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ABSTRACT

Our main results are algorithms to test isomorphism of hypergraphs and of groups.

We give an algorithm to test isomorphism of hypergraphs of rank k in time exp(Õ(k2√n)),

where n is the number of vertices (joint work with L. Babai, FOCS 2008). (The rank is the

maximum size of hyperedges; the tilde refers to a polylogarithmic factor.) The case of

bounded k answered a then 24-year-old question and removes an obstacle to improving the

worst-case bound for Graph Isomorphism testing. The best previously known bound, even

for k = 3, was Cn (Luks 1999).

We consider the problem of testing isomorphism of groups of order n given by Cayley

tables. The nlog n bound on the time complexity for the general case has not been improved

over the past four decades. We demonstrate that the obstacle to efficient algorithms is the

presence of abelian normal subgroups; we show this by giving a polynomial-time isomom-

rphism test for “semisimple groups,” defined as groups without abelian normal subgroups

(joint work L. Babai, Y. Qiao, in preparation). This concludes a project started with with

L. Babai, J. A. Grochow, Y. Qiao (SODA 2011). That paper gave an nlog log n algorithm

for this class, and gave polynomial-time algorithms assuming boundedness of certain param-

eters. The key ingredients for this algorithm are: (a) an algorithm to test permutational

isomorphism of permutation groups in time polynomial in the order and simply exponential

in the degree; (b) the introduction of the “twisted code equivalence problem,” a generaliza-

tion of the classical code equivalence problem by admitting a group action on the alphabet;

(c) an algorithm to test twisted code equivalence; (d) a reduction of semisimple group iso-

morphism to permutational isomorphism of transitive permutation groups under the given

time limits via “twisted code equivalence.”

The twisted code equivalence problem and the problem of permutational isomorphism of

permutation groups are of interest in their own right.

ix



CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction

Our main results are algorithms to test isomorphism of hypergraphs and of “semisimple

groups” (defined as groups with no abelian normal subgroups). For the Hypergraph

Isomorphism problem we use group theoretic techniques intertwined with combinatorial

partitioning, refinement, and individualization techniques. This allows us to obtain an iso-

morphism test that runs in time exp(Õ(k2√n)) for hypergraphs of rank k. (The rank is

the maximum size of a hyperedge; the tilde is suppressing poly-logarithmic factors). Via

a study of the structure of semisimple groups, we reduce Semisimple Group Isomor-

phism to Permutational Isomorphism of permutation groups, and Twisted Code

Equivalence. By solving the latter two problems, of independent interest, we obtain a

polynomial time isomorphism test for this class. The key case of Permutational Iso-

morphism required for our main result is the transitive case. In this case we are able to

list all permutational isomorphisms in time linear in the order, and simply-exponential in

the degree. The Twisted Code Equivalence problem generalizes of the code equiv-

alence problem by allowing a group to act on the alphabet. Codes over alphabets of size

2 are hypergraphs (of arbitrary rank). Our algorithm for Twisted Code Equivalence

generalizes Luks’s dynamic programming simply-exponential time hypergraph isomorphism

test [57].

1.1.1 Hypergraph isomorphism – moderately exponential algorithms

NP problems are defined via a witness space W (x) (where x is the input). |W (x)| is typically

exponential in |x|. Exhaustive search of W (x) solves the problem in time |W (x)|poly(|x|).

To reduce this time to exp
(
(ln |W (x)|)1−c) poly(|x|) for some constant c > 0 usually requires

nontrivial insight; we call algorithms running within such a time bound “moderately expo-

1



nential.”1 Thus for the Graph Isomorphism problem, a moderately exponential algorithm

would run in exp(O(n1−c)) where n is not the length of the input but the number of vertices

(since the witness space in the definition consists of n! permutations).

Moderately exponential algorithms for Graph Isomorphism were found in the wake of the

introduction of group theoretic methods to the Graph Isomorphism problem ([2, 55]); the

best existing bounds are of the form exp(Õ(
√
n)) and arise from a combination of Luks’s

seminal work on divide-and-conquer methods to manipulate permutation groups [55], and

a combinatorial trick due to Zemlyachenko [84]. The result appears in [23] (1983); Luks

subsequently refined the bound to exp
(
O(
√
n log n)

)
(see [21], 1983). This remains the state

of the art after a quarter century; reducing the leading
√
n term to n1/2−c in the exponent

is a major open problem. For an important special case, that of strongly regular graphs,

which admit an elementary exp(Õ(
√
n)) isomorphism test [3], the exponent of the exponent

was reduced to 1/3 by Spielman in 1996 [74].

While isomorphism of explicit hypergraphs is polynomial-time equivalent to Graph Iso-

morphism, reductions do not preserve moderate exponentiality, so the natural question arises

whether isomorphism of hypergraphs, even of hypergraphs of bounded rank (bounded size of

hyper-edges) can be tested in moderately exponential time. This question was stated in [23]

in 1983, and it was pointed out there that the absence of a moderately exponential bound

for 4-uniform hypergraphs is an obstacle to improving the Õ(
√
n) bound to n1/2−c in the

exponent of the bound for Graph Isomorphism, adding to the significance of the problem.

In an important development, Luks reduced the trivial factorial bound to simply expo-

nential (Cn) for testing isomorphism of hypergraphs of any rank [57] (1999) (again, n is the

number of vertices). However, this bound does not qualify as moderately exponential, and

Luks reiterates the long-standing open problem of moderately exponential isomorphism test

for hypergraphs of bounded rank.

1. We follow the isomorphism literature in this use of the term ‘moderately exponential’ (cf. [4, 57]). The
term is used with another meaning in the area of exact algorithms for NP-hard problems. See Appendix A.1
for more details and a comparison of the two definitions.

2



We present the solution to this old problem, not only for bounded rank but even for

rather large ranks.

Recall that a hypergraph X = (V,E) consists of a set V of vertices and a set E of

“hyper-edges;” the hyper-edges are subsets of V . The rank of X is the maximum size of its

hyper-edges.

As above, we use the soft-Oh notation to suppress polylogarithmic factors, so for a

function f(n) we write Õ(f(n)) to denote the class of functions f(n)(log n)O(1). So for

instance n! = exp(Õ(n)). Our main result, which is joint work with László Babai [16] is

that isomorphism of hypergraphs of rank k with n vertices can be tested in exp
(
Õ(k2√n)

)
.

Note that this bound is exp(Õ(
√
n)) for bounded k.

1.1.2 Group isomorphism – bottlenecks and approach

The isomorphism problem for groups asks to determine if two groups, given by their Cayley

tables (multiplication tables), are isomorphic. Tarjan is credited for pointing out that if one

of the groups is generated by k elements then isomorphism can be decided in time nk+O(1)

where n is the order of the groups; indeed one can list all isomorphisms within this time bound

(cf. [62]). Since k ≤ log n for all groups, this in particular gives an nlog n+O(1)-time algorithm

for all groups (log to the base 2) and a polynomial-time algorithm for finite simple groups

(because the latter are generated by 2 elements, a consequence of their classification [34]).

In spite of considerable attention to the problem over the past quarter century, no general

bound with a sublogarithmic exponent has been obtained. While the abelian case is easy

(O(n) according to Kavitha [49], improving Savage’s O(n2) [70] and Vikas’s O(n log n) [77]),

just one step away from the abelian case lurk what appear to be the most notorious cases:

nilpotent groups of class 2. These groups G are defined by the property that the quotient

G/Z(G) is abelian, where Z(G) is the center of G. No complete structure theory of such

groups is known; recent work in this direction by James Wilson [81, 82] commands attention.

Recently, other special classes of solvable groups have been considered. A group G is an

3



A-group if all its Sylow subgroups are abelian. A Sylow tower of a group is a normal chain

where for every Sylow subgroup, there exists a factor isomorphic to it. Babai and Qiao [27]

(building on the works [67] and [53]) present an efficient isomorphism test for A-groups that

possess a Sylow tower. We note that a group that is both an A-group and a p-group can

only be abelian, thus the result of [27] does not touch p-groups of class 2.

While class-2 nilpotent groups have long been recognized as the chief bottleneck in the

group isomorphism problem, this intuition has never been formalized. The ultimate formal-

ization would reduce the general case to this case. As a first step, we consider a significant

class without a chance of a complete structure theory at the opposite end of the spectrum:

groups without abelian normal subgroups. Following [69], we call such groups semisimple2.

We exhibit a polynomial-time isomorphism test for all semisimple groups. This result is

joint work with László Babai and Youming Qiao [18]. The project was started together with

Joshua A. Grochow [17]. In the first paper, we gave an algorithm to test isomorphism of

semisimple groups of order n in time nlog log n, and polynomial-time algorithms assuming

boundedness of certain parameters. We also showed that a polynomial-time isomorphism

test of semisimple groups gives a permutational isomorphism test with running time simply

exponential in the degree and polynomial in the order. We now have the converse reduction:

from semisimple group isomorphism to permutational isomorphism of (transitive) permuta-

tion groups under the given time limits.

1.1.3 Definitions

Given two objects (e.g. (hyper)graphs or groups) an isomorphism between them is a bi-

jection between the underlying sets that preserves the structure. For (hyper)graphs an

isomorphism is a bijection between the sets of vertices that preserves the edge relationship.

For groups an isomorphism is a bijection between the elements that is a homomorphism (it

2. We note that authors use the term ‘semisimple group’ in several different meanings (see e. g. [30, 44,
75, 76]). See Appendix A.2 for a more detailed comparison.
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preserves the group operation). An automorphism is an isomorphism from an object to

itself.

Hypergraphs: A graph is denoted by a pair (V,E), where V is the set of vertices, and

E is a set of unordered pairs of vertices, the edges. A hypergraph is a pair (V,E), where

V is a set of vertices, and E is a set of subsets of V , the hyper-edges. The rank of a

hypergraph is the maximum size of a hyper-edge. A bijection between the vertices of two

hypergraphs X and Y is a hypergraph isomorphism if it preserves the edge relation, i.e.,

a set of vertices is a hyper-edge in X if and only if the corresponding set of vertices is a

hyper-edge in Y .

Semisimple Groups: We say a group is semisimple if it has no non-trivial abelian

normal subgroups. A group isomorphism of two groups G, H is a bijection π between the

group element that is a homomorphism, i.e., (∀g1, g2 ∈ G)((g1g2)π = gπ1 g
π
2 ).

Permutation Groups: Given a set Ω, the symmetric group, denoted Sym(Ω), is the

group of all permutations of Ω. A permutation group is a subgroup G ≤ Sym(Ω). The

domain of G is Ω and the degree of G is |Ω|.

Given two finite sets Ω and ∆, a permutation σ ∈ Sym(Ω), and a bijection π : Ω→ ∆, the

conjugate of σ by π is σπ := π−1σπ ∈ Sym(∆). Given a set of permutations Σ ⊆ Sym(Ω),

we define Σπ = {σπ : σ ∈ Σ}. If G ≤ Sym(Ω) and H ≤ Sym(∆) are permutation groups,

then a bijection π : Ω→ ∆ is a permutational isomorphism from G to H if Gπ = H. We

say G and H are permutationally isomorphic if there is a permutational isomorphism

between them.

Codes: A code of length n over a finite alphabet Γ is a subset of ΓA for some set A

with |A| = n. An equivalence of the codes A ⊆ ΓA and B ⊆ ΓB is a bijection A → B

that takes A to B. If |Γ| = 2 then the code is a Boolean function or hypergraph, so the
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code equivalence problem is a generalization of the hypergraph isomorphism problem. We

introduce a generalization of this problem, where in addition to permuting the coordinates,

we are allowed to permute the symbols by some group G acting on Γ, independently for

each coordinate. A G-twisted equivalence of two codes A and B of length n consists of a

permutation π of the coordinates, and a list (gi)
n
i=1 of n elements of G, one per coordinate,

such that permuting the coordinates according to π, and applying gi to the ith coordinate

maps A to B.

1.1.4 Results

We state the problems we consider, and our main results.

Problem 1.1.1. Hypergraph Isomorphism

Input: Two hypergraphs X, Y of rank k over n vertices.

Output: X ∼= Y ?

Theorem 1.1.2. We can solve Hypergraph Isomorphism in time exp(Õ(k2√n)).

Problem 1.1.3. Semisimple Group Isomorphism

Input: Two semisimple groups G, H, given by their Cayley tables.

Output: G ∼= H?

Theorem 1.1.4. We can solve Semisimple Group Isomorphism in polynomial time.

Our result for Semisimple Group Isomorphism depends on algorithms to test Per-

mutational Isomorphism and Twisted Code Equivalence. Our results for these

problems are below.
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Problem 1.1.5. Permutational Isomorphism

Input: Two permutation groups G, H of order n and degree k.

Output: Are G and H permutationally isomorphic?

Theorem 1.1.6. We can solve Permutational Isomorphism in time ckpoly(n), where

c is some absolute constant.

In the special case of transitive groups we can list all the isomorphisms in the same time

bound. This result will be used in our algorithm for Semisimple Group Isomorphism

(cf. Chapter 6).

Theorem 1.1.7. There exists an absolute constant c such that for all pairs of transitive

permutation groups G and H of degree k,

(a) the number of permutational automorphisms of G is at most |G| ck;

(b) we can list the set of all permutational isomorphisms of G and H in time |G| ck.

The solution of this case involves a detailed group-theoretic study of the structure of

transitive groups (see Section 1.2.6). Because we represent permutation groups by generators,

there is no inherent need for the factor of |G| in the bounds. The question of a permutational

isomorphism test for permutation groups in time simply exponential in the degree remains

open.

Because of our use of algorithms for permutation groups (specifically, coset intersection),

our bounds on the running time of the algorithm for Twisted Code Equivalence will

be more effective when the groups have faithful low-degree permutation representations.
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Problem 1.1.8. Twisted Code Equivalence

Input: Two codes A, B of length n over an alphabet Γ;

A group G ≤ Sym(Γ) given by a faithful permutation representation of degree d.

Output: Are A and B G-twisted equivalent?

Theorem 1.1.9. We can solve Twisted Code Equivalence

in time cndpoly(|A|, |G|, |Γ|), where c is some absolute constant.

Note that in the special case where G = {id}, twisted group code equivalence is code

equivalence and the theorem gives a running time of cnpoly(|Γ||A|). In particular, this is cn

for hypergraphs, matching the best known bound for general hypergraph isomorphism [57],

although our constant is not as good.

1.1.5 Organization

In Section 1.2 we introduce group theoretic definitions and preliminaries. In Chapter 2

we review techniques that that were developed for Graph Isomorphism, and that we will

use in our Hypergraph Isomorphism test, presented in Chapter 3. In Chapter 4 we talk

about codes, and give our algorithm for twisted equivalence of codes. In Chapter 5 we

give our algorithm for permutational isomorphism. Using the algorithms for twisted code

equivalence and permutational isomorphism, we describe our polynomial-time isomorphism

test for semisimple groups in Chapter 6. In Chapter 7 we conclude and discuss open problems.

All chapters are meant to be readable independently; however, Chapter 3 will be more easily

understood after reading Chapter 2, and in Chapter 6 we use Theorem 1.1.9 (proven in

Chapter 4) and Theorem 1.1.7 (proven Section 5.2).
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1.2 Group Theoretic Preliminaries

We review basic concepts of the theory of groups and permutation groups below; for a more

detailed introduction we refer the reader to [69, 80, 55, 71].

1.2.1 Groups

In this thesis groups will always be finite. For groups G and H, we write H ≤ G to say

that H is a subgroup of G. Given two groups G and H, a bijection π : G → H is a

group isomorphism if it is a homomorphism, i. e., for all g1, g2 ∈ G, (g1g2)π = gπ1 g
π
2 . An

isomorphism of G with itself is an automorphism. The set of all automorphisms forms

a group under composition. We denote the group of all automorphisms of a group G by

Aut(G) and the set of G to H isomorphisms by ISO(G,H). We say G and H are isomorphic

(and write G ∼= H) if ISO(G,H) is not empty.

If H ≤ G and g ∈ G, then Hg = {hg | h ∈ H} is a (right) coset of H in G. The

set ISO(G,H) is either empty or a coset of Aut(G). Motivated by this fact, we define a

subcoset of G to be either a coset Hσ of G or the empty set (so this is Hσ for empty

H, but the empty set is not a subgroup). We highlight this definition since, although it is

common in the isomorphism literature, it is not always used in group theory textbooks.

Definition 1.2.1. A subcoset of a group G is either a coset Hσ for some H ≤ G and

σ ∈ G, or the empty set.

Under this definition, intersection of subcosets is again a subcoset, namely, for H,K ≤ G,

and g1, g2 ∈ G, Hg1 ∩Kg2 is either empty or it is a coset of the subgroup H ∩K.

H C G indicates that H is a normal subgroup of G. G is simple if |G| > 1 and G has

no nontrivial normal subgroups.

The commutator subgroup of a group G, denoted G′, is the subgroup generated by

the set {[g, h] | g, h ∈ G} of commutators [g, h] = g−1h−1gh. For g ∈ G, conjugation by

9



g means the G→ G map x 7→ xg = g−1xg. These maps are called inner automorphisms

of G; they form the group Inn(G) C Aut(G).

For S ⊆ G and g ∈ G we set Sg = {sg | s ∈ S}. The normalizer of S ⊆ G in

G, NG(S) is the subgroup {g ∈ G | Sg = S}. The centralizer of S is the subgroup

CG(S) = {g ∈ G | (∀s ∈ S)(gs = sg)}. The notation ϕ : G ↪→ H means that ϕ is an

embedding (injective hopmorphism) of G into H.

1.2.2 Permutation groups

The symmetric group Sym(Ω) acting on the set Ω consists of all permutations of Ω;

the operation is composition. The alternating group Alt(Ω) is the (unique) subgroup of

index 2 in Sym(Ω) consisting of the even permutations. Subgroups of Sym(Ω) are called

permutation groups; we refer to Ω as the permutation domain. The degree of a

permutation group is the size of the permutation domain. If Ω = [n] := {1, . . . , n} then we

write Sn for Sym(Ω) and An for Alt(Ω).

For a group G and a set Ω, a homomorphism ϕ : G→ Sym(Ω) defines a G-action x 7→ xπ

on Ω (x ∈ Ω, π ∈ G). The action is faithful if the kernel ker(ϕ) is trivial. An action on

Ω induces an action on the subsets of Ω: for ∆ ⊆ Ω we write ∆σ = {xσ : x ∈ ∆}. For a

permutation group H ≤ Sym(Ω) we use the phrase “the action of G on Ω is H” if Im(ϕ) = H.

The orbit of x ∈ Ω is the set xG := {xπ : π ∈ G}. The orbits partition the permutation

domain. The length of an orbit is its size. A permutation group G ≤ Sym(Ω) is transitive

if xG = Ω for some (and hence any) x ∈ Ω.

The stabilzer of a point x ∈ Ω in G is Gx = {σ ∈ G | xσ = x}. Note that |xG| = |G : Gx|

because the right coset Gxσ consists of all τ ∈ G such that xτ = xσ.

Given an action G → Sym(Ω) and a set ∆ ⊆ Ω, we define the (pointwise) stabilizer

of ∆ in G to be G∆ = {σ ∈ G : (∀x ∈ ∆)(xσ = x)}. Applying this notation to the induced

action on subsets we obtain the notation G{∆} = {σ ∈ G : ∆σ = ∆} for the setwise

stabilizer of ∆ in G. A subset ∆ ⊆ Ω is G-invariant (or G-stable) if (∀σ ∈ G)(∆σ = ∆),
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i. e., G{∆} = G. If ∆ is G-invariant, then G∆ is normal in G, and the quotient group

G∆ := G/G∆ is the restriction of G to ∆.

