
T (PA) (7.1)

where the maximum is taken over A compatible with P.

For the L2-mixing time, Theorem 4.19 addresses the case when P is a Cayley walk

and the adversary is restricted to respecting the group structure. If this were true,

then one can make sense of the robust mixing time in continuous time as well.

7.2 Sandpile Chains

Let P = SP(Pn,d) denote the sandpile chain on the directed path. Theorem 5.33 and

Proposition 5.32 show that T2(P) = Θ(nd2 log n) and T (P) = Ω(nd2). Can we close

this gap?

Question 7.4. What is the exact order of magnitude of T (SP(Pn,d))?
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If we use the Markov Chain on Zn
d as a guide, one would expect T (SP(Pn,d)) =

Θ(nd2 log n). On the other hand, it is not clear that every digit needs to be selected

at least once in order for the chain to mix. For example, if we update every alternate

component O(d3) times each as well as the least significant digit O(d2) times, the

chain has mixed, because of the way carries work.

Question 7.5. Let P be a Markov Chain on the wreath product Zn o Zd
n for d ≥ 3.

Proposition 6.22 shows T2(P) = Ω(nd+2 log n) and T2(P) = O(nmin(d+4,2d) log n). What

is the exact order of magnitude of T2(P)?

One way to close this gap would be to get good estimates on the moment gen-

erating function of occupancy measures of the random walk on Zd
n. Note that if the

bound in (7.2) is true, we would have T2(Zn o Zd
n) = Θ(nd+2 log n).

7.3 Occupancy Measures

Let P be a Markov Chain with stationary distribution π and γ : X → Z a target

function. For t > 0, let Zt denote the number of states x ∈ X which have been

visited < γ(x) times by time t.

Theorem 6.13, Theorem 6.19 and Theorem 5.22 give bounds on how large must t

be for the moment generating function of Zt to be close to 1, each assuming something

about P and/or γ. Theorem 6.15 on the other hand doesn’t make any assumptions

but gives weak bounds.

Question 7.6. Is there a tight bound on how large t must be for the moment gener-

ating function of Zt to be close to 1?

More specifically, suppose P is a reversible Markov Chain on X with uniform

stationary distribution π and maximal hitting time H = O(|X |) and γ is any target
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function. Is it true that for E[θZt ] to be close to 1, it is enough to take

t = O
(
|X | · (γ∗ + Trel(P) log θ + log(θ|X |))

)
(7.2)

Note that this bound reduces to the right value for those cases where tight

bounds are known: Trel(P) = 0 is Theorem 5.22, γ∗ = 1 is Theorem 6.19 and

γ∗ ≥ |X | log(θ|X |) is Theorem 6.13.
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[27] Olle Häggström and Johan Jonasson. Rates of convergence for lamplighter pro-
cesses. Stochastic Process. Appl., 67:227–249, 1997. URL http://dx.doi.org/

10.1016/S0304-4149(97)00007-0.

[28] Wassily Hoeffding. Probability inequalities for sums of bounded random vari-
ables. American Statistical Association Journal, pages 13–30, March 1963.

[29] Roger Horn and Charles Johnson. Topics in Matrix Analysis. Cambridge Uni-
versity Press, 1991.

[30] Mark Jerrum and Alistair Sinclair. Approximating the permanent. SIAM J.
Comput., 18:1149–1178, 1989.

[31] Mark Jerrum and Alistair Sinclair. Conductance and the rapid mixing property
for markov chains: the approximation of the permanent resolved. In 20th Annual
ACM Symposium on Theory of Computing, pages 235–243, 1988.

[32] Johan Jonasson. Biased random-to-top shuffling. Annals of Applied Probability,
16(2), May 2006.
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