Given a G-action on Ω, a nonempty set B ⊆ Ω is a block of imprimitivity (or simply

“a block”) if (∀π ∈ G)(Bπ = B or B ∩ Bπ = ∅). A transitive action is primitive if all

blocks are trivial (the singletons and the whole domain Ω), and imprimitive otherwise. A

system of imprimitivity is a partition of Ω consisting of a block and all its images under

G. Systems of imprimitivitiy are precisely the G-invariant partitions of Ω. For a minimal

nontrivial block B (w.r.t. set containment), the system B = {Bπ | π ∈ G} is maximal, and

GB{B} is primitive.

Given two finite sets Ω and ∆, a permutation σ ∈ Sym(Ω), and a bijection π : Ω→ ∆, the

conjugate of σ by π is σπ := π−1σπ ∈ Sym(∆). Given a set of permutations Σ ⊆ Sym(Ω),

we define Σπ = {σπ : σ ∈ Σ}.

If G ≤ Sym(Ω) and H ≤ Sym(∆) are permutation groups, then a bijection π : Ω → ∆

is a permutational isomorphism from G to H if Gπ = H. We denote the set of all G

to H permutational isomorphisms by PISO(G,H). We say G and H are permutationally

isomorphic if PISO(G,H) 6= ∅. Note that PISO(G,G) = NSym(Ω)(G), the normalizer of G

in Sym(Ω). Each π ∈ PISO(G,H) induces an isomorphism π̂ : G→ H. Let P̂ISO(G,H) =

{π̂ | π ∈ PISO(G,H)}.

1.2.3 Algorithms for permutation groups

Permutation groups will be represented by a list of generators; to compute a subgroup

means to find generators for the subgroup. To recognize a subgroup means to be able to

test membership in the subgroup (of elements of the supergroup).

The basic tasks of membership testing, computing the order, finding the normal closure,

finding pointwise stabilizers, can be done in polynomial time ([72, 73, 39, 51], cf. [71]) and

in fact in NC [24]. It follows that from any list of generators, a minimal (non-redundant) list

can be computed in polynomial time. Such a list has ≤ 2n elements, where n = |Ω| is the
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degree [8]. Many more advanced tasks, such as finding a composition series [56], and finding

Sylow subgroups [47, 48] can also be done in polynomial time; composition series can even

be found in NC [24].

The following observation will allow us to check whether or not a bijection is a permuta-

tional isomorphism.

Proposition 1.2.2. Given two permutation groups G and H of degree n, and a bijection f

of the domains, we can decide whether or not f is a permutational isomorphism of G and

H in polynomial time in n.

Proof. We can check membership of the f -images of the generators of G in H and vice

versa [39].

1.2.4 Isomorphisms vs. permutational isomorphisms

We examine the connection between (abstract) isomorphisms and permutational isomor-

phisms. Recall that a permutational isomorphism is a bijection between the domains, while

an abstract isomorphism is a bijection between the group elements.

Let G,H ≤ Sn. A permutational isomorphism π ∈ PISO(G,H) induces a permutation π̂

of the group elements that is an (abstract) isomorphism. Two permutational isomorphisms

π, σ ∈ PISO(G,H) induce the same isomorphism if and only if πσ−1 ∈ C(G) (recall C(G) =

CSn(G) is the centralizer of G in Sn). Therefore |PISO(G)| ≤ |C(G)| · |ISO(G,H)|. Using

this it is easy to prove that for transitive groups |PISO(G,H)|/|ISO(G,H)| ≤ n (cf. [35,

page 109]). Indeed for transitive groups, there are at most n permutational isomorphisms

corresponding to a specific abstract isomorphism, and we can list them in polynomial time.

Proposition 1.2.3. Given two transitive permutation groups G,H ≤ Sn, and an iso-

morphism φ ∈ ISO(G,H), we can list the (at most n) permutational isomorphisms π ∈

PISO(G,H) corresponding to φ in time O(n3).
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Proof. Pick a set of generators S ⊆ G for G; then Sφ is the corresponding set of generators

for H. We construct two directed edge-colored graphs X(G), and X(H), over the vertex

set [n]. For each generator σ ∈ S, we add to X(G) edges of color σ corresponding to the

cycle decomposition of σ. Similarly for every σ ∈ S, we add to X(H) edges of color σ

corresponding to the cycle decomposition of σφ (∈ Sφ ). (Graph) Isomorphisms of X(G)

and X(H) are permutational isomorphisms between G and H; and we can test isomorphism

of these colored graphs in linear time. Recall that isomorphisms of colored graphs preserve

the colors by definition.

To test isomorphism of these graphs, pick any vertex x in X(G), and run breadth first

search starting at x (because the groups are transitive, the choice will not matter). We assign

to every vertex the unique word corresponding to the color of the path to that vertex in the

BFS. Now repeat the same process for X(H). If the labelings of the vertices do not yield

a bijection, then reject. Otherwise check whether the bijection is indeed an isomorphism of

the two graphs. The running time is linear in the size of the graphs.

To list all permutational isomorphisms corresponding to ϕ, we need to try every possible

choice of root vertex x for the BFS. Therefore the total running time will be n times linear

in the size of the graphs. The graphs have O(n2) edges, since there is always a set of at most

2n generators. Therefore the total running time is O(n3).

1.2.5 Bounds on primitive groups

The following fact will be central to our strategy for both Hypergraph Isomorphism and

Permutational Isomorphism.

Theorem 1.2.4 (cf. [33, Theorem 6.1]). (a) Let G ≤ Sn be a primitive group other than

Sn or An. If n is sufficiently large then |G| ≤ n
√
n. (b) For every ε > 0, there exists a c(ε)

such that for every n, if G ≤ Sn is primitive and |G| > 2n
ε
, then G can be generated by c(ε)

generators.
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Proof. As described in Theorem 6.1 and the remarks after it in [33], all primitive groups have

order nO(n1/3), except the following classes of groups: Sn and An in their natural action;

S
(2)
` and A

(2)
` , the induced actions of S` and A` resp. on subsets of size 2, where

(`
2
)

= n; and

subgroups of Sm o S2, containing Am × Am, where m2 = n. Sn, An and S
(2)
` are generated

by two elements, while the subgroups of Sm o S2 can be generated by 3 elements.

The above fact is a consequence of the classification of finite simple groups (cf. [33]). For

part (a), a slightly weaker exp(4
√
n ln2 n) upper bound, sufficient for our applications, has

an elementary combinatorial proof [5, 6, 66]. However, for the Permutational Isomor-

phism problem, we will need part (b) of the theorem above, the proof of which requires the

classification of finite simple groups.

In our algorithms we will distinguish between two cases: when the primitive groups

involved are symmetric or alternating, and when they are not. If the groups are symmetric

or alternating, we will be able to make use of the structure. When the groups are not the

symmetric or alternating groups, then they will be “small,” so we will be able to enumerate

them.

We shall also need the following related but elementary estimate.

Fact 1.2.5. Let G = An or Sn and let H < G be transitive but not An or Sn. If n is

sufficiently large then |G : H| ≥ 2n/
√

2n.

Bounding the order of the permutational automorphism group of non-alternating or sym-

metric primitive groups will be the base case for our algorithm for Permutational Iso-

morphism. The following fact is easy to prove from Theorem 1.2.4 and Proposition 1.2.3.

Lemma 1.2.6. If G ≤ Sn is a primitive group other than Sn or An, then (a) |PAut(G)| ≤

exp(Õ(
√
n)); moreover (b) for every H ≤ Sn, we can list PISO(G,H) in time O(exp(Õ(

√
n)).

Luks’s polynomial time isomorphism test for bounded degree graphs [55] motivated the

following definition.
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Definition 1.2.7. A group G is a Γk-group if all composition factors of G are subgroups

of Sk.

The observation was that if X is a graph of degree d, and e is any edge in the graph,

then Aut(X)e (the stabilizer of the edge) is a Γd−1-group. The following bound, motivated

by Luks’s approach, follows from a more precise classification (cf. [15]).

Theorem 1.2.8 (Babai, Cameron, Pálfy [15]). If G ≤ Sn is a Γk group, then |G| ≤ nck for

some constant ck depending only on k.

This theorem can be used to obtain a simpler polynomial time algorithm for graphs of

bounded valence.

1.2.6 Structure trees

Structure trees underlie Luks’s divide and conquer approach (cf. Section 2.5.2).

Definition 1.2.9 (invariant tree). An invariant tree for a transitive group G ≤ Sym(Ω)

is a rooted tree whose set of leaves is Ω and to which the G-action extends. (Such extension

is necessarily unique.)

Definition 1.2.10 (structure tree). An invariant tree for G ≤ Sym(Ω) is a structure tree

if every internal node has at least 2 children, and for every internal node u of the tree, the

action of the stabilizer Gu on the set of children of u is primitive.

An invariant tree corresponds to a hierarchy of block systems. A structure tree corre-

sponds to a maximal such hierarchy. We label every node v in a tree by the subset B(v) of

leaves in the subtree rooted at v. The kth layer of a structure tree is the set of all nodes

at distance k from the root. The depth of a structure tree is d if the leaves are on the dth

layer. Note that in a structure tree all leaves must be on the same layer. Indeed for all nodes

u, v on the same layer of a structure tree, we have G
B(u)
u

∼= G
B(v)
v . This follows from the

fact that every node corresponds to a block B in a system of imprimitivity, and the blocks
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corresponding to nodes on the same layer are conjugates of B. This in particular also implies

that a layer of the tree is completely determined by just one block on that layer.

We note that structure trees do always exist, and can be constructed efficiently. Indeed

in our algorithm for Permutational Isomorphism of transitive groups, we will need to

list all structure trees of a transitive permutation group. The following lemma allows us to

do so, and bounds the cost of such an operation.

Lemma 1.2.11. Let G ≤ Sym(Ω) be a transitive permutation group of degree n. Then

(a) G has at most n2 log n structure trees; (b) we can list all structure trees of G in time

O(n2 log npoly(n)).

Proof. (a) Two minimal blocks intersect either trivially or in exactly one point. Therefore

the number of minimal blocks is at most
(n

2
)
, since a pair of points uniquely defines one.

Every layer of a structure tree is completely determined by just one block on that layer.

Therefore a structure tree of depth ` is completely determined by a nested sequence of

blocks {x ∈ Ω} = B` ⊆ B`−1 ⊆ · · · ⊆ B0 = Ω that cannot be futher refined. Since these

must be blocks of imprimitivity, we have |Bi| ≥ 2|Bi+1|, so ` ≤ log n. At step i we have at

most
(n

2
)

choices, so the total number of such sequences is at most n2 log n.

(b) To construct all structure trees, we will try every possible sequence of subsets Bi as

above. To find all the minimal blocks for one layer, we first introduce some notation. An

orbital of G is an orbit of the induced G-action pairs. For every orbital Σi of G, we construct

a digraph Xi = (Ω, Ei), where for x, y ∈ Ω, (x, y) ∈ Ei if (x, y) ∈ Σi. Now fix a point x ∈ Ω.

For every orbital, look at the connected component containing x. These form a set system

of at most n− 1 sets. Within this set system, take the minimal ones. These are the minimal

blocks containing x. The running time is polynomial for each layer.
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1.2.7 Products and diagonals

Given groups G1, . . . , Gr, we write
∏r
i=1Gi for the direct (Cartesian) product G1×· · ·×Gr.

We write πj :
∏r
i=1Gi → Gj for the projection map onto the j-th factor. A subdirect

product of G1, . . . , Gr is a subgroup H ≤
∏r
i=1Gi such that πj(H) = Gj for each j.

A particularly important example of subdirect product is the diagonal subgroup of a

direct product of isomorphic groups.

Definition 1.2.12 (diagonal). Let V1, . . . , Vr be isomorphic groups, (∀i)(Vi ∼= T ). A diago-

nal of (V1, . . . , Vr) is an embedding φ : T ↪→
∏r
i=1 Vi such that Im(φ) is a subdirect product

of the Vi. We use diag(V1 × · · · × Vr) to denote the image of some diagonal of (V1, . . . , Vr).

More generally, assume we have a system of groups (V1,1, . . . , V1,k1
), . . . , (Vr,1, . . . , Vr,kr),

where for every i ≤ r, and every j ≤ ki, we have Vi,j ∼= Ti. Then a diagonal product (or

product of diagonals) of the system (Vi,j) is an embedding φi × · · · × φr : T1 × · · · × Tr ↪→∏k1
j=1 V1,j × · · · ×

∏kr
j=1 Vr,j , where each φi is a diagonal of (Vi,j)

ki
j=1. For every i, we call

the set of factors (Vi,j)
ki
j=1 a block of the diagonal product.

The standard diagonal of T k is the map ∆ : t → (t, . . . , t). Similarly, the standard

diagonal product of
∏r
i=1 T

ki
i is the map ∆ = ∆1 × · · · ×∆r, where for every i, ∆i is the

standard diagonal for T kii .

Definition 1.2.13 (permutational diagonal). Let Vi ≤ Sym(Ωi) (i ∈ [r]) be permuta-

tion groups, permutationally isomorphic to T ≤ Sym(Ξ). A permutational diagonal of∏r
i=1 Vi is list of permutational isomorphisms ϕi ∈ PISO(T, Vi) (so ϕi : Ξ → Ωi). Let

fij = ϕ−1
i ϕj . Note that fij ∈ PISO(Vi, Vj). We refer to the fij as the bijections defininig

this diagonal.

We use pdiag(V1 × · · · × Vr) to denote some permutational diagonal of
∏r
i=1 Vi. We

can generalize to a permutational diagonal to a system of permutation groups as in Defini-

tion 1.2.12.
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For example, given G ≤ Sym(Ω), consider the induced action of Gk on Ωk. The standard

diagonal T of Gk acting on {(ω, . . . , ω) | ω ∈ Ω} is a permutational diagonal. Note that any

permutational diagonal induces a diagonal.

Fact 1.2.14. Let G ≤ H1 × · · · × Hm be a subdirect product, where each Hi is a simple

group. Then G is a direct product of diagonals. In other words, after some rearrangement

of the factors into blocks, and the selection of isomorphisms between factors in each block,

we may write:

G = diag(H1 × · · · ×Hi1)× diag(Hi1+1 × · · · ×Hi2)× · · · × diag(Hir+1 × · · · ×Hm).

Fact 1.2.15. Let G ≤ Alt(Ω1) × · · · × Alt(Ωm), where (∀i)(|Ωi| ≥ 5, 6= 6) be a subdirect

product of alternating groups. Then G is a direct product of permutational diagonals.

In other words, after some rearrangement of the factors into blocks, and the selection of

permutational isomorphisms between factors in each block, we may write:

G = pdiag(Alt(Ω1)× · · · × Alt(Ωi1))× · · · × pdiag(Alt(Ωir+1)× · · · × Alt(Ωm)).

This is a consequence of the fact that Aut(An) = Sn for all n ≥ 5, n 6= 6; (cf. e. g.,

Lemma 2.1 in [14]).

Given a group K with an action on another group H given by θ : K → Aut(H), the

semidirect productHoθK is a group with underlying set H×K = {(h, k) : h ∈ H, k ∈ K}

and multiplication defined by: (h1, k1)(h2, k2) = (h1h
θ(k−1

1 )
2 , k1k2). When the action θ is

understood, we write simply H oK.

If θ : K → Sym(A) is a permutation action of K on the set A, the wreath product

H oθK is defined as HAoθK, where θ : K → Aut(HA) is the action of K on HA by permuting

the factors. That is, (h1, . . . , hn)θ(k) = (h1θ(k) , . . . , hnθ(k)), where we have assumed A = [n].

If K ≤ Sym(A) is a permutation group, we write simply H oK = HA oK.
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CHAPTER 2

GRAPH ISOMORPHISM: HISTORY AND TECHNIQUES

This chapter is not intended to be an exhaustive review of the literature on the Graph

Isomorphism problem. We give a brief general overview, and focus on those techniques that

we use in our algorithm for Hypergraph Isomorphism. We refer the reader to [68, 9, 31]

for more complete overviews.

2.1 History

Early algorithms were discovered for geometric classes of graphs: planar graphs in linear

time (Hopcroft and Wong, 1974 [43], building on Hopcroft and Tarjan, 1972 [42]); graphs

of bounded genus in polynomial time (Lichtenstein [54], Filotti and Mayer [36], Miller [60];

1980). The first techniques for general graph isomorphism were partition, refinement and

individualization heuristics (see Section 2.4). These techniques are at the heart of most

practical Graph Isomorphism algorithms (see e.g. McKay’s Nauty [59]), and they provably

work in some cases. They solve Graph Isomorphism in linear time for almost all graphs

(Babai, Erdős, Selkow [19]; Babai, Kučera [22], 1979). An important class of graphs is that

of strongly regular graphs. In 1980 Babai showed that the partition-refine heuristics work

in time exp(Õ(
√
n)) for strongly regular graphs [3]; and in 1996 Spielman proved that they

give an exp(Õ(n1/3)) for this class of graphs in a highly non-trivial work, showing the power

of these techniques [74]. However, in general these techniques alone fail badly. In 1991 Cai

Fürer and Immerman produced examples of non-isomorphic classes of graphs that require

exponential time to be distinguished by these techniques [31].

In 1979 Babai introduced group theoretic techniques to the Graph Isomorphism prob-

lem [2]. The result in this first paper was that isomorphism of graphs with bounded color

classes is in polynomial time. The Cai-Fürer-Immerman graphs have color class size 4,

hence already this first application beats the most powerful combinatorial techniques (al-
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though Cai Fürer and Immerman’s result appeared more than a decade later, and so this

was not known at the time). Luks developed techniques that utilize the group theory to

greater depth. The crowning achievement of the group theoretic approach is Luks’s polyno-

mial time isomorphism test for bounded degree graphs [55]. This later led to the best known

algorithm for graph isomorphism. Babai noticed that combining a combinatorial trick due

to Zemlyachencho [84] and Luks’s bounded degree algorithm gave a moderately exponen-

tial algorithm for the general graph isomorphism problem [21]. Later Luks improved the

running time to n
√
n log n ([21], see also [23]). Other algorithms have been developed using

the group theoretic techniques, for different classes of graphs. Isomorphism of graphs with

bounded eigenvalue multiplicity can be tested in polynomial time [20], and isomorphism of

tournaments can be tested in quasipolynomial time [23].

2.2 Definitions

Definition 2.2.1 (Graph Isomorphism). Let X = (V,E), Y = (U, F ) be graphs. An

isomorphism between X and Y is a bijection φ : V → U that preserves edges:

(v, w) ∈ E ⇐⇒ (vφ, wφ) ∈ F.

We denote the set of all X to Y isomorphisms by ISO(X, Y ). An isomorphism from X to

itself is an automorphism. The set of automorphisms of X, denoted Aut(X) forms a group

under composition. Let X and Y be graphs over the same vertex set V . Then ISO(X, Y ) is

either empty or a coset of Aut(X) in Sym(V ).

2.2.1 Colorings

Definition 2.2.2 (Graph Coloring). For a graph X = (V,E), and a set C of colors, a

vertex-coloring of X is a function c : V → C; an edge-coloring of X is a function

c : E → C.
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We use the term ‘coloring’ to mean either a vertex-coloring or an edge-coloring. Some-

times a vertex-coloring is called a labeling and the colors are called labels. A color class

is a set of vertices (or edges) that receive the same color. A vertex-coloring (edge-coloring

respectively) partitions the vertices (edges respectively) into color classes. A coloring c′ is a

refinement of a coloring c if the partition into color classes induced by c′ is a refinement of

the partition induced by c.

An invariant coloring is a coloring that is preserved by all automorphisms. More pre-

cisely a vertex-coloring is invariant if (∀φ ∈ Aut(X))(∀v ∈ V )(c(vφ) = c(v)), and similarly,

an edge coloring is invariant if (∀φ ∈ Aut(X))(∀e ∈ E)(c(eφ) = c(e)). For example, coloring

the vertices by degrees is an invariant vertex-coloring. Coloring the edges by the number of

triangles they appear in is an invariant edge-coloring.

A colored graph is a triple X = (V,E, c), where (V,E) is a graph, and c is a coloring.

Isomorphisms of colored graphs preserve the colors by definition. More precisely, given two

vertex-colored graphs X = (V,E; c), Y = (U, F ; d), with c, d : V → C, an isomorphism

between X and Y is a bijection φ : V → U such that (∀v ∈ V )(d(vφ) = c(v)) and (v, w) ∈

E ⇐⇒ (vφ, wφ) ∈ F . (The definition is analogous for edge-colored graphs.)

2.2.2 Invariants, canonical labelings, and canonical forms

Throughout this discussion, X will be a class for which isomorphism is defined. We will

think of X as the class of (hyper)graphs, groups, a subclass of these (e.g. bipartite graphs),

or a generalization (e.g. directed graphs).

Definition 2.2.3 (Invariant). An invariant for a class X is a function f : X → Ω, for some

set Ω such that (∀X, Y ∈ X )(X ∼= Y ⇒ f(X) = f(Y )).

Invariants can provide proof of non-isomorphism and are useful to reduce the search space

for isomorphisms in general.

Some examples of graph invariants are: the number of edges, the multiset of degrees,

the multiset of eigenvalues, the characteristic polynomial. Planarity, connectivity, and all
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commonly considered graph properties are also invariants. To phrase it in the language of

the definition, any graph property is a function f from the set of all graphs to {0, 1}, where

a graph X has the property if and only if f(X) = 1.

Some invariants for groups are: the order, the multiset of orders of the elements, the

multiset of (isomorphism types of the) composition factors.

Definition 2.2.4 (Complete Invariant). A complete invariant for a class X is a function

f : X → Ω, where Ω is some set of labels, such that (∀X, Y ∈ X )(X ∼= Y ⇐⇒ f(X) =

f(Y )).

Definition 2.2.5 (Canonical Form). A canonical form for a class X is a complete invariant

f : X → X .

Definition 2.2.6 (Canonical Labeling). A canonical labeling procedure for a class X of

(hyper)graphs is a complete invariant f : X → K, where K is the set of labelings.

Recall that a labeling is a vertex-coloring. In other words, a canonical labeling procedure

assigns a labeling to each graph that uniquely identifies its isomorphism type.

2.3 Computational Complexity

The Graph Isomorphism problem is of particular interest in computational complexity

because it is a natural problem that is easily seen to be in NP, however it is not known

to be in P and it is not believed to be NP-complete. In fact, Graph Isomorphism is

in NP ∩ coAM ([40], cf. [26]), and therefore it is not NP-complete unless the polynomial

time hierarchy collapses ([29], cf. [26]). Even before the introduction of interactive proofs

allowed for these results to be discovered, Graph Isomorphism was not believed to be NP-

complete, since the decision version is as hard as the counting version, while for NP-complete

problems the counting versions seem to be much harder. Indeed counting isomorphisms of

two graphs is polynomial-time equivalent to Graph Isomorphism (Babai, Mathon [1, 58]).
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2.3.1 Reductions

Problem 2.3.1 (Graph Isomorphism). Given two graphs, are they isomorphic?

We will ask the same question for special classes of graphs. For example, Bipar-

tite Graph Isomorphism asks whether two bipartite graphs are isomorphic, Vertex-

Colored Graph Isomorphism asks whether two vertex-colored graphs are isomorphic

(recall that these isomorphisms must preserve the colors by definition). As always in com-

plexity theory, when we cannot prove separation results, we try to find reductions between

problems. A problem is GI-hard if Graph Isomorphism can be reduced to it in polyno-

mial time, and GI-complete if it is polynomial-time equivalent to Graph Isomorphism.

The following theorems show that many problems are polynomial time equivalent to Graph

Isomorphism. The proofs consist mainly of constructions using combinatorial gadgets.

Theorem 2.3.2 (Booth, Colbourn [28]; Miller [61]). The following are polynomial-time

equivalent:

• Graph Isomorphism,

• Bipartite Graph Isomorphism,

• Isomorphism of Vertex-Colored graphs,

• Directed Graph Isomorphism,

• Isomorphism of Systems of Binary Relations (directed graphs with colored vertices

and edges).

Theorem 2.3.3 (Babai, Mathon [1, 58]). The following are polynomial-time equivalent:

• Graph Isomorphism,

• given X, find generators of Aut(X),

• given X, compute |Aut(X)|,

• given X, find the orbits of Aut(X),

• given X, Y , compute |ISO(X, Y )|.
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In a precise sense, Graph Isomorphism is universal among isomorphism problems of

explicit structures. First let us define what is meant by explicit structures.

Definition 2.3.4. A relational structure is a t + 1-tuple (Ω;R1, . . . , Rt), where Ω is a

set, and ∀i = 1 → t, Ri ⊆ Ωki is an ordered ki-tuple. The arity of the relational structure

is maxi{ki}.

Graphs are relational structures of arity 2; k-hypergraphs are relational structures of

arity k. Algebraic structures are also relational structures, for example, groups are relational

structures of arity 3.

An isomorphism of two relational structures, (Ω;R1, . . . , Rt) and (∆, R′1, . . . , R
′
t) is a

bijection f : Ω→ ∆ that preserves the relations, i. e., (∀i)(S ∈ Ri ⇐⇒ f(S) ∈ R′i).

Theorem 2.3.5 (Miller [61]). Isomorphism of explicit relational structures polynomial-time

reduces to Graph Isomorphism.

Here explicit means that the relations have to be listed. For example, groups given by

Cayley tables are explicit relational structures, but permutation groups given by sets of

generators are not.

Observation 2.3.6. Hypergraph Isomorphism Karp-reduces to Graph Isomorphism.

This reduction does not preserve the number of vertices, and hence an algorithm with

running time O(exp(nc)) for Graph Isomorphism does not imply an algorithm with the

same running time for Hypergraph Isomorphism.

Let us give a proof of a more precise version of observation above in the case of 4-uniform

hypergraphs.

Observation 2.3.7 (cf. Babai, Luks [23]). Isomorphism of 4-uniform hypergraphs with n

vertices Karp reduces to isomorphism of graphs with O(n2) vertices.

Proof. Let X = (V,E), Y = (W,F ) be 4-uniform hypergraphs. We will construct edge-

colored graphs X ′ = (V ′, E′) and Y ′ = (W ′, F ′) such that X ∼= Y ⇐⇒ X ′ ∼= Y ′. The
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construction is the same for the two hypergraphs, so let us focus on X ′. The vertex set V ′

is the set of (unordered) pairs of vertices in V . We add red edges between pairs that share

a node: {u, v}, {u,w}. We add black edges between two pairs {u, v}, {w, x} if and only if

{u, v, w, x} ∈ E. It is easy to see that this construction preserves isomorphisms. To remove

the edge colors, we use a standard technique that reduces isomorphism of edge-colored graphs

to Graph Isomorphism. This reduction increases the number of vertices by a constant

factor when the number of colors is bounded (in our case the number of colors is 2).

As was noted already in 1983 by Babai and Luks [23], this simple construction im-

plies that if we could solve Graph Isomorphism in time exp(Cn), then we could solve

4-uniform Hypergraph Isomorphism in time exp(C2n), and the lack of a better than

simply exponential algorithm for 4-uniform Hypergraph Isomorphism (and in fact,

even for 3-uniform hypergraphs) was an obstacle to improving the best known algorithm

for Graph Isomorphism. Our algorithm to test isomorphism of hypergraphs remove this

obstacle.

2.3.2 Relationship to coset intersection

A problem that is closely related to Graph Isomorphism is the Coset Intersection

problem.

Problem 2.3.8. Coset Intersection

Input: generators for two permutation groups G,H ≤ Sn,

two permutations π, σ ∈ Sn.

Output: Gπ ∩Hσ = ∅?

A coset Gπ is given by a coset representative π′ ∈ Gπ and a list of generators of the group

G. The following observation is of Luks gives the connection to Graph Isomorphism.

Theorem 2.3.9 (Luks [55]). Graph Isomorphism Karp-reduces to Coset Intersec-
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tion.

Proof. Let X = (V,E) and Y = (W,F ) be graphs over n vertices. W.l.o.g V = W = [n]. Let

L ⊆ S(n2)
be the coset that preserves the edges, that is L = {σ ∈ S(n2)

: Eσ = F}. Note that L

is a coset of Sym(E)×Sym([
(n

2
)
]\E), which is easy to compute. Then ISO(X, Y ) = L∩S(2)

n ,

where S
(2)
n is the induced action of Sn on pairs.

We will make use of coset intersection subroutines in our algorithms to test Hypergraph

Isomorphism and Twisted Code Equivalence. We use the following result.

Theorem 2.3.10 (Babai 1983 [7], see also [11, 21]). Given generators for G,H ≤ Sn and

π, σ ∈ Sn, the subcoset Gπ ∩Hσ can be found in time exp(Õ(
√
n)).

In fact, Luks’s simply exponential algorithm for the same problem [57] would suffice for

the Twisted Code Equivalence problem. For Hypergraph Isomorphism instead we

will need the full force of the above result.

2.4 Partition and Refinement Techniques

Throughout this section n will denote the number of vertices of the graph, and m the number

of edges.

2.4.1 Naive refinement

In this subsection we describe an effective heuristic for graph isomorphism (cf. Read and

Corneil [68]). This heuristic is at the heart of most practical graph isomorphism algorithms

(see e.g. McKay’s Nauty [59]). For almost all graphs this technique provably works in

polynomial time, giving some theoretical explanation for its success [19, 22].

A procedure to obtain an invariant vertex-coloring where each vertex gets a unique color

is a canonical labeling procedure (see Section 2.2.2 for definitions). The goal of the refinement
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technique is to get closer to such a coloring. Given a vertex-colored graph X = (V,E; c) with

color set C, one “refinement step” computes a new vertex-coloring c′ that is a refinement

of c. The new color of a node is defined by the multiset of colors of the neighbors, more

precisely,

c′(v) := (c(v), {c(u) | (u, v) ∈ E}) ∀v ∈ V.

Note that any isomorphism that preserves c must preserve c′. Hence if c was invariant, then

so is c′. The set of potential colors of c′ may be large, but at most n colors actually appear,

so we can number those colors that do appear, and assume c′ : V → [n]. This trick allows

us to recursively apply the refinement step until we reach a ‘stable coloring,’ that is, any

further refinement does not change it. The number of refinement steps that can occur is at

most n, since if c 6= c′, at least one color class must be partitioned. Therefore the overall

running time is O(n(n+m)).

This is a general procedure that works for any initial vertex-coloring of a graph. Often it

is used as a subroutine in isomorphism algorithms. The Naive Refinement algorithm starts

by coloring each vertex according to its degree, and recursively refines the coloring until

a stable coloring is reached. Note that this algorithm does not even being to partition if

the graph is regular. Therefore different techniques are needed for these graphs. However,

this very simple application can be shown to canonically label almost all graphs in just one

refinement step.

Theorem 2.4.1 (Babai-Erdős-Selkow [19]). Apart from a n−1/7 fraction of graphs, the

Naive Refinement procedure finds a canonical labeling in one refinement step.

The heart of the proof is an estimate on the top degrees of vertices in a random graph.

Theorem 2.4.2 (Babai-Erdős-Selkow [19]). For every constant c, for almost all graphs, the

highest c log n degrees are distinct.

Using a more complicated argument, Naive Refinement was shown to canonically label

all but an exponentially small fraction of graphs in just three refinement steps.
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Theorem 2.4.3 (Babai-Kučera [22]). Apart from a c−n fraction of graphs, the Naive Re-

finement procedure finds a canonical labeling in at most 3 rounds.

2.4.2 Weisfeiler-Lehman process

In 1968 Weisfeiler and Lehman introduced a generalization of naive refinement that looks at

colorings of ordered pairs of vertices [78] (cf. [79]). We call this process the Weisfeiler-Lehman

process (W-L for short). Note that for any non-trivial graph (not the empty graph or the

complete graph), we have a non-trivial partition of the pairs into diagonal pairs, edges, and

non-edges.

We can refine the coloring of the pairs as before, by looking at “neighbors.” A neighbor

is a pair that shares a vertex. Given a coloring c : V ×V → C, we create the refined coloring

c′ : V × V → C according to the multiset of colors of the neighbors:

c′(u, v) = {c(w, v) | w ∈ V } ∪ {c(u,w) | w ∈ V }

Note that, as for naive refinement, we are be increasing the potential number of colors,

but there are at most n2 distinct colors at any time, so by re-numbering at every step, we

can assume our set of colors always has size at most n2. Each refinement step takes time

O(n2m), and there are at most n2 refinement steps, so overall the running time is O(n4m).

In fact, one refinement step can be modeled by a matrix multiplication, and by applying

repeated squaring, and a data management trick, we can reach a stable coloring in O(log n)

rounds, so the overall cost is O(log n) matrix multiplications.

A graph is strongly regular if the number of common neighbors of two vertices depends

only on whether the two vertices are adjacent or not. In other words, a strongly regular graph

with parameters (d, λ, µ) is a regular graph of degree d, where the vertices of every edge have

λ common neighbors, and the vertices of every non-edge share µ common neighbors. Strongly

regular graphs are already stable under W-L, so again, we need different techniques for these
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graphs.

One can obtain more powerful refinement techniques by looking at ordered k-tuples of

vertices. Babai introduced the term k-dimensional Weisfeiler-Lehman process (k-dim W-L

for short) for these procedures [25]. The most powerful version of k-dim W-L starts by

coloring the k-tuples by their isomorphism type, and refines by looking at the colors of the

“neighbors,” i.e. k-tuples that share any vertices, distinguishing based on the number of

common vertices. The (k + 1)-dim W-L is more powerful the the k-dim W-L (every graph

that is canonically labeled by the k-dim W-L is also canonically labeled by the k + 1-dim

W-L). Note moreover that the n-dim W-L always canonically labels graphs over n vertices.

The running time, however increases exponentially in k: one step of refinement of the k-dim

W-L takes time O(nk +m).

There was hope to use low-dimensional W-L to solve Graph Isomorphism efficiently

(in quasi-polynomial time or even polynomial time). However, these hopes were shattered

in 1991, when Cai Fürer and Immerman exhibited an example of a pair of classes of graphs

which k-dim W-L will distinguish only for k = Ω(n).

Theorem 2.4.4 (Cai-Fürer-Immerman [31]). For every n, there exist non-isomorphic graphs

Gn and Hn such that if k-dim W-L distinguishes Gn from Hn then k = Ω(n).

Because the k-dim W-L process encompasses many combinatorial approaches to the

Graph Isomorphism problem, this theorem proved that all these approaches will fail to

yield efficient algorithms for Graph Isomorphism testing in general.

Some of these combinatorial techniques do turn out to be useful as part of other algo-

rithms. Indeed we will make use of colorings and refinements in our algorithm for Hyper-

graph Isomorphism. One combinatorial technique we will make use of, which can be used

to start a refinement process, is to assign a unique color to one of the vertices; in this case

we say that we individualize that vertex (see Figure 2.4.2). Note that this gets us closer to

a coloring into singletons. However this comes at a cost. For isomorphism testing, we must

try assigning the unique color to every vertex in the other graph. Therefore individualization
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(a) Individualization (b) First refinement step (c) Second refinement step

Figure 2.1: (a) Individualizing one vertex corresponds to giving it a unique color (in this case
red). (b) Individualization is usually followed by refinement (in this case naive refinement).
(c) Hopefully individualizing one vertex results in a lot of refinement.

comes at a multiplicative cost of n.

A basic combinatorial technique involves combining individualization with a low (1 or 2)-

dimensional W-L process [79]. (Figure 2.4.2 depicts an example of individualization followed

by naive refinement.) It is not hard to see that ` individualization followed by k-dim W-

L are at most as powerful as (` + k)-dim W-L, hence in general the Cai-Fürer-Immerman

examples [31] work against this technique as well.

For the special class of strongly regular graphs, a good source of hard examples for

Graph Isomorphism because of their high degree of regularity, simple individualization

and refinement has been shown to give algorithms that match, and even do better than the

group theoretic techniques for general graph isomorphism.

In 1979, using combinatorial arguments, Babai was able to show that Õ(
√
n) individu-

alizations suffice to decide isomorphism of strongly regular graphs. (Recall that the tilde

stands for poly-logartithmic factors.)

Theorem 2.4.5 (Babai [3]). Isomorphism of strongly regular graphs can be decided in time

exp(4
√
n ln2 n) poly(n).

This result was improved by Spielman in 1996.

Theorem 2.4.6 (Spielman [74]). Isomorphism of strongly regular graphs can be decided in

time exp(Õ(n1/3)).
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Spielman in fact proves that Õ(n1/3) individualizations suffice to decide isomorphism

of two strongly regular graphs. The proof is based on Neumaier’s claw bound [64], which

implies that low-degree strongly regular graphs have small second largest eigenvalue (i.e. are

good expanders), unless they have a specific structure. Spielman is then able to use the fact

that graphs with small second largest eigenvalue “look random” (in a precise sense, using

the theory of expanders). For the structured case, Spielman used results of Miller [62] and

Cameron [32], as well as some new individualization and refinement algorithms. For graphs

of high degree (roughly Ω(n2/3)), Spielman used a more precise version of Babai’s result

(Theorem 2.4.5 cf. [3]).

2.5 Group Theoretic Techniques

2.5.1 Tower of groups

The first result proven using group theoretic techniques was the following.

Theorem 2.5.1 (Babai, 1979 [2]). Isomorphism of two vertex-colored graphs with bounded

color classes can be decided in Las Vegas polynomial time

The algorithm was derandomized by Furst, Hopcroft and Luks [39].

This paper introduced the “tower of groups” approach. The situation is the following.

Let X = (V,E, c) be a colored graph with color classes C1, . . . , Cr of size bounded by a

constant b: (∀i ≤ r)(|Ci| ≤ b). The main idea is summarized in the following claim.

Claim 2.5.2 (Babai, 1979 [2]). Given a vertex-colored graph X with bounded multiplicity of

colors (for each color class C, |C| ≤ b), there exists a chain (tower) of groups G0 ≥ G1 ≥

· · · ≥ Gt ∼= Aut(X), such that:

• G0 =
∏

Sym(Ci);

• Each Gi is recognizable;

• |Gi−1 : Gi| ≤ f(b) is bounded by a function depending only on b.
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Recall that a subgroup H ≤ G is recognizable if given some g ∈ G, we can test member-

ship of g in H in polynomial time.

In the application to vertex-colored graphs with bounded color classes, the idea is to

construct graphs Xi over the same (colored) vertex set as X, starting from X0 the empty

graph (no edges), up to Xt = X. Each group Gi is the automorphism group of Xi. Let

t =
(r
2
)

+ r be the number of unordered pairs of colors (including diagonal pairs), and order

the pairs of colors arbitrarily. To construct Xi for i ≥ 1, add the edges between the color

classes in the ith pair to Xi−1. It can be shown that Claim 2.5.2 does indeed hold for this

chain.

Given such a chain of subgroups, the idea was to construct coset representatives for Gi

in Gi−1 by randomly sampling elements of Gi−1, and checking if the new element lies in

a new coset (which can be done since Gi is recognizable). Since the number of cosets is

bounded by f(b), with high probability if we choose about f(b) log f(b) elements, then we

picked at least one element from each coset. We are sweeping under the rug details about

how to do this with high probability for all levels of the tower simultaneously. Since G0 is

a well understood group, we can generate elements of G0 distributed uniformly at random.

With some additional work it can be shown by induction that this allows us to generate

elements uniformly at random from each Gi. Furst Hopcroft and Luks observed that in fact

one can apply pick elements deterministically, and determine when all coset representatives

have been found [39], which yields a derandomized version of Theorem 2.5.1.

Another application of this method is to test isomorphism of graphs with bounded eigen-

value multiplicity.

Theorem 2.5.3 (Babai, Grigoriev and Mount [20]). Isomorphism of two graphs with bounded

eigenvalue multiplicity can be decided in Las Vegas polynomial time.

This result can also be derandomized with the observation from Furst, Hopcroft, and

Luks [39]
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2.5.2 Divide and conquer

Luks introduced two divide and conquer strategies for isomorphism problems, which were

central to his polynomial-time isomorphism test of graphs of bounded degree [55]. Originally

Luks developed these strategies for the different (but very much related) problem of string

isomorphism. We present these divide and conquer ideas for bipartite graphs, since this is

similar to our application for hypergraphs.

Let X and Y be bipartite graphs over the same set of vertices V = V1∪̇V2. Let E(X) and

E(Y ) denote the set of edges of X and Y , respectively. Isomorphisms of X and Y preserve the

parts by definition, that is, ISO(X, Y ) ≤ Sym(V1)×Sym(V2). For the purposes of recursion,

we generalize the problem to isomorphisms within some subset L ⊆ Sym(V1) × Sym(V2).

Define

ISO(L;X, Y ) := {τ ∈ L | (∀(v1, v2) ∈ V1 × V2)((v1, v2) ∈ E(X) ⇐⇒ (v1, v2)τ ∈ E(Y ))}.

Note that ISO(L;X, Y ) = ISO(X, Y ) ∩ L. In fact we need a further generalization of this

problem. Let B ⊆ V1 × V2. Then

ISOB(L;X, Y ) := {τ ∈ L | (∀(v1, v2) ∈ B)((v1, v2) ∈ E(X) ⇐⇒ (v1, v2)τ ∈ E(Y ))}.

Since our graphs will be called X and Y throughout, we omit them and write ISO(L) and

ISOB(L).

The following two identities, first observed by Luks [55] are easy to prove from the

definitions above.

ISOB(L1 ∪ L2) = ISOB(L1) ∪ ISOB(L2). (2.1)

ISOB1∪B2
= ISOB2

(ISOB1
(L)). (2.2)

Now we consider the case where L is a subcoset Gσ, for G ≤ Sym(V1) × Sym(V2), and

σ ∈ Sym(V1) × Sym(V2). In this case if B is G-invariant (BG = B), then ISOB(Gσ) is a
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Figure 2.2: The partition of G into cosets also partitions ISO(G;X, Y ).

subcoset of Sym(V1) × Sym(V2). Now suppose H ≤ G, and let R be a set of (right) coset

representatives. Then G = ∪̇τ∈RHτ , and Gσ = ∪̇τ∈RHτ (see Figure 2.5.2). Therefore, by

Equation (2.1), we have

ISOB(Gσ) = ∪τ∈RISOB(Hτσ). (2.3)

If B = B1∪̇ . . . ∪̇Bk and the Bi are G-invariant (for example, the Bi are G-orbits), then

Equation (2.2) gives:

ISOB(Gσ) = ISOB1
(ISOB2

(. . . ISOBk(Gσ) . . . )). (2.4)

These are the equations we will use for divide and conquer. Let Gi be the projection

of G to Vi. Recall that we are interested in finding ISOB(G;X, Y ). We now describe the

two divide-and-conquer ideas. The first allows us to reduce to the case where each Gi acts

transitively. We will apply the second in some cases when one of the Gi has an imprimitive

action.

First, if the G-action on one of the parts is not transitive, then we can apply Equa-

tion (2.4) and reduce to the case where G acts transitively on each part. Note that to be

precise, in this case Bi will be the set of all pairs (v1, v2) ∈ B such that v1 is in the ith

orbit. Let n be the number of vertices, and b = |B|, and let T (n, b) be the running time for

n and b. Let bi = |Bi|, so b = b1 + · · · + bk. Then when we apply this reduction we have
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T (n, b) ≤
∑k
i=1 T (n, bi).

We can also apply the divide-and-conquer ideas when G is transitive on each of the parts.

Let B1, . . . , Bk be a minimal system of imprimitivity (maximal blocks) of the G-action on

one of the two parts. (Again, technically Bi = {(v1, v2) | v1 is in the ith block}.) Let

ϕ : G → Sk be the primitive action of G on the blocks, and let K = ker(ϕ) C G. Then

we can apply Equation (2.3), and break the problem into |G : K| subproblems of the form

ISOB(Kτ). In K the blocks are invariant, hence we can apply Equation (2.4). To analyze

the running time, let P be the primitive action of G on the blocks. The recurrence for the

running time is

T (n, b) ≤ |P | k T (n, b/k),

since we use Equation (2.3) to reduce to |P | problems of the form ISOB(Kτ), and by

Equation 2.4, each of these breaks into k instances of size b/k.

This recurrence will have a good solution if we have a bound of the form |P | ≤ ks for

the class of groups under consideration. If this is the case, then

T (n, b) ≤ ks+1T (n, b/k)⇒ T (n, b) ≤ ns+1.

Luks’s isomorphism test for bounded degree graphs inspired the Babai-Cameron-Pálfy bound

on the order of Γk groups (Definition 1.2.7 and Theorem 1.2.8 cf. [15]). Because the groups

involved in isomorphism of graphs of maximum degree d are Γd groups, this gives a polyno-

mial bound on the running time for the recurrence above in this case. This is not a complete

description of the isomorphism test for bounded degree graphs, just a description of the

divide and conquer strategies that were introduced in this test.

In general, we can apply this recurrence whenever the primitive G-action on the blocks

is small enough. Indeed part (a) of Theorem 1.2.4 gives a moderately exponential bound

of k
√
k on the order of primitive groups that are not the alternating or symmetric groups.

Therefore this allows us to deal with all cases other than the alternating or symmetric groups
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in their natural actions. Dealing with the symmetric and alternating groups is going to be

the key step in our hypergraph isomorphism test.

The divide-and-conquer strategies can be seen as descending in a structure forest of G,

hence they are also sometimes called “Luks descent.”
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CHAPTER 3

HYPERGRAPH ISOMORPHISM

3.1 Main Result

We restate our main result.

Theorem 3.1.1. Isomorphism of hypergraphs of rank k with n vertices can be tested in

exp
(
Õ(k2√n)

)
.

A key ingredient of our procedure is a moderately exponential algorithm for the Coset

Intersection problem: given two cosets of the symmetric group, determine their intersection.

The intimate connection of this problem to Graph Isomorphism was first highlighted in

Luks’s seminal paper [55]; an nO(
√
n) algorithm was found by the first author:

Theorem 3.1.2. ([11]) The Coset Intersection Problem can be solved in nO(
√
n) time. In

fact, it can be solved in time nO(1)mO(
√
m) time where m is the length of the longest orbit

of the two groups.

The nO(
√
n) result was first described in [7] (1983). It was included with a sketch of

the proof in [21]. The proof of the main structural group theoretic lemma was given in full

in [14]. While the outline of the coset intersection algorithm given in [21] omits key details,

a full proof is now available [11].

Other ingredients include the moderately exponential Graph Isomorphism test [23] and

a combinatorial lemma (Lemma 3.2.9).

3.2 Overall Strategy

For the purposes of recursion, we shall need to consider the more general G-isomorphism

problem, i. e., the problem of finding all isomorphisms between two objects X, Y on the same

underlying set (vertex set) that belong to a given permutation group G. If ISO(X, Y ) denotes
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the set of isomorphisms of X and Y then the set of their G-isomorphisms is ISO(G;X, Y ) =

G ∩ ISO(X, Y ).

The overall scheme of our procedure is gradual approximation. In each round we consider

an invariant. If the invariant fails to yield isomorphism rejection, we bring Y “closer” to

X in the sense that X and Y now look identical with respect to the invariant. We reduce

G in the process by making it respect the invariant. A simple illustration of this principle

is to compare the degrees of the vertices of X and Y ; if this comparison does not yield

isomorphism rejection then we move each vertex of Y to a vertex of X of the same degree

and reduce G to its subgroup that preserves the degree of each vertex of X.

We describe this idea on a slightly more formal level. While searching for irregularities

in X, we may discover a proper subgroup H ≤ G such that Aut(G;X) ≤ H. Repeating the

same process for Y either we refute G-isomorphism of X and Y or find a subgroup K ≤ G

such that Aut(G;Y ) ≤ K and K = σHσ−1 is a conjugate of H for some σ ∈ G which is

computed along the way. Now we replace Y by Y σ and G by H.

The goal is to reach a point when G becomes a subgroup of the automorphism group

Aut(X) (so Aut(G;X) = G); once this is the case, we conclude that either X = Y or X and

Y are not G-isomorphic.

Another aspect of our procedure is that it is recursive. If we find any irregularity in X,

we either reject Y (if the same irregularity is not found in Y ), or we split X as well as Y

into “more regular” parts, determine the isomorphisms of the parts, and paste the results

together.

An illustration of how this works is the case of invariant coloring of edges. (For instance,

for graphs, we may color edges according to the number of triangles containing them; iso-

morphisms preserve this coloring.) Given the sets of isomorphisms of the corresponding pairs

of edge-color-classes of the two hypergraphs, we need to take the intersection of these sets.

Noting that the set of isomorphisms of X and Y is a coset, we see that this last step is an

instance of Coset Intersection. This idea permits us to work with highly regular structures
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only.

Finally, following Luks’s divide-and-conquer idea for permutation groups [55] (see Sec-

tion 2.5.2), we need to delve into the group structure to some depth. As in [11], the bottleneck

arises from transitive groups with a large alternating or symmetric group action on a set of

blocks of imprimitivity (“giant action”); handling this case constitutes the principal tech-

nical contribution of this paper. For the divide-and-conquer to succeed, we need to switch

from hypergraphs to k-partite k-hypergraphs; this is analogous to moving to bipartite graphs

from graphs.

3.2.1 Reduction to k-partite k-hypergraphs

A k-partite set Ω is an ordered family of k sets Ω = (Ω1, . . . ,Ωk). We think of the Ωi as

being disjoint (replacing, as usual, Ωi by Ωi × {i}). Let µ(Ω) =
⋃̇

Ωi be the set of “points”

in Ω, and let π(Ω) =
∏

Ωi. We shall think of the elements of π(Ω) as the transversals of

Ω, i. e., those subsets of µ(Ω) which intersect each Ωi in exactly one element. We say that

the k-partite set Ψ = (Ψ1, . . . ,Ψk) is a subset of Ω (Ψ ⊆ Ω) if for each i, Ψi ⊆ Ωi.

If Ω and Ψ are k-partite sets then by a function σ : Ω → Ψ we mean a function

σ : µ(Ω)→ µ(Ψ) that respects the parts: Ωσi ⊆ Ψi. We say that a function σ : Ω→ Ψ is a

bijection between Ω and Ψ if it is a bijection between µ(Ω) and µ(Ψ).

For any I ⊆ [k], let ρI(Ω) = (Ωi : i ∈ I), the |I|-partite set that is the restriction of

Ω to I. We call the elements of π(ρI(Ω)) the I-partial transversals or I-transversals of Ω.

If I ⊆ J ⊆ [k] and e is a J-partial transversal then the restriction of e to I is an I-partial

transversal which we denote by prI(e). For a set E of J-partial transversals, we define the

projection prI(E) = {prI(e) : e ∈ E}. Most of the time, we shall use these definitions with

J = [k].

Definition 3.2.1. (see Figure 3.1) A k-partite k-hypergraph X = (V,E) is defined by a

k-partite set V = (V1, . . . , Vk) of vertices and a set E ⊆ π(V ) of edges. We call the Vi the

“parts” of the vertex set V . The product-size of X is Π0(X) =
∏
i |Vi|.
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Figure 3.1: A 5-partite 5-hypergraph. The dots represent the vertices, the three transversals
are three edges.

A partial edge is a subset of an edge. The partial edges are partial transversals; and

I-partial edge is an I-partial transversal.

Let X = (V ;E) and X ′ = (V ′;E′) be k-partite k-hypergraphs, where V = (V1, . . . , Vk)

and V ′ = (V ′1, . . . , V
′
k). An isomorphisms of X and X ′ is a V → V ′ bijection which preserves

edges, i. e., e ∈ E if and only iff eσ ∈ E′. If this is the case, we write X ′ = Xσ. ISO(X,X ′)

denotes the set of X → X ′ isomorphisms; and Aut(X) = ISO(X,X) is the automorphism

group of X.

W.l.o.g. in discussing the isomorphism problem for X and X ′ we may restrict ourselves

to the case when V = V ′, i. e., Vi = V ′i for all i.

We use the following notation: for a t-partite set Ω = (Ω1, . . . ,Ωt), let SymPr(Ω) denote

the group Sym(Ω1)× · · · × Sym(Ωt) in its action on µ(Ω).

The following is immediate from Theorem 3.1.2.

Theorem 3.2.2. (Coset Intersection for k-partite sets) Given a k-partite set Ω =

(Ω1, . . . ,Ωk), subgroups G,H ≤ SymPr(Ω),and elements σ, τ ∈ SymPr(Ω), one can deter-

mine Gσ ∩Hτ in time poly(k)mO(
√
m), where m = maxi |Ωi|.

For the rest of this section, let X = (V,E) and Y = (V, F ) be two k-partite k-hypergraphs

over the same vertex set V = (V1, . . . , Vk). With this notation, the isomorphisms of X and

Y form a subcoset of SymPr(V1, . . . , Vk); our goal is to find this subcoset. We need to
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generalize this problem to finding all isomorphisms within a subcoset.

Definition 3.2.3. Let L ⊆ SymPr(V1, . . . , Vk) be a set of permutations. The set of L-

isomorphisms betweenX and Y is ISO(L;X, Y ) = L∩ISO(X, Y ). The set of L-automorphisms

of X is Aut(L;X) = ISO(L;X,X) = L ∩ Aut(X).

If L is a subcoset of SymPr(V1, . . . , Vk) then so is ISO(L;X, Y ). This is then the form in

which we prove our main result:

Problem 3.2.4 (H-isomorphism of k-partite k-hypergraphs). Let X and Y be two k-

partite k-hypergraphs over the same vertex set V = (V1, . . . , Vk). Let H be a subcoset of

SymPr(V1, . . . , Vk). Find the subcoset ISO(H;X, Y ).

Theorem 3.2.5. Problem 3.2.4 can be solved in exp
(
Õ(k2√n)

)
time, where n = maxki=1 |Vi|.

Note that ISO(Hσ;X, Y ) = ISO(H;X, Y σ
−1

), for any set H ⊆ SymPr(V1, . . . , Vk). So

we may assume H is a group.

Observation 3.2.6. For a coset H, H-isomorphism of hypergraphs of rank k with n vertices

reduces to H∗-isomorphism of k-partite k-hypergraphs with parts of size at most n, and an

increase of a factor of at most k! in the number of edges. The k-partite k-hypergraphs and

the coset H∗ can be constructed in time linear in the size of the output.

Proof. Let Y1 and Y2 be hypergraphs of rank k over the same vertex set W , with edge sets

F1 and F2, resp. We construct the k-partite k-hypergraphs Xi = (W, . . . ,W ;Ei), i = 1, 2

where Ei = {(w1, . . . , wk) : {w1, . . . , wj} ∈ Fi for some j ≤ k and wj+1 = wj+2 = · · · =

wk ∈ {w1, . . . , wj}} (so |Fi| ≤ k!|Ei|)). Let moreover H∗ = {(σ, . . . , σ) : σ ∈ H}. Then the

hypergraphs Y1 and Y2 are H-isomorphic if and only if the k-partite k-hypergraphs X1 and

X2 are H∗-isomorphic.
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3.2.2 Relational structures

In fact, essentially the same reduction we showed above allows us to reduce isomorphism for

explicit relational structures to isomorphism of k-partite k-hypergraphs (see Section 2.3.1

for the definition of relational structure). Note that while isomorphism of explicit relational

structures reduces to Graph Isomorphism in polynomial time (cf. Theorem 2.3.5), the

reduction does not preserve the number of vertices (much like the reduction from Hyper-

graph Isomorphism to Graph Isomorphism), so the moderately exponential Graph

Isomorphism test does not yield a moderately exponential isomorphism test for relational

structures, but our algorithm for hypergraph isomorphism does.

Observation 3.2.7. For a coset H, H-isomorphism of explicit relational structures of arity

k defined by s relations, and over a set of size n reduces to H∗ isomorphism of colored k-

partite k-hypergraphs with n vertices in each part, m =
∑s
i=1 |Ri| edges, and s color classes.

Proof. Simple modification of the reduction in observation 3.2.6

3.2.3 Linked actions

Throughout this section, Ω = (Ω1, . . . ,Ωk) will be a k-partite set and G ≤ SymPr(Ω);

Gi ≤ Sym(Ωi) will be the action on Ωi.

We say that the Ωi are linked under the G-action (or “the domains of the Gi are linked”)

if µ(Ω) admits a G-invariant partition into transversals B1, . . . , Bm ⊆ µ(Ω) (for each i, j,

|Bj ∩Ωi| = 1). In this case, |Ω1| = · · · = |Ωk|; the transversals define bijections between the

Ωi.

Observation 3.2.8. If Ωi and Ωj are linked for every pair i < j ≤ k then all the Ωi are

linked. Moreover, the statement S(i, j) that “Ωi and Ωj are linked” is an equivalence relation

on [k].

Note that linking of the domains is the same concept as permutational diagonals (see

Section 1.2.7).
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Discovering links will be one of our main structural goals; the following lemma will serve

us in this.

Lemma 3.2.9. Let Y = (Ω1,Ω2;E) be a biregular bipartite graph (regular on both parts)

of positive density ≤ 1/2 (i. e., 1 ≤ |E| ≤ |Ω1||Ω2|/2). Let G ≤ SymPr(Ω1,Ω2). (a) If

2
√
n ≤ |Ωi| ≤ n for i = 1, 2, and the restriction of Aut(G;Y ) to Ω1 contains Alt(Ω1) then

the degree of each vertex in Ω2 is 1. (b) If, in addition, the restriction of Aut(G;Y ) to Ω2

contains Alt(Ω2) then Ω1 and Ω2 are linked.

Proof. Let d be the degree of the vertices in Ω2; assume d ≥ 2. As Alt(Ω1) acts on Ω1, every

set of d vertices in Ω1 must share a neighbor. There are
(|Ω1|
d

)
> |Ω2| such sets; therefore, by

the pigeon hole principle, two of them must share a common neighbor. But such a common

neighbor has degree greater than d, a contradiction, proving part (a). For part (b), we see

that Y is regular of degree 1, so the edges of Y form the desired block system.

If G is isomorphic to all the Gi, i. e., the G-action is faithful on each Ωi, then we say that

G acts diagonally on Ω. Fact 1.2.14 states that if each Gi is nonabelian simple then G is a

direct product of diagonal actions. Therefore if all the Gi are nonabelian simple then one

can partition [k] as [k] = I1∪̇ . . . ∪̇It such that G = D1 × · · · ×Dt where Di acts diagonally

on the |Ii|-partite set (Ωj : j ∈ Ii) and it acts trivially on all the other Ωj .

We shall say that the Gi corresponding to the same Ii are linked. We note that being

linked is an equivalence relation.

Now we turn to the case of greatest importance to us: when each Gi is an alternating

group. In the language of linking, we can re-write Fact 1.2.15 as follows

Fact 3.2.10. Assume Gi = Alt(Ωi), |Ωi| ≥ 5 and |Ωi| 6= 6. If G1, . . . , Gk are linked then

their domains are linked.

We need one more well-known fact about the alternating groups.

Fact 3.2.11. In An, the subgroup of smallest index has index n if n ≥ 5, the second smallest(n
2
)

if n ≥ 9.
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3.2.4 Giant threshold, giant action

Our algorithm will operate with a global constant n, the initial number of vertices of the

hypergraphs. Throughout the algorithm, including its recursive calls, each “part” Vi of our

k-partite k-hypergraphs will satisfy |Vi| ≤ n.

We say that a permutation group G ≤ Sd is a giant if (a) G is either Sd or Ad; (b)

γ < d ≤ n where γ = max{7, 2
√
n} is our giant threshold.

Definition 3.2.12. The G-action on V is of giant type if the following hold. G acts

transitively on each Vi; each Vi admits a G-invariant partition Bi; and the G-action on each

Bi (by permuting the blocks of Bi) is a giant.

An application of Luks’s divide-and-conquer strategy [55] (cf. Section 2.5.2) will show

that within our target time bound, the only case we need to worry about is when G is of

giant type.

Definition 3.2.13. Assume the G-action on V is of giant type. If the action of G on Bi

is Sym(Bi) then let G[i] be the subgroup of index 2 in G which acts as Alt(Bi) on Bi;

otherwise set G[i] = G. We say that the G-action is of strong giant type if (∀i)(G[i] acts

transitively on Vi).

Note that in the alternative, some Vi is split into two orbits of equal size under G[i];

these orbits are blocks of imprimitivity under G.

3.3 Color Reductions, Regularization

In this section we generalize the isomorphism problem to k-partite k-hypergraphs with col-

ored vertices and colored edges; colors are preserved by isomorphisms by definition. We

show how to get rid of the colors using recursion or group intersection. Since any observed

irregularity provides us with an invariant coloring, a result of this homogenization is that we

only need to deal with highly regular objects.
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3.3.1 Vertex-color reduction

Let f, f ′ : V → Σ be two colorings of V . Let X = (V,E, f) and Y = (V, F, f ′) be two

vertex-colored k-partite k-hypergraphs. Now ISO(X, Y ) = H ∩ ISO((V,E), (V, F )) where

H = ISO((V, f), (V, f ′)) is the subcoset of color-preserving maps from the colored set (V, f)

to the colored set (V, f ′).

It is trivial to compute H in polynomial time. We are interested in the G-isomorphisms

of X and Y . If G∩H = ∅ then X and Y are not G-isomorphic. Otherwise let H = Kσ where

K ≤ SymPr(V ); then ISO(G;X, Y σ
−1

) = ISO(G∩K;X, Y σ
−1

). Here Y σ
−1

= (V, Fσ
−1
, f),

so we obtained the following (with G∗ = G ∩K).

Reduction 3.3.1. G-isomorphism of vertex-colored k-partite k-hypergraphs X and Y reduces

to G∗-isomorphism of X ′ and Y ′, color-refined versions of X and Y , resp., where G∗ ≤ G;

X ′ and Y ′ are colored identically; and this coloring is G∗-invariant. The cost of the reduction

is a single application of coset intersection.

We note that this reduction in particular permits the elimination of isolated vertices. In

this case we shall reduce G to Gi and apply Luks’s divide-and-conquer.

3.3.2 Edge-color reduction

Let f : E → Σ, f ′ : F → Σ be two edge-colorings. Isomorphisms preserve edge-color by defi-

nition; and for any L ⊆ SymPr(V1, . . . , Vk), ISO(L; (X, f), (Y, f ′)) = L∩ISO((X, f), (Y, f ′)).

Observation 3.3.2. Let L be a subcoset of SymPr(V ). Then we can find ISO(L; (X, f), (Y, f ′))

by solving | Im(f)| instances of Problem 3.2.4 and applying coset intersection.

Proof. Indeed, if Im(f) 6= Im(f ′) then (X, f) and (Y, f ′) are not isomorphic. Otherwise,

for each color i, create two k-partite k-hypergraphs, Xi, and Yi, over the vertex set V =

(V1, . . . , Vk), with edge sets Ei = {e ∈ E|f(e) = i}, and Fi = {e ∈ F |f ′(e) = i}, resp. We

have ISO(L; (X, f), (Y, f ′)) =
⋂
i∈Im(f) ISO(L;Xi, Yi).
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(a) A non-fully regular hypergraph (b) The coloring of the hyperedges

Figure 3.2: (a) In this example some partial hyperedges have 3 extensions to the last part,
and some have 4; so (b) we color the hyperedges differently (blue and red respectively).

Therefore if we find an invariant coloring of the edges ofX and Y , we reduce Problem 3.2.4

to the color classes. The resulting hypergraphs will be increasingly “regular” (“irregularities”

can be used to obtain an invariant split).

In particular we obtain the following:

Reduction 3.3.3. The general case reduces to the case when all edges of X and Y belong

to a single G-orbit (on π(V )). The reduction is additive in terms of the number of edges.

The cost is m− 1 applications of Coset Intersection, where m is the number of G-orbits into

which the edges of X are divided.

3.3.3 Regularization

We say that a k-partite k-hypergraph is fully regular if any two partial edges over the same

set have the same number of extensions to any superset. More formally

Definition 3.3.4. The k-partite k-hypergraph X = (V,E) is fully regular if ∀I ⊆ J ⊆

[k], ∀e1, e2 ∈ prI(E)

|{e3 ∈ prJ (E) : e1 ⊆ e3}| = |{e3 ∈ prJ (E) : e2 ⊆ e3}|.
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(a) G-orbits (b) Transitive

Figure 3.3: Luks’s reduction allows us to look at each G-orbit in each part separately.

Reduction 3.3.5. The general case reduces to the case when X and Y are fully regular with

the same parameters. The reduction is additive in terms of the number of edges. The cost is

m− 1 applications of Coset Intersection, where m is the number of fully regular subsets into

which the edges of X are divided.

Indeed, if the hypergraph is not fully regular then then we label the I-partial edges by

the number of J-partial edges containing them, and then color each edge by the label of its

restriction to I (see Figure 3.2). This is a non-trivial invariant coloring, and we can apply

the edge-color reduction.

3.4 Group Theoretic Reductions

3.4.1 G transitive on each part

Suppose Vi = V ′i ∪̇V
′′
i where V ′i , V

′′
i are nonempty and G-invariant. We use Luks’s divide-

and-conquer idea to reduce this case to a case where Vi is reduced to V ′i and then a case where

Vi is reduced to V ′′i (the latter to be solved within the output of the former cf. Section 2.5.2,

Equation (2.2)). As a result we obtain:

Reduction 3.4.1. The general case recursively reduces to the sub-cases when each part is a

G-orbit (see Figure 3.3). The product-size Π0(X) =
∏
|Vi| is additive under this recursion.
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We note that this reduction does not work directly for hypergraphs (even for graphs);

this is the main reason why we had to switch to k-partite hypergraphs.

3.4.2 Reduction to strong giant type

Now we use the other element of Luks’s divide-and-conquer strategy to reduce to giant type

(cf. Section 2.5.2). Let Bi be a minimal block system on Vi. If the G-action on Bi is not a

giant, let Ki be the kernel of the G-action on Bi. Then we split G into cosets of Ki and solve

the isomorphism problem within each coset (cf. Equation (2.3)). This reduces the problem

to |G : Ki| instances of Ki-isomorphism. Since each block of Bi is Ki-invariant, we then use

the previous section to reduce Vi successively to each block of Bi (cf. Equation (2.4)).

We use part (a) of Theorem 1.2.4 to assess the cost of this recursion. While the multi-

plicative size of the problem was divided by |Bi|, the number of instances was multiplied

by |G : Ki| < |Bi|
√
|Bi| < |Bi|

√
n < |Bi|γ if |Bi| ≥ γ, where γ is our “giant threshold”

(Section 3.2.4); and |G : Ki| ≤ |Bi|! < |Bi|γ if |Bi| < γ. So in all cases, |G : Ki| < |Bi|γ ,

giving a recurrence of the type T (N) ≤ kγT (N/k) (where k = |Bi|), resulting in a recursion

tree with fewer than Nγ leaves, where N is the product-size Π0(X). The leaves correspond

to cases where G is either of giant type or trivial.

Finally if the G-action is of giant type but not of strong giant type, we find a Vi with an

imprimitive action with 2 blocks (see end of Section 3.2.4) and proceed as above.

3.4.3 Link-type

Assume G is of strong giant type. Then each Vi has a unique minimal block system Bi on

which G acts as a giant. Consider the G-action on the k-partite set B = (B1, . . . ,Bk). We

write i ≈ j and say that the parts Vi and Vj are block-linked if the G-actions on Bi and

Bj are linked. In this case we also say that vi and vj are block-linked if vi ∈ Vi and vj ∈ Vj

belong to linked blocks.

We write i ∼e j and say that the parts Vi and Vj are edge-linked under edge e =
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Figure 3.4: The dotted lines represent linking between the blocks. The two hyper-edges
depicted have the same link-type: edge-linked for the red linking, and not for the green.

(v1, . . . , vk) ∈ E if the block containing vi ∈ Vi and the block containing vj ∈ Vj are linked.

We call the equivalence relation ∼e the link-type of the edge e; it is a refinement of the

equivalence relation ≈. We note that G preserves link-type; therefore, after Reduction 3.3.3,

all edges have the same link-type and we may refer to ∼ without specifying e.

The link-type of I-partial edges is the restriction of ∼ to I ⊆ [k].

Let J denote the set of ≈-equivalence classes, and L the set of ∼-equivalence classes (each

of these partition [k]). We call the elements of J block-linked sections and the elements

of L edge-linked sections.

Some further notation. For an edge-linked section L, let M1
L, . . . ,M

k(L)
L be a G-invariant

partition of {Bi : i ∈ L} into transversals. We call the M
j
L macro-blocks (see Figure 3.5).

Note that each macro-block consists of one block from each part of an edge-linked section.

Note further that all the edges in an edge-linked section will be within the macro-blocks.

Let ML = {Ms
L : s ∈ [k(L)]} be the set of macro-blocks of edge-linked section L.

For any v ∈ V , we call block(v) the block containing v, and macroblock(v) the macro-

block containing v.
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Macro‐block  Linked sec1on 

Edge‐linked sec1on Block 

Figure 3.5: Vertices are depicted as black dots, and edges as black lines. The dotted green
lines represent linking of the group action. The blue rectangles are the blocks, the dotted
red rectangles are the macro-blocks.
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3.4.4 The ultimate structure

Assume G is of strong giant type, all edges of X = (V,E) belong to the same G-orbit, and X

has no isolated vertices. We use the notation of Section 3.4.3. Let f = (v1, . . . , vk) ∈ π(V )

be a transversal (vi ∈ Vi). We say that f ∈ Ê if (a) for each edge-linked section L ∈ L, there

is an edge e ∈ E such that e|L = f |L; and (b) if i 6∼ j then vi and vj are not block-linked.

Obviously E ⊆ Ê.

We say that the pair (X,G) has the ultimate structure if the assumptions of the first

sentence hold and Ê = E.

Lemma 3.4.2. Assume both (X,G) and (Y,G) have the ultimate structure. Then the G-

isomorphisms of X and Y can be determined in time O(nk
√
n).

Proof. Let Ĝ be the largest supergroup of G in SymPr(V ) which has the same blocks and

the same block-link relation ≈. It is trivial to determine Ĝ in polynomial time. It suffices

to find all Ĝ-isomorphisms and then apply coset intersection with G. The Ĝ-isomorphisms

can be pieced together from the Ĝ-isomorphisms of the restrictions of X and Y to each ∼

class. But each connected component of such a restriction is contained in a macro-block, so

the pairwise isomorphisms of the connected components can be computed by brute force in

((
√
n)!)k.

3.5 Breaking Symmetry

3.5.1 The situation

Our overall strategy is to find either irregularities or structure. When we find irregularities,

we have various techniques to reduce to subproblems that are more regular. In the end we will

obtain the ultimate structure (cf. Section 3.4.4), which can be dealt with by Lemma 3.4.2.

The techniques we have discussed so far allow us to reach the following situation of

regularity and apparent symmetry: the hypergraphs are fully regular, and we the action of
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the group is of strong giant type, i.e., the group has a giant action on blocks of each of the

parts. If the action of the automorphism group on the blocks of each part is indeed giant,

then we will observe the ultimate structure. Otherwise we must constructively disprove the

giant action, and thus break the apparent symmetry. This is the crux of the problem, and

our main technical contribution is to deal with this situation. We have more techniques that

allow us to break symmetry. Individualization, with the goal of finding splits, or in order to

obtain a large reduction in |G| will be an important tool to break the apparent symmetry..

3.5.2 Individualization

Recall that to individualize a vertex x ∈ Vi in X means to assign x a special color, say “red,”

in X, resulting in the structure Xx (cf. Section 2.4.2). For each y ∈ Vi, let σy ∈ G move x

to y. Now we have ISO(G,X, Y ) =
⋃
y∈Vi ISO(Gx σy;Xx, Yy).

This recurrence thus reduces an instance of the G-isomorphism to ≤ n instances of Gx-

isomorphism. To individualize a set R of vertices means to individualize each x ∈ R in

succession; the cost is a factor of ≤ n|R|. By breaking the symmetry we hope to make

sufficient progress to offset this factor.

3.5.3 Splits

A split is a G-invariant partition of the vertices. Finding a split will allow us to reduce the

problem to the parts.

Let G act on V , with blocks of imprimitivity Bi on Vi. Let R ⊆ µ(V ), and S ⊆ E or

S ⊆ Vi or S ⊆ Bi, such that S is invariant under the pointwise stabilizer Aut(G;X)R.

Definition 3.5.1. Let S′ ⊆ S, S′ 6= ∅, S′ 6= S. We say that S′ is a split of S relative to

R if S′ is invariant under Aut(G;X)R. If R = ∅, we say that this is an absolute split. If

|S|/γ ≤ |S′| ≤ (1− 1/γ)|S| and |R| ≤ 2k then we say this is a large split; otherwise it is a

small split.
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Note that if we have an absolute split we can partition one of the Vi (or the Bi or E),

and recurse on the parts. If we find a “large” split relative to a “small” set R, we will

individualize R pointwise, and recurse. Our R will always be the union of at most two

partial transversals, hence the inequality |R| ≤ 2k. When we have a “small” relative split,

we need one more technique, “split amplification,” which will allows us to either get a larger

split, or an absolute split.

3.5.4 Reduction of G

Most steps of the algorithm involve reducing G to some group H. The new group H is

always a quotient of a subgroup of the original; in particular, |H| ≤ |G|. If this reduction is

achieved through individualization of a subset R ⊆ µ(V ) then we say we have a large relative

reduction of G if (a) |H| < |G| exp(−γ/2); and (b) |R| ≤ 2k.

This reduction will be used in the context of Fact 3.2.11.

3.6 Measures of Progress

3.6.1 Events of progress

We now define a list of structures which will allow us to make progress. If we discover one of

these structures, we take the recursive action stated in parentheses next to each structure.

Henceforth, if we say “we make progress,” this phrase will always refer to one of the structures

on this list.

1. |Vi| = 1 for some i (reduction: k ← k − 1);

2. Aut(X)-invariant vertex-coloring (this includes the case when the action of G is in-

transitive on any of the Vi) (reduce to color-homogeneous parts, Section 3.3.1);

3. Aut(X)-invariant edge-coloring (reduce to color-homogeneous parts, Section 3.3.2; this

includes Reduction 3.3.3 (all edges belong to a single G-orbit));
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4. The G-action on a set of maximal blocks in one of the Vi is not a giant (divide-and-

conquer, Section 3.4.2);

5. Absolute split or large relative split (reduce to the two parts of the split);

6. Large relative reduction of G (reduce G).

To analyze our algorithms, we consider the following operations as elementary steps:

computing the coset of isomorphisms of a pair of graphs with O(n) vertices; computing coset

intersection of permutation groups acting on a k-partite domain in which each part has size

O(n); and operations requiring time nO(k). A composite step consists of any combination

of nO(k) elementary steps.

The following result describes the nature of our algorithm; its proof follows in Section 3.7.

Theorem 3.6.1. Our algorithm proceeds in a sequence of recursive phases each of which

makes progress. The cost of each reduction is a single composite step.

3.6.2 Potential – timing analysis

We introduce three potential functions on the pairs (X,G):

Π1(X) = |E|Π0(X) = |E| ·
∏
i

|Vi|,

Π2(G) = exp
4k ln |G| lnn

γ
,

Π(G,X) = Π1(X)γ(2k+1) lnnΠ2(G).

The following theorem justifies the claimed running time for our algorithm.

Theorem 3.6.2. Let T (G,X) denote the number of composite steps required by the algo-

rithm. Then

T (G,X) ≤ Π(G,X).
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We show that this bound follows from Theorem 3.6.1. For notational convenience, set

η = γ(2k + 1) lnn.

Proof. By induction on Π(G,X). The base cases are k ≤ 2 (a single application of Graph

Isomorphism) and the “ultimate structure” (Section 3.4.4) which is settled by Lemma 3.4.2.

We note that neither Π1 nor Π2 increases during recursive calls. We distinguish cases

according to the last event of progress; the numbering follows that of Section 3.6.1.

1. The reduction k ← k− 1 decreases Π1 by at least 1, and so takes care of the unit cost.

2-3. Invariant coloring. We reduce the problem (X,G) to instances (Xi, Gi), where (∀i)(Π2(Gi) ≤

Π2(G)), and

Π1(X) =
∑
i

Π1(Xi). (3.1)

Moreover, T (G,X) ≤ 1+
∑
i T (Gi, Xi). (The one added composite step covers the cost

of the reduction.) By the inductive hypothesis T (Gi, Xi) ≤ Π(Gi, Xi). So, by (3.1),

T (G,X)

Π2(G)
≤ 1 +

∑
i

Π1(Xi)
η < Π1(X)η.

4. Divide-and-conquer for imprimitive groups. Following the argument outlined in Sec-

tion 3.4.2, let b be the number of blocks; we reduce to at most bγ instances (Xi, Gi)

where (∀i)(Π2(Gi) ≤ Π2(G)), and (∀i)(Π1(Xi) = (1/b)Π1(X)). Again we have

T (G,X) ≤ 1 +
∑
i T (Gi, Xi); hence

T (G,X)

Π2(G)
< 1 +

∑
i

Π1(Xi)
η ≤ 1 + bγ ((1/b)Π1(X))η < Π1(X)η.

5. Splits. We reduce the instance (G,X) to two instances (G1, X1), (G2, X2). Again

(∀i)(Π2(Gi) ≤ Π2(G)), and Π1(X) = Π1(X1) + Π1(X2). If the split is absolute then

T (G,X) ≤ 1 +
∑
i T (Gi, Xi). By the inductive hypothesis, T (Gi, Xi) ≤ Π(Gi, Xi),

hence T (G,X)/Π2(G) < 1+
∑
i Πi(Xi)

η < Π1(X)η. If the split is a large relative split
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then we have Π1(Xi) < (1−1/γ)Π1(X) but we incur a multiplicative cost of at most n2k

for individualization. So T (G,X)/Π2(G) < 2n2k ((1− 1/γ)Π1(X))η < Π1(X)η. (Note

that in all other events of progress, we could have set η = γ; here we needed the factor

η/γ = (2k+ 1) lnn to counter the multiplicative cost of n2k due to individualization.)

6. Large relative reduction of G. In this case, Π2(G) is reduced by a factor of ≤ n−2k,

offsetting the ≤ n2k multiplicative cost of individualization.

It follows that our algorithm has the claimed running time since initially Π1(X) ≤ n2k

and

|G| ≤ (n!)k < nnk ⇒ Π2(G) ≤ exp

(
4k2n ln2 n

γ

)
< exp(2k2√n ln2 n).

Therefore

T (G,X) ≤ Π(G,X) < exp((4k
√
n (2k + 1) lnn) + (2k2√n lnn) = exp(

√
n 6k2 ln2 n).

3.7 The Algorithm

We focus on X = (V,E); we repeat the same operations for Y , if there is a difference,

we reject isomorphism. Our goal is to keep making progress (or reject isomorphism) until

the ultimate structure (Section 3.4.4) is reached. As described in Section 3.5.1, through a

sequence of “progress events” (Section 3.6.1) and reductions described in Sections 3.3 and 3.4,

we reach a state where (1) G is of strong giant type; (2) all edges lie in the same G-orbit;

(3) X is fully regular and has no isolated vertices.

One of our goals when individualizing will be to obtain a split in either some set of

vertices Vi, some set of blocks Bi, or some set of macro-blocks Mi. If we can split off those

vertices (or (macro)blocks) that are linked to the vertices we are individualizing, this split

does not give us new information. We are therefore interested in splits of those vertices not

linked to what we are individualizing. The following notation will help in the exposition of

these kinds of situations.
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Notation 3.7.1. Let t ⊆ µ(V ). Let Z be either Bi or Vi or Mr. We define Z(t) as the

subset of Z consisting of the elements not block-linked to any vertex in t.

3.7.1 Vertex splitting – split amplification

Let T ⊆ P(µ(V )) (P denotes the power-set). We say that an assignment f : T → P(µ(V ))

is equivariant if f(tσ) = f(t)σ for every t ∈ T , σ ∈ Aut(G;X).

The following theorem is a key tool that will allow us to make progress any time we find

a split. For R ⊆ L we use prR(E) to denote the projection of E to
⋃
I∈R I.

Theorem 3.7.2 (split amplification). Let R ⊆ L, i ∈ [k], and let {St ⊆ Vi|t ∈ prR(E)}

be an equivariant assignment of subsets of Vi to elements of prR(E). If ∃t∗ ∈ prR(E) such

that St∗ is a split of Vi(t
∗) then in a single composite step we can make progress.

Proof. We will prove this by reverse induction on |R|. If |R| = 0, then we have an absolute

split, hence progress.

The strategy is to find a large relative split or an absolute split. If the initial splits were

large, then we can individualize one partial transversal t, progress. Otherwise the goal is to

obtain splits relative to smaller partial edges (see Figure 3.6). Since all of the splits are small,

we can take the union over a block (which is also small). Continuing in this way, we obtain

either a large split, or splits relative to macro-blocks. Then we make use of Lemma 3.2.9,

which allows us to either make progress or “un-individualize” further (i.e., make our splits

relative to smaller hyperedges). If we never make progress along the way, we will eventually

obtain an absolute split.

The algorithm proceeds in steps; for each step either we make progress, or we have some

additional structure. We will break down the proof into claims, each of which will have the

form “either we make progress, or we can impose some further condition on X.” After each

claim we will assume X satisfies all the conditions of the previous claims.

Claim 3.7.3. Either we make progress or (∀t, t′ ∈ prR(E))(|St| 6= |St′|, and |St| < |Vi|/γ).
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(a) A small split (b) Amplification

Figure 3.6: (a) We are given a small split (red vs. blue vertices) relative to the red partial
edge. (b) Our strategy is to obtain a large split or a split relative to a smaller partial edge.

Proof. If |St| 6= |St′| for some t, t′ ∈ prR(E), then we color prR(E) by |St|, which is progress.

W.l.o.g. |St| ≤ |Vi|/2. If St is a large split of Vi relative to t, progress.

Since St is a small split of Vi, not all blocks Bi(t) contain elements of St. Call the blocks

in Bi(t) that contain any elements of St special, and let the set of macro blocks containing

a special block be sp(t). Let L ∈ L such that i ∈ L.

Claim 3.7.4 (Extending the splits to splits of the macro-blocks). Either we make progress,

or (∀t ∈ prR(E))(| sp(t)| < |ML(t)|/γ).

Proof. If for any t, sp(t) is a large split of ML(t), then we have a large split of Vi, progress.

Pick any R = {r1, . . . , rα} ∈ R. Let sp(α + 1; t) = sp(t). For every 1 < β ≤ α,

and every u ∈ prR\{rβ ,...,rα}(E), let V (u, β) = {v ∈ Vrβ : (u, v) ∈ prR\{rβ+1,...,rα}(E)},

and let sp(β;u) =
⋃
v∈V (u,β) sp(β + 1; (u, v)). Here (u, v) denotes the partial edge that is u

augmented by v in the appropriate coordinate. For each M ∈MR and u ∈ prR\{R}(E), let

sp(u,M) =
⋃
v∈M∩Vr1

sp(1; (u, v)).

Claim 3.7.5. Either we make progress, or (∀M ∈ MR)(∀u ∈ prR\{R}(E))(| sp(u,M)| <

|ML|/γ).

Proof. If any of the sets sp(β;u) constructed along the way is a large split of ML, progress.

Else, we claim that | sp(β;u)| ≤ |ML|/γ = |Bi|/γ, where γ = 2
√
n is our “giant threshold.”
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This follows by reverse induction on β. Indeed, by induction, sp(β;u) is the union of ≤ n/γ

sets, each of size ≤ |ML|/γ, so | sp(β;u)| ≤ |ML|/2 and therefore | sp(β;u)| ≤ |ML|/γ

(otherwise it would be a large split).

Claim 3.7.6. Either we make progress or we obtain an equivariant assignment {Su | u ∈

prR\{R}(E)} such that one Su∗ is a split.

Proof. We create graphs Y (u) for each u ∈ prR\{R}(E). If R 6= L then Y (u) will be bipartite

with vertex set (MR(u),ML(u)); if R = L then Y (u) is a graph with vertex set ML(u). In

both cases, the edge set is {(M ∈ MR(u), N ∈ ML(u)) : N ∈ sp(u,M)}. We will refer to

MR(u) and ML(u) as the parts of Y (u).

Now for each u ∈ prR\{R}, we use the Graph Isomorphism algorithm to compute

Aut(Y (u)). Let Su be a largest orbit of Aut(Y (u)) on Vj . If any of the Su is a large split,

progress. Else, if any Su is a split, we have found the desired equivariant assignment. Else,

Aut(Y (u)) is transitive on each part of Y (u).

If the action of Aut(Y (u)) is transitive on each part of Y (u) but the not giant on either

part, then we obtain a large reduction of G relative to u (Fact 3.2.11), progress. Else, we

claim that R 6= L and Y (u) is a matching. This follows by Lemma 3.2.9 from the fact that

the density of Y (u) is positive and ≤ 1/2. This means we found a linking between previously

unlinked blocks, yielding a large relative reduction in G, progress.

If we did not make progress so far, then we found an equivariant assignment {Su} of

subsets of Vj to elements of prR\{R}(E), and one u∗ such that Su∗ is a split, and hence we

are done by induction on |R|.

To analyze the cost note that for each partial edge, we do polynomial work and one

Graph Isomorphism test.

Theorem 3.7.7 (double split amplification). Let Rj ⊆ L for j = 1, 2; let i ∈ [k]; and let

{ST |T ∈ prR1
(E)× prR2

(E)} be an equivariant assignment of subsets of Vi(T ) to elements

of prR1
(E)× prR2

(E). If ∃T ∈ prR1
(E)× prR2

(E) such that ST is a split of Vi(T ) then in
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a single composite step we can make progress.

Proof. Fix t1 ∈ prR1
(E) and perform the split amplification with respect to prR1

(E). If the

split amplification makes progress that involves individualization, then we will individualize

all of t1 and the partial transversal that was individualized by split amplification, and make

the same progress. Otherwise split amplification makes progress by finding a small absolute

split; but this is a split relative to t1. We repeat this process for all t1 ∈ prR1
(E). If for

all of them we do not make progress, then we have an equivariant assignment of splits to

prR1
(E), and hence we can make progress by invoking split amplification once more. The

cost is poly(n) +O(nk) calls to split amplification.

3.7.2 Structure

Theorem 3.7.8. If we do not observe the ultimate structure then we make progress.

Proof. For L ∈ L, let L = [k]\L. Fix any L ∈ L. For each t ∈ prL(E) and M ∈ML we define

a hypergraph X(t,M) = (M,E(t,M)) where E(t,M) = {u ∈ prL(E) ∪ π(M) : (t, u) ∈ E},

where (t, u) stands for the concatenation of t and u.

As in the proof of Theorem 3.7.2, we present a series of claims of the form “either we

make progress, or we can impose some further condition on X”. We will use these claims to

finally prove that if we do not observe the ultimate structure, then we make progress. After

each claim, we will assume X satisfies the conditions from all the previous claims.

Claim 3.7.9. Either we make progress, or (E(t,M) = ∅ ⇐⇒ M 6∈ML(t)).

Proof. If M 6∈ML(t) then E(t,M) = ∅ since all edges in an edge-linked-section are within

macro-blocks (see Section 3.4.3).

If E(t,M) = ∅ for some M ∈ML(t), then for every s ∈ prL(E), the set of macro-blocks

with empty hypergraphs is an invariant partition of ML(s). Moreover, for t the set of empty

macro blocks is a split of ML(t), since we are assuming ∃M such that E(t,M) = ∅, but
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∃M ′ such that E(t,M ′) 6= ∅ since t is a partial edge. Thus we make progress via the split

amplification (Theorem 3.7.2).

Claim 3.7.10. Either we make progress, or all the X(t,M) are isomorphic. More precisely,

(∀ t, t′ ∈ prL(E))(∀M ∈ML(t))(∀M ′ ∈ML(t′))(X(t,M) ∼= X(t′,M ′))

Proof. Let t, t′ ∈ prL(E), M ∈ML(t), M ′ ∈ML(t′), such that X(t,M) � X(t′,M ′). Note

by the previous claim that E(t,M), E(t′,M ′) 6= ∅, but then the following is an invariant

coloring of E. For any e ∈ E, let t(e) = prL(e), and let M(e) = macroblock(prL(e)) be the

macro-block containing prL(e). Then color e by the isomorphism type of X(t(e),M(e)).

If X does not have the structure, we can find some L∗, t ∈ prL∗(E), and u ∈ prL∗(E)

such that (t, u) /∈ E. But since u ∈ prL∗(E), ∃s ∈ prL∗(E) such that (s, u) ∈ E. Let

R = L∗. Note that in particular, we will have X(s,M) 6= X(t,M) for some M ∈MR.

For s, t ∈ prR(E), and M ∈MR, let X(s, t;M) be the superposition of the hypergraphs

X(s,M) and X(t,M), that is, the colored hypergraph with the edges of X(s,M) of one color

and the edges of X(t,M) of another color. We denote the edges of X(s, t;M) by E(s, t;M).

Note that if X has the structure, then X(s, t;M) will be the superposition of two identical

hypergraphs. We can compute isomorphisms of the X(s, t;M) by exhaustive search in time

exp(O(k
√
n)).

Claim 3.7.11. Either we make progress, or all the X(s, t;M) are isomorphic.

Proof. Let H be the set of isomorphism types of the |R|-partite |R|-hypergraphs X(s, t,M)

(s, t ∈ prR(E), M ∈MR). Fix H ∈ H. Let S(s, t) = {M ∈MR : X(s, t;M) ∼= H}. This is

an equivariant map on the pairs (s, t). If S(s, t) splits MR for some s, t,H then we have a

split of Vj (j ∈ R) and we make progress by the double split amplification (Theorem 3.7.7).

Else we conclude that the isomorphism type of X(s, t,M) does not depend on M , since

the same argument applies to all the isomorphism classes. Let us again fix H ∈ H. Let
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S(t) = {s ∈ prR(E) : X(s, t;M) ∼= H}. This again is an equivariant map. Again, if for

some t,H this is a split, we make progress by the split amplification (Theorem 3.7.2). Else

we conclude that the isomorphism type of X(s, t;M) does not depend on s; by symmetry,

it also does not depend on t.

Claim 3.7.12. Either we make progress, or the automorphism groups A(s, t;M) := Aut(X(s, t;M))

act transitively on the partial edges in M (i. e., on E(s, t;M)).

Proof. If A(s, t;M) is not vertex transitive on the vertices of one of the parts of M then

we have a split into orbits relative to s, t, and M . It is the same size split in all the macro

blocks in MR, so it is a large split since there are ≥ γ macro blocks. Progress.

Our next goal is to achieve that A(s, t;M) is transitive on E(s, t;M).

We iterate through R as follows. Let R = {i1, . . . , i|R|} and let R` = {i1, . . . , i`}. We

prove by induction on ` that either A(t, s;M) acts transitively on prR`(X(t, s;M)) or we

make progress. We have shown this for ` = 1 (vertex-transitivity). Let ` ≥ 2 be the smallest

value such that A(t, s;M) acts intransitively on prR`(X(t, s;M)). Then for any partial edge

e ∈ prR`−1
(X(t, s;M)), we get a split of prR`(X(t, s;M)) into orbits, and hence a split of

Vi` relative to t, s and e. The split is large, since it is a split in every block of Vi` , progress.

Claim 3.7.13. Either we make progress, or (∀s, t ∈ prR(E))(∀M ∈MR = MR)(X(t,M) =

X(s,M)) and therefore we have the ultimate structure.

Let M ∈ MR be a macro-block, and s, t ∈ prR(E) be a pair of partial edges, such that

X(s,M) 6= X(t,M). Look at the smallest ` (over all choices of s, t ∈ prR(E), and M ∈MR)

such that X(s,M) and X(t,M) are not identical when restricted to the first ` parts of M .

Note that ` cannot be 1: A(s, t;M) acts transitively on the vertices in each part of M .

Note further that because A(s, t;M) acts transitively both on E(t,M) and on E(s,M),

these sets are either identical or disjoint, and so are any of their projections.
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Define equivalence classes on prR(E), where two partial edges s and t are equivalent if

and only if X(s,M) and X(t,M) are identical up to level `. We individualize one of the

equivalence classes; this splits E. We claim this is a large (relative) split.

Indeed, fix a partial edge e of length ` − 1 in X(s,M). (Thus is also a partial edge of

X(t,M) for all t.) Let B be the block of M in Vi` . Let B(t) = {v ∈ B s.t. (t, e, v) is a partial

edge }. The B(t) partition B. On the other hand, the relation v ∈ B(t) defines a biregular

bipartite graph on (prR(E), B) (because of full regularity). It follows that all equivalence

classes are the same size. Their number is at most |B| ≤ n/γ.

This concludes the proof of Theorem 3.7.8.

3.8 Open Problems

The big open problem continues to be to reduce the Õ (
√
n) term in the exponent of the

complexity of Graph Isomorphism to n1/2−ε. Our result for 4-hypergraphs may open the

path to a reduction of the exponent to Õ
(
n1/4

)
.

Another problem is to extend our moderately exponential isomorphism test to hyper-

graphs of rank n1−ε.

Finally, our work brings new life to an old dilemma: isomorphism testing vs. canonical

forms (cf. [23, 38], Section 2.2.2). Because of the use of Coset Intersection, our algorithm

does not yield canonical forms. As Gene Luks points out, his simply exponential (Cn)

isomorphism test for hypergraphs (of arbitrary rank) [57] does not yield canonical forms

either. So the problem is, find canonical forms (a) for hypergraphs in simply exponential

time and (b) for hypergraphs of bounded rank in moderately exponential time.

3.9 Appendix: Pseudocode

In this appendix we present the pseudocode for the hypergraph isomorphism algorithm.

Table 3.1 describes the subroutines for individualization, Table 3.2 the color reduction, Ta-
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Table 3.1: Our main procedure, HYPISO, will use two subroutines for individualization, both
of which take as input a partial edge t ∈ pr`(E(X)). The macro individualize individualizes
t and iterates over all choices; the procedure REC INDIV, recursively calls HYPISO after
individualization (cf. Section 3.5.2).

individualize(t)

00 G← Gt
01 for w ∈ tG
02 Y ← Y σw

(: All the commands that follow this macro will be understood to be inside the for loop :)

Procedure REC INDIV(t)

00 G← Gt
01 for w ∈ tG
02 Y ← Y σw

03 HYPISO(G;X, Y )

ble 3.3 the split amplification, and Table 3.4 the double split amplification. We give the

pseudocode for the preliminary reductions of the main algorithm in Table 3.5 and the crux

of the main algorithm in Table 3.6.
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Table 3.2: If there is more than one color class, the following procedure refines the coloring
g on the partial edges to a coloring on the edges, and calls HYPISO for each color class (cf.
Section 3.3.2).

Procedure COLOR REFINE(G; X, Y ; g; L)

Input: the group G, and hypergraphs X and Y
with a coloring g of partial transversals on the parts in L ⊆ [k].

Output: calls HYPISO on each of the color classes.

00 for t ∈ prL(E(X)) for e = (t, u) ∈ E(X)
01 f(e)← g(t)
02 for Z = X, Y for c a color class
03 E(Z)c ← {e ∈ E(X)|f(e) = c}
04 return ∩c HYPISO(G; (V,E(X)c), (V,E(Y )c))
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Table 3.3: This procedure allows us to make progress whenever we find a split (cf. Theo-
rem 3.7.2).

Procedure SPLIT AMPLIFICATION(R, {St}, u)

Input:
R ⊆ L is a set of edge-linked sections,
{St ⊆ Vi| t ∈ prR(E)} is an equivariant assignment of partial edges to subsets of Vi,
u ∈ prR(E) is a partial edge such that Su is a split of Vi.

Output:
progress (i.e., recursive calls to HYPISO).

1. (The St are not all of the same size)
00 Color the partial edges t by |St|
01 COLOR REFINE
(: Henceforth all the St are of the same size :)

2. (One of the St is a large split)
00 REC INDIV t
(: Henceforth all |St| are “small” :)

3. (One of the special sets is a large split)
00 sp(t)← {macroblock(v)|v ∈ St}
01 if sp(t) a large split for any t, REC INDIV(t)
02 construct sp(u;M)
03 if a large split is found along the way, REC INDIV

(: Henceforth all |(u;M)| are “small” :)

4. (Auxiliary graphs Y (u))
00 construct the graphs Y (u)
01 use Graph Isomorphism to compute Aut(Y (u))
02 if Aut(Y (u)) is not transitive then
03 if any orbit is a large split REC INDIV(t)
04 else construct equivariant assignment and recurse
05 else if Aut(Y (u)) not giant
06 REC INDIV(u)
07 else Y (u) is a matching ⇒ new linking
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Table 3.4: The following procedure allows us to make progress whenever we find a split
relative to two partial edges (cf. Theorem 3.7.7).

Procedure DOUBLE SPLIT AMPLIFICATION(R1,R2, i, {ST }, U)

Input:
R1,R2 ⊆ L are sets of edge-linked sections,
{ST ⊆ Vi | T ∈ prR1

(E)× prR2
(E)} is an equivariant assignment

of partial edges to subsets of Vi,
U ∈ prR1

(E)× prR2
(E) is a pair of partial edges such that SU is a split of Vi(T ).

Output:
Recursive calls to HYPISO.

00 forall t1 ∈ prR1
(E)

01 SPLIT AMPLIFICATION(R2, {S(t1,t)}, prR2
(U))

02 if SPLIT AMPLIFICATION finds a small absolute split then
03 this is a split St relative to t1
04 else
05 made progress
06 SPLIT AMPLIFICATION(R1, {St}, t1)
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Table 3.5: The preliminary steps of the main algorithm (cf. Sections 3.3 and 3.4).

Procedure HYPISO(G; X, Y )

Input:
X and Y are k-partite k-hypergraphs over the same vertex set V ,
G ≤ Sym(G) is a group

Output:
ISO(G;X, Y ).

0. (|Vi| = 1 for some i)
(: Henceforth for each i ∈ [k], |Vi| > 1 :)

1. (Intransitive G-action)
00 Luks divide and conquer on orbits

(cf. Section 3.4.1)
(: Henceforth for each i ∈ [k], G acts transitively on Vi :)

2. (Non-strong giant G-action)
00 Luks divide and conquer on non-giant primitive actions

(cf. Section 3.4.2)
(: Henceforth for each i ∈ [k], G acts as a giant on Bi :)

3. (Non-strong giant G-action)
00 Find a Vi with imprimitive action on 2 blocks.

(cf. Section 3.4.2)
(: Henceforth G is of strong giant type :)

4. (Not fully regular)
00 Color the edges by link-type
01 COLOR REFINE
(: Henceforth X and Y are fully regular :)
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Table 3.6: The crux of the main algorithm (cf. Theorem 3.7.8).

5. (A residual hypergraph X(t,M) with t non-linked to M is empty)
00 split relative to this partial edge.
01 SPLIT AMPLIFICATION
(: Henceforth residual hypergraphs X(t,M) are empty if and only if t and M are linked :)

6. (Two non-empty residual hypergraphs not isomorphic)
00 invariant coloring of E
01 COLOR REFINE
(: Henceforth all nonempty residual hypergraphs are isomorphic :)

7. (Superposition residual hypergraphs not all isomorphic)
00 if iso type of X(s, t;M) depends on M then
01 DOUBLE SPLIT AMPLIFICATION
02 else
03 SPLIT AMPLIFICATION
(: Henceforth all the superposition residual hypergraphs are isomorphic :)

Fix R ∈ L, as in discussion after Claim 3.7.10.

8. (Aut(X(s, t; M)) not transitive on E(s, t; M))
00 if not vertex transitive then
01 large relative split → individualize
02 else
03 for ` = 2 to |R|
04 if Aut intransitive on first ` parts then
05 large split of Vi relative to s, t, e, R
06 for any e ∈ prR`−1

(X(t, s;M))

07 individualize s, t, e, and R.
(: Henceforth Aut(X(s, t;M)) acts transitively on E(s, t;M) :)

9. (Two residual hypergraphs on the same macro-block are not identical)
00 equivalence classes on prR(E)
01 individualize one equivalence class
(: Henceforth all residual hypergraphs on any macro-block are identical

Hence we have the ultimate structure :)

10. (Ultimate structure- Section 3.4.4)

00 Compute ISO(Ĝ;X, Y ) by brute force on edge linked hypergraphs

01 return G ∩ ISO(Ĝ;X, Y )
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CHAPTER 4

CODES

4.1 Definitions

Definition 4.1.1 (code). A code of length n over a finite alphabet Γ is a subset of ΓA for

some set A with |A| = n.

An equivalence of the codes A ⊆ ΓA and B ⊆ ΓB is a bijection π : A→ B that takes A

to B. More formally, for x ∈ ΓA, define xπ ∈ ΓB by xπ(b) = x(bπ
−1

). For a subset S ⊆ A,

let Sπ = {xπ | x ∈ S}.

Definition 4.1.2 (Equivalence). A bijection π is an equivalence of A and B if Aπ = B.

If |Γ| = 2 then the code is a boolean function (i.e. a hypergraph), so the problem of

deciding equivalence of codes generalizes the hypergraph isomorphism problem. Inspired by

Luks’s dynamic programming algorithm for hypergraph isomorphism [57], we showed that

the code equivalence problem can be solved in time (c|Γ|)2n, where c is an absolute constant,

and n is the length of the codes (|A| = |B| = n) [17].

In [18] we introduced a generalization of the code equivalence problem, necessary for

our algorithm to test isomorphism of semisimple groups. In addition to permuting the

coordinates, we let a permutation group G ≤ Sym(Γ) act on the symbols, independently on

each coordinate. We call this more general problem twisted code equivalence. We were

able to solve twisted code equivalence by generalizing the algorithm for code equivalence

and improving its data management. The improvement in data management allows us

an improved analysis of the algorithm, taking the size of the code into account. For the

special case of code equivalence we obtain a running time of O(cn · |Γ||A|2.01), where c is an

absolute constant. Note that the new running time has a polynomial dependence on |Γ|, to

be contrasted with the exponential dependence in the previous algorithm.
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Formally, given a bijection π : A → B and a function g : B → G, we associate with

ψ = (π, g) a map ψ : ΓA → ΓB , ψ : x 7→ xψ, defined by xψ(b) = (x(bπ
−1

))g(bπ
−1

). Twisted

code equivalence is defined as follows.

Definition 4.1.3 (Twisted Equivalence). Let A ⊆ ΓA, B ⊆ ΓB be codes of length n over Γ.

Let G act on Γ. Given a bijection π : A→ B and a function g : B → G, we say ψ = (π, g)

is a G-twisted equivalence of the codes A and B if Aψ = B. We denote the set of all

twisted equivalences of A and B by EQG(A,B).

Note that if A = B (which can be assumed w.l.o.g.), then EQG(A,B) ⊆ G o Sym(A) is

either empty or a coset of EQG(A,A).

We shall need a generalization of the above to codes over multiple alphabets: let Γ1, . . . ,Γr

be disjoint finite alphabets. A string of length (k1, . . . , kr) over (Γ1, . . . ,Γr) is a set of maps

xi : Ai → Γi, denoted collectively as x, where |Ai| = ki. A code of length (k1, . . . , kr) has

total length n =
∑r
i=1 ki. The set of all strings of length (k1, . . . , kr) over the alpha-

bets Γi is
∏r
i=1 ΓAii . A code of length (k1, . . . , kr) with domain (A1, . . . , Ar) is a subset

A ⊆
∏r
i=1 ΓAii .

To define twisted code equivalence over multiple alphabets, for every i = 1, . . . , r, let

Gi ≤ Sym(Γi) be a group acting on the alphabet Γi, and let G = (Gi)
r
i=1. Given bijections

πi : Ai → Bi and functions gi : Bi → Gi, for i = 1, . . . , r, let ψi := (πi, gi), and ψ = (ψi)
r
i=1.

For a = (a1, . . . , ar) ∈
∏r
i=1 ΓAii , define aψ := (a

ψi
i )ri=1. As before a G-twisted equivalence

of two codes A ⊆
∏

ΓAii , B ⊆
∏

ΓBii is a ψ such that Aψ = B. The set of all A → B G-

twisted code equivalences will be denoted by EQG(A,B).

Each ψ ∈ EQG(A,B) naturally induces a bijection between A and B, by sending a ∈ A

to aψ ∈ B. We denote by ψ̂ the induced map on strings, and let ÊQG(A,B) = {ψ̂ : ψ ∈

EQG(A,B)}.

Again note that if (∀i)(Ai = Bi), EQG(A,B) is either empty or a coset of EQG(A,A) in∏r
i=1Gi o Sym(Ai).

71



4.2 The Algorithm for Twisted Code Equivalence

Because we will use the algorithm for Coset Intersection (Theorem 2.3.10) as a subroutine,

the degree of the permutation representation of EQG(A,A) will come into play. In particular,

we will get good bounds on the running time if we have low-degree faithful permutation

representations of the Gi.

Theorem 4.2.1. Let A ⊆
∏r
i=1 ΓAii and B ⊆

∏r
i=1 ΓBii be codes of total length n. For

i = 1, . . . , r, let Gi be a permutation group acting on Γi, and assume we are given a faithful

permutation representation of Gi of degree di. Let Gmax and Γmax such that |Gmax| =

maxi∈[r] |Gi| and |Γmax| = maxi∈[r] |Γi|. Then EQ(G1,...Gr)(A,B) can be found in time

O(n2 · 2n+d · |Gmax||Γmax| · |A|2 log |A|), where d =
∑r
i=1 |Ai|di is the degree of a faithful

permutation representation of
∏r
i=1Gi o Sym(Ai).

Proof. For subsets Ui ⊆ Ai we call a function y :
⋃r
i=1 Ui →

⋃r
i=1 Γi a “partial string over

A = (A1, . . . , Ar).” We call the tuple (|U1|, . . . , |Ur|) the length of y. For every partial string

y over A, let Ay be the set of strings in A that are extensions of y. We make analogous

definitions for B. Let G = (G1, . . . , Gr).

We construct a dynamic programming table with an entry for each pair (y, z) of partial

strings, y over A and z over B, of equal length such that Ay 6= ∅, and Bz 6= ∅. For each

such pair (y, z), we store the set I(y, z) of G-twisted equivalences of the restriction of Ay to

A\ dom(y) with the restriction of Bz to B\ dom(z). Note that these sets are either empty

or cosets, so we store them by a set of generators and a coset representative. Also note the

condition Ay 6= ∅ and Bz 6= ∅ implies that only partial strings that actually appear in A and

B will be recorded. This will help us bound the size of the dynamic programming table.1

We start with full strings y ∈ A, z ∈ B and work our way down to dom(y) = dom(z) = ∅,

at which point we shall have constructed all A → B twisted G-equivalences.

1. This is the “data management improvement” over the algorithm in [17] in the case of code equivalence,
critical for our analysis.
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When y, z are full strings, we have |Ay| = 1, |Bz| = 1, and I(y, z) is trivial to compute.

Now let y, z be proper partial strings of total length `, and assume we have constructed

I(y′, z′) for all y′, z′ of total length greater than `. To construct I(y, z) we augment the

domain of y by one index r ∈ A, and the domain of z by one index, s ∈ B. We fix r, say

r ∈ Ai, and make all possible choices of s ∈ Bi. For each s ∈ Bi and g ∈ Gi, we will

separately find the set of all elements of I(y, z) that move s to r, and act on the symbol in

that position by g. More formally, for γ ∈ Γi, let y(r, γ) be the partial string extending y by

γ at position r. Then

I(y, z) =
⋃
s∈Bi

⋃
g∈Gi

⋂
γ∈Γi:Ay(r,γ) 6=∅

I(y(r, γ), z(s, γg
−1

)).

If z(s, γg
−1

) ∈ B, then we can look up the value of I(y′, z′) in the table. If for some g and

γ, z(s, γg
−1

) 6∈ B, then I(y(r, γ), z(s, γg
−1

)) is empty.

Analysis. Recall that n =
∑
i |Ai|. The number of partial strings of A is 2n|A|, since

given a subset of A there are at most |A| partial strings appearing in A. So the number of

pairs of partial strings to store is less than 4n · |A|2. (We can assume |A| = |B|, otherwise

we reject equivalence.) In fact, we can first fix one subset of size ` in A for every ` ∈ [n],

and then enumerate all subsets of B. In this way we only need to consider n · |A| partial

strings for A, and 2n|B| for B. With this modification we only need to store n · 2n · |A|2

table entries.

The cost of computing each dynamic programming entry when extending at an index

from Ai is n|Γi||Gi| coset intersection operations, and n|Γi||Gi| times the cost of checking

whether Ay′ is empty for a partial string y′ (and the same for B). By Theorem 2.3.10 the

cost of coset intersection is at most 2
√
d log2 d = O(2d) (w.l.o.g. A = B, and the cosets we

are considering are in
∏
Gi o Sym(Ai)). The cost of checking if Ay′ is empty is log |A| if we
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add a preprocessing step to sort A. So our overall running time is

O(n · 2n · |A|2 · (n|Γmax||Gmax|) · (2d + log |A|)) = O(n2 · 2n+d · |Γmax||Gmax| · |A|2 log |A|).

The following corollary gives the improved result for code equivalence.

Corollary 4.2.2. Given codes A ⊆
∏r
i=1 ΓAii and B ⊆

∏r
i=1 ΓBii (as explicit lists of strings),

EQ(A,B) can be found in time cn poly(|A|, |Γmax|) where n =
∑r
i=1 |Ai| is the total length

of the codes.

4.3 Related Problems

In our applications to Permutational Isomorphism and Semisimple Group Isomor-

phism, our codes have the additional property that the alphabet Γ is a group, and the codes

are subgroups A ≤ Γn. (For simplicity we state these problems for a single alphabet.) We

call such codes group codes. More precisely

Definition 4.3.1. A group code of length n over a group Γ is a subgroup A ≤ Γn.

We now ask the question of determining equivalence (Definition 4.1.2) of group codes.

Problem 4.3.2. Group Code Equivalence

INPUT: A group Γ; and two group codes A,B ≤ Γn.

OUTPUT: Are A and B equivalent?

For general codes, we cannot hope to improve the bound in Corollary 4.2.2 below |A|,

since that is the size of the input. However, for group codes, the input could be succinctly

represented by generators, and we can ask for a simply-exponential algorithm.

Open Problem 4.3.3. Solve Group Code Equivalence in time cn poly log(|Γ|).
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When Γ = Zp, then Γ is a field, and the code is a subspace. In this special case the code

is called a linear code. The open problem above has been solved for linear codes ([10],

cf. [17]).

Theorem 4.3.4 (Babai [10]). Equivalence of linear codes of dimension d and length n can

be reduced to
(n
d

)
instances of Graph Isomorphism on n vertices, at a cost of poly(n) field

operations per instance.

Combined with the moderately exponential Graph Isomorphism test, this yields the

desired bound.

Theorem 4.3.5 (Babai [10]). Equivalence of linear codes of length n over a field Γ can be

decided in time (2.01)n log2 |Γ|.

We note that while the problem has been solved for Γ = Zp, it remains open even for

elementary abelian groups (Zp × · · · × Zp) and cyclic groups (Zm).
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CHAPTER 5

PERMUTATIONAL ISOMORPHISM

5.1 Introduction

We prove the following theorem for permutational isomorphism of permutation groups.

Theorem 5.1.1. Given two permutation groups G and H of degree d, we can find PISO(G,H)

in time poly(|G|) · cd, for an absolute constant c.

To prove this result, we first prove that for transitive permutation groups we can in fact

list all isomorphisms in the desired time. This is not true in the general case (there can be

too many isomorphisms). We shall reduce the general case to twisted code equivalence.

5.1.1 Giant primitive groups

Let G ≤ Sn. We call G a giant1 if n ≥ 7 and G = Sn or An. These two groups are far larger

than any other primitive group, as shown in Theorem 1.2.4 (cf. Cameron [33]). We can now

re-state Lemma 1.2.6 in terms of giants, and relax the bound to be simply-exponential.

Lemma 5.1.2. There exists a constant c2 such that if G ≤ Sn is a non-giant primitive

group, then: (a) |PAut(G)| ≤ cn2 ; and (b) for every H ≤ Sn, we can list PISO(G,H) in time

cn2 .

5.2 Permutational Isomorphism of Transitive Permutation

Groups

Recall our result for transitive permutation groups.

1. We remark that Sn and An are primitive for n ≥ 3. We look at n ≥ 5 and n 6= 6 since An is simple
when n ≥ 5; and Aut(An) ∼= Sn when n ≥ 4, n 6= 6.
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Theorem 5.2.1. There exists an absolute constant c such that (a) if G is a transitive

permutation group of degree n, then |PAut(G)| ≤ |G|·cn; (b) given two transitive permutation

groups G and H of degree n, all their permutational isomorphisms can be listed in time

O(|G| · cn).

The bound in Theorem 5.2.1(a) is nearly tight: Kovács and Newman [52] (cf. [65])

showed examples where the number of permutational automorphisms is |G|2k/
√

log k. In an

unpublished work, Guralnick and Pyber proved a matching upper bound for the number of

permutational automorphisms of transitive groups [41]. While our bound is slightly worse,

it comes with a simple algorithm to list all permutational isomorphisms, which is necessary

for our applications.

The general strategy for our algorithm is the following. We fix a structure tree of G

and work by induction on its depth. (See Section 1.2.6 for the basics on structure trees.)

The base case is when G is primitive; this case is easily settled based on Lemma 5.1.2. (In

fact, permutational isomorphism of primitive groups can be tested –but not listed– in time,

quasipolynomial in the degree.)

We call a structure tree T of G and a structure tree U of H compatible if their depth is

the same and for every `, the primitive groups arising on level ` in G and H (as actions of the

stabilizers of a node on level ` on the children of that node) are permutationally isomorphic.

At each step in the induction we will have to deal with primitive groups. For non-

giant primitive groups, we will use Lemma 5.1.2 to bound the number of permutational

isomorphisms and list them. For giant primitive groups, we have to delve into the structure

in greater depth.

The following situation, corresponding to one layer of the structure tree, will be the

central inductive step in our algorithm. Let G ≤ Sym(Ω), H ≤ Sym(∆) with |Ω| = |∆| = n.

Let {Ω1, . . . ,Ωm} be a system of imprimitivity for G. Let K be the kernel of the action of

G on the set of blocks (the stabilizer of the blocks setwise), and let G∗ be the action on the

set of blocks. Similarly, let {∆1, . . . ,∆m} be a system of imprimitivity for H, let L be the
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G∗

. . .

H∗

. . .

-π ∈ PISO(G∗, H∗)

6

Ωi ∆iπ

φi

Figure 5.1: A permutational isomorphism φ that extends π ∈ PISO(G∗, H∗) is uniquely
defined by π and the projections φi = φ|Ωi .

kernel of the H-action on the set of blocks, and let H∗ be the H-action on the set of blocks.

Note that K is the kernel of the restriction homomorphism G→ G∗.

We say that φ ∈ PISO(G,H) extends π ∈ PISO(G∗, H∗) if φ acts as π on the set of

blocks, in other words, if (∀i)(φ(Ωi) = ∆iπ). Let PISO(G,H; π) = {φ ∈ PISO(G,H) |

φ extends π}. Let G(i) = GΩi
{Ωi}

and K(i) = KΩi be the restrictions of the groups G and K

respectively to the blocks Ωi. Similarly define H(i) and L(i) (see figure 5.2).

When K(i) is a giant, we will use the following lemma to bound the number of extensions.

Lemma 5.2.2. For i = 1, . . . ,m, let Ωi and ∆i be sets of size k, for k ≥ 5, k 6= 6. Let

K ≤ Alt(Ω1) × · · · × Alt(Ωm), L ≤ Alt(∆1) × · · · × Alt(∆m) be subdirect products. Given

π ∈ Sm, (a) there are at most 2m|K| permutational isomorphisms φ ∈ PISO(K,L; π);

moreover, (b) we can list all such permutational isomorphisms in time O(2m|K|km).

Proof. For φ ∈ PISO(K,L), let φi : Ωi → ∆iπ be the restriction of φ to the ith part,

φi := φ|Ωi . By Fact 1.2.15, K and L are the direct product of permutational diagonals. Let

∼K be the equivalence relation on [m] corresponding to the partition into diagonal sections

of K, and ∼L the corresponding relation under L. If π does not transform ∼K into ∼L then

no extension of π exists. Suppose now it does. For i ∼K j, let fij : Ωi → Ωj denote the
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bijection defining the permutational diagonal; and for i ∼L j, let gij : ∆i → ∆j be defined

analogously.

Assume φ ∈ PISO(K,L; π). Then for any i, j ∈ [m], we must have φj = giπ,jπ φi f
−1
i,j .

Let R ⊆ [m] be a set of representatives of the diagonal sections. Any list of bijections

(φi : Ωi → ∆iπ)i∈R uniquely determines the remaining φj , and therefore all of φ. The

number of such lists is (k!)|R| ≤ 2m|K|, since |K| = (k!/2)|R|. This proves (a).

To list all the φ that extend π, we consider all possible lists (φi)i∈R, and for each construct

the unique bijection φ : Ω → ∆ that the list induces. We can find the diagonal sections of

K and L, pick the set R, and compute the bijections induced by the diagonal action in time

O(|K|). Finally, given the (φi)i∈R, we can construct φ in time O(mk) by using the formula

φj = giπ,jπ φi f
−1
i,j . Therefore the total running time is bounded by O(|K|2mkm)

We use the following results when G(i) is a giant, but K(i) is trivial.

Observation 5.2.3. If G acts transitively on the blocks and (∃i)(K(i) = id), then K = id.

For completeness, we include the easy proof.

Proof. Recall that K(i) = KΩi = K/KΩi , where KΩi is the pointwise stabilizer of Ωi in K.

Since G acts transitively on the blocks,

(∀i)(∃ψi ∈ G)(G
ψi
Ωi

= GΩ1
).

Note that KΩi = K ∩GΩi , and (∀ψ ∈ G)(Kψ = K) (since K is normal), so we have:

K
ψi
Ωi

= Kψi ∩GψiΩi
= K ∩GΩ1

= KΩ1
.

Therefore (∀i)(K(i) ∼= K(1)), and so if (∃i)(K(i) = id), then (∀i)(K(i) = id)⇒ K = id.

79



Lemma 5.2.4. If the system of imprimitivity {Ωi}i∈[m]is maximal and two distinct points

x 6= y belong to the same block Ωi, and G(i) 6= id, then Gx 6= Gy.

Proof. The equivalence relation x ∼ y ⇔ Gx = Gy forms an invariant partition:

(∀π ∈ G)(x ∼ y ⇐⇒ Gx = Gy ⇐⇒ Gπx = Gπy ⇐⇒ Gxπ = Gyπ ⇐⇒ xπ ∼ yπ).

Since Ωi was assumed to be a minimal block, the partition can only be the trivial partition

into one set.

Lemma 5.2.5. If (∃i)(G(i) 6= id, and K(i) = id) then there exists at most one extension for

a given π ∈ PISO(G∗, H∗), and if such an extension exits, we can find it in time, polynomial

in n.

Proof. By Observation 5.2.3, K = id, hence G ∼= G∗. If L 6= id, no extension of π exists, so

w.l.o.g. H ∼= H∗. Then

(∀x ∈ Ωi)(∀φ ∈ PISO(G,H; π))(∃y ∈ ∆iπ)((Gx)φ = Hy).

In fact by Lemma 5.2.4, there is a unique such y. Therefore φ is also unique given π. To find

φ, let σ : G→ H be the isomorphism induced by π, check if ∃y ∈ ∆iπ such that Gσx = Hy;

if so let xφ = y, otherwise there is no extension of π.

The inductive step in the proof of Theorem 5.2.1 is based on the following main technical

lemma.

Lemma 5.2.6. Let G ≤ Sym(Ω), and H ≤ Sym(∆) be transitive permutation groups of

degree n, and let Ω1, . . . ,Ωm and ∆1, . . . ,∆m be maximal systems of imprimitivity for G

and H, respectively. Let G∗, H∗ be the actions of G and H, respectively, on the blocks.
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Given any π ∈ PISO(G∗, H∗), (a) |PISO(G,H; π)| ≤ |K| cn2 ; moreover (b) we can list

PISO(G,H; π) in time |K| cn2 poly(n).

Proof. W.l.o.g. (∀i, j) G(i) and H(j) are permutationally isomorphic to some primitive

T ≤ Sk (otherwise reject isomorphism extending π). We consider the following two cases:

(1) if T is not a giant, (2) if T is a giant.

(1) If T is not a giant, we try extending by all possible lists of permutational isomorphisms

(σi ∈ PISO(G(i), H(iπ)))mi=1. Given such a list, and π, there is a unique bijection φ : Ω→ ∆,

given by φ(Ωi) = ∆iπ , φ|Ωi = σi. We can check whether φ ∈ PISO(G,H) in polynomial

time in n (by Proposition 1.2.2). By part (a) of Lemma 1.2.6, |PISO(G(i), H(j))| ≤ ck2 ,

hence the number of possible extensions is bounded by (ck2)m = cn2 . Moreover, by part (b)

of Lemma 1.2.6, we can list all of them in time O(poly(n)cn2 ).

(2) If T is a giant, we need to look at the structure of the group in more detail. Since KCG,

it is also the case that K(i) := KΩi C GΩi
{Ωi}

= G(i) (we make analogous observations for

H). But since G(i) is permutationally isomorphic to Ak or Sk, for k ≥ 5, K(i) is either Sk,

or Ak, or id. If (∃i)(K(i) = id), then by Lemma 5.2.5, there is at most one extension, and

we can find it in time polynomial in n. Otherwise, note that if φ ∈ PISO(G,H; π), then

φ ∈ PISO(K ′, L′; π), and K ′ and L′ are subdirect products of Amk . (Recall that R′ = [R,R]

denotes the commutator subgroup.) Now for k ≥ 5, k 6= 6, by part (a) of Lemma 5.2.2, there

are at most 2n|K ′| ≤ 2n|K| extensions. Moreover, by part (b) of Lemma 5.2.2, we can list

all φ ∈ PISO(K ′, L′; π) in time O(2n|K ′|) ≤ O(2n|K|). And by Proposition 1.2.2 for each

φ ∈ PISO(K ′, L′; π) we can check whether φ ∈ PISO(G,H; π) in time poly(n).

For the purposes of induction, we need a slightly stronger version of Theorem 5.2.1.

Theorem 5.2.7. Let G,H be transitive permutation groups of degree n, and fix structure

trees for G and H. Then (a) the number of permutational isomorphisms respecting the

structure trees is at most |G| · c2n2 , where c2 is as in Lemma 5.1.2. (b) All the permutational

isomorphisms of G and H that respect the structure trees can be listed in time O(|G| · cn0 ),
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for c0 = c22 + ε, for any ε > 0.

Theorem 5.2.1 follows by fixing a structure tree for G and trying all possible structure

trees for H. By Lemma 1.2.11, there are at most n2 log n such choices. So setting c = c0 + ε,

for any ε > 0, we obtain the desired result.

Proof. We proceed by induction on the depth of the structure trees. Let c0 = c22 + ε, for

any ε > 0. We will prove that then number of permutational isomorphisms that respect

this choice of structure trees is at most c2n2 |G|, and we can list all such permutational

isomrophisms in time cn0 |G|. If the depth is 1, the the groups are primitive. If they are

both non-giant, then the theorem follows by Lemma 5.1.2. If both groups are An or Sn,

then PISO(G,H) = Sn; and n! ≤ 2|G| so we can list all n! permutations in the desired time

bound. Otherwise PISO(G,H) = ∅.

Now consider structure trees of depth d, and assume by inductive hypothesis that the

theorem holds for depth d− 1. The last layer of the structure trees is a maximal system of

imprimitivity. Using the notation from Lemma 5.2.6, by inductive hypothesis the number

of permutational isomorphisms π ∈ PISO(G∗, H∗) is at most |G∗|c2m2 and we can list them

in time O(|G∗|cm0 ). By Lemma 5.2.6, for each such π, the number of extensions is at most

cn2 |K|, and we can find all of them in time O(cn2 |K|poly(n)). Since m ≤ n/2, and |G| =

|G∗||K|, the total number of permutational isomorphisms for this structure tree is at most

c2m2 |G∗| ·cn2 |K| = c2n2 |G|. And so we can list all those PISO(G,H) respecting this structure

tree in time c2m2 |G∗| · cn2 |K| · poly(n) = cn0 |G|.

5.3 Intransitive Permutation Groups – Reduction to Twisted

Code Equivalence

We reduce permutational isomorphism of intransitive groups to twisted code equivalence.

Let G ≤ Sym(Ω) and H ≤ Sym(∆) be (possibly intransitive) permutation groups. Let

G have orbits of r isomorphism types, and ki orbits of the ith isomorphism type. For
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i = 1, . . . , r, and j = 1, . . . , ki, let Ωij be the jth orbit of isomorphism type i. Similarly

define ∆i
j for H. For every i = 1, . . . , r, j = 1, . . . , ki, let Gij = G

Ωij be the restriction of G

to the orbit Ωij . Similarly, let Hi
j = H

∆i
j . We use the algorithm for transitive permutation

group isomorphism (Theorem 5.2.1) to find such a labeling of the orbits. Note that (∀i ≤

r)(∀j ≤ ki)(G
i
j and Hi

j are permutationally isomorphic to Gi1).

Now ∀i ∈ [r], j ∈ [ki], let us fix arbitrary permutational isomorphisms φij ∈ PISO(Gij , G
i
1),

and ψij ∈ PISO(Hi
j , G

i
1). Let Φ : Ω →

⋃r
i=1(ki · Ωi1) and Ψ : ∆ →

⋃r
i=1(ki · Ωi1) be the

compositions of the φij and ψij respectively (where k · S means the disjoint union of k copies

of S). These define embeddings Φ̂ : G ↪→
∏r
i=1(Gi1)ki , and Ψ̂ : H ↪→

∏r
i=1(Gi1)ki . The

following clearly follows from the definitions:

PISO(G,H) = ΦPISO(Φ̂(G), Ψ̂(H))Ψ−1. (5.1)

Therefore it is enough to compute PISO(Φ̂(G), Ψ̂(H)).

Lemma 5.3.1. Let Γi = Gi1, Wi = P̂Aut(Gi1), and W = (Wi)
r
i=1. Then

PISO(Φ̂(G), Ψ̂(H)) = EQW(Φ̂(G), Ψ̂(H))

Proof. Follows from the definitions. A permutational isomorphism of Φ̂(G) and Ψ̂(H) can

be decomposed into its action on the orbits, and a set of permutational automorphisms

within the orbits. The action on the orbits is the permutation of the coordinates of the code,

and the permutational automorphisms induce the automorphisms applied by the “twisting”

groups.

The following concludes the proof of Theorem 5.1.1.

Corollary 5.3.2. We can find the coset of permutational isomorphisms of two permutation

groups G and H of degree d in time cd poly(|G|), for an absolute constant c.
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Proof. By equation 5.1 and Lemma 5.3.1, PISO(G,H) = Φ EQW(Φ̂(G), Ψ̂(H))Ψ−1, where

the alphabets are Γi = Gi1, and the groups acting on the alphabets are Wi = PAut(Gi1).

The total length of the strings is n =
∑r
i=1 ki ≤ d. By part (a) of Theorem 5.2.1,

|Wi| = |PAut(Gi1)| ≤ |Gi1| c
|Ωi1| ≤ |G| cd.

The groups Wi have permutation representations of degree |Ωi1|, and |Ai| = |Bi| = ki, so

the degree of the permutation representation of
∏
Wi oSki is at most

∑r
i=1 |Ai||Ωi1| = d. By

Theorem 4.2.1, we can compute EQW(Φ̂(G), Ψ̂(H)) in time

O(n2 2n+d|Wmax||Γmax||G|2 log |G|) = O(cd · |G|4.01).

To this we have to add the cost of computing the Wi, which is O(|G| cd) (by part (b) of

Theorem 5.2.1), and so the asymptotic running time is the same as the running time of the

twisted code equivalence routine.
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CHAPTER 6

SEMISIMPLE GROUP ISOMORPHISM

6.1 Introduction

6.1.1 Main result

Definition 6.1.1. A group is semisimple if it has no abelian normal subgroups.

Theorem 6.1.2 (Main result). Isomorphism of semisimple groups given by their Cayley

tables can be decided in polynomial time.

We prove this result in Sections 6.4 and 6.5. The key ingredients are: (a) a study of

the group theoretic structure of semisimple groups, introduced in [17]; (b) the algorithm to

decide permutational isomorphism of permutation groups of degree k and order n in time

linear in n and simply exponential in k from Chapter 5; (c) the algorithm to test twisted

code equivalence from Chapter 4.

6.1.2 The structure of semisimple groups – link to permutation groups

Our approach is motivated by the BB-filtration of groups [12] (cf. Section 6.2.2). Specifi-

cally, the socle of a group is the product of its minimal normal subgroups. The socle of a

semisimple group G is the direct product of nonabelian simple groups, and G acts on the set

of simple factors of the socle by conjugation, producing a permutation group of degree at

most log60 |G|. It follows, as pointed out in [17], that any polynomial-time isomorphism test

for semisimple groups yields an algorithm for permutational isomorphism of permutation

groups in time polynomial in the order of the group and simply exponential in the degree.

Conversely, we demonstrate in this chapter that a solution to the transitive permutation

group isomorphism problem within such time bounds can be used to solve the isomorphism

problem for semisimple groups in polynomial time, thus we use Theorem 1.1.7 to prove our

main result.
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6.1.3 Strategy for the main result

First we observe that isomorphism of groups that are direct products of simple groups can

be tested in polynomial time (Proposition 6.2.6). So we can assume that our semisimple

groups G and H have isomorphic socles. In fact we can assume further that the socles

decompose “isomorphically” into the direct product of their minimal normal subgroups.

We look at the conjugation action of the groups G and H on the simple factors of their

socles. The orbits of this action are the simple factors of each minimal normal subgroup.

Using the algorithm for transitive permutational isomorphism, we compute the isomorphism

types of these actions. We then reduce to the problem to twisted code equivalence where

the alphabets are the automorphism groups of the minimal normal subgroups; the twisting

groups consist of certain automorphisms of these automorphism groups.

6.2 Group Theoretic Preliminaries

6.2.1 Characteristically simple groups; the socle

Definition 6.2.1. A subgroup H ≤ G is a characteristic subgroup if H is invariant

under all automorphisms of G. A group is characteristically simple if it has no nontrivial

characteristic subgroups.

Fact 6.2.2. Every characteristically simple group is the direct product of isomorphic (abelian

or non-abelian) simple groups.

Fact 6.2.3. If A is a characteristic subgroup of B, and B / C, then A / C.

Definition 6.2.4. N CG is a minimal normal subgroup if |N | > 1 and N does not contain

any nonidentity normal subgroup of G other than itself.

Fact 6.2.5. Every minimal normal subgroup is characteristically simple.

If G =
∏
Ti, where the Ti are non-abelian simple, then this product decomposition is

unique (not just up to isomorphism). Note how this is not true for Zp × · · · × Zp.
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Recall that the socle of a group G, denoted by Soc(G), is the product of the minimal

normal subgroups of G. If G is semisimple, Soc(G) is the direct product of all minimal

normal subgroups. We group this direct product by isomorphism types of the minimal

normal subgroups as

Soc(G) =
d∏
i=1

zi∏
j=1

Ni,j ∼=
d∏
i=1

Kzi
i , (6.1)

where the Ni,j are the minimal normal subgroups and (∀i, j)(Ni,j ∼= Ki). The Ki are

pairwise non-isomorphic characteristically simple groups.

We refine decomposition (6.1) to simple factors, and lump the isomorphic simple factors

together to obtain the following decomposition:

Soc(G) =
r∏
i=1

ki∏
j=1

Vi,j ∼=
r∏
i=1

T kii , (6.2)

where (∀i, j)(Vi,j ∼= Ti), and the Ti are pairwise non-isomorphic non-abelian simple groups.

The following is an easy consequence of the fact that (non-abelian) simple groups have 2

generators (cf. [17, Proposition 2.1]). We include a proof for completeness.

Proposition 6.2.6. Let G be a direct product of non-abelian simple groups given by its

Cayley table. Then: (a) the (unique) direct product decomposition of G into its simple

factors can be found in polynomial time; (b) isomorphism of G and any other group H can

be decided, and the set of isomorphisms found, in polynomial time.

Proof. (a) Take the normal closure of each element; take the minimal ones among the sub-

groups obtained. These are the direct factors. (b) Do the same to H and verify that a

direct decomposition was found; if not, reject isomorphism. Otherwise decide which pairs

among the simple factors of G and H are isomorphic and find all their isomorphisms. If

the multiplicities of isomorphism types don’t match, reject isomorphism. Otherwise, find an

isomorphism along matched factors of G and H; combine this with the automorphism group

of G. The automorphism group of G =
∏
T kii is

∏
Aut(Ti) o Ski .
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We used the fact that all isomorphisms of two simple groups (and therefore all automor-

phisms of a simple group) can be listed in polynomial time. The reason is that simple groups

can be generated by 2 elements.

While the proof above is straightforward, we mention that the same result holds, non-

trivially, in the context of permutation groups given by generators; in fact, if a permutation

group is a product of simple groups, it can be split into its simple factors in NC [24]. We

mention that a direct decomposition of a permutation group is also known to be computable

in polynomial time even if the direct factors are not simple; this was done in [50] for groups

given by Cayley tables and by Wilson [83] for permutation groups.

By Proposition 6.2.6, we can decide isomorphism of Soc(G) and Soc(H) in polynomial

time. Indeed, we can find the two product decompositions of the socles described above in

polynomial time, and decide isomorphism of the factors.

6.2.2 Relationship to the Babai-Beals filtration

Our approach is motivated by the following chain of characteristic subgroups, introduced by

Babai and Beals [12] and since used extensively in the algorithmic theory of matrix groups

and black-box groups (see [13]):

1 ≤ Rad(G) ≤ Soc∗(G) ≤ Pker(G) ≤ G.

We now explain the terms of this chain. Rad(G), the solvable radical,, is the unique max-

imal solvable normal subgroup of G. Soc∗(G) is the preimage of the socle Soc(G/Rad(G))

under the natural projection G → G/Rad(G). (Recall that the socle is the product of the

minimal normal subgroups.)

Note that the group Soc∗(G)/Rad(G) = Soc(G/Rad(G)) is the direct product of non-

abelian simple groups T1, . . . Tk. The group G acts by conjugation on Soc(G/Rad(G)); this
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action permutes the k simple groups involved, so we obtain a homomorphism G→ Sk. We

denote by Pker(G) the kernel of this homomorphism (permutation representation).

In a sense, this normal structure provides a layering to the group isomorphism problem;

the layers are

1st layer G/Pker(G): a permutation group of logarithmic degree;

2nd layer Pker(G)/Soc∗(G), a solvable group satisfying strong structural constraints;

3rd layer Soc∗(G)/Rad(G) = Soc(G/Rad(G)), a direct product of non-abelian simple

groups;

4th layer Rad(G), a solvable group,

While it is by no means the case that solving the isomorphism problem for the layers

would automatically solve it for the entire group, solving it for the layers is definitely a

prerequisite. (This statement was formalized for the top layer in Proposition 7.1 in [17].)

Then the task remains to control the “glue” that holds these layers together.

The bottom layer is a solvable group and testing isomorphism in polynomial time for

solvable groups remains elusive (they include the notorious class-2 nilpotent groups). We

consider semisimple groups, i. e., we assume Rad(G) is trivial and therefore Soc∗(G) =

Soc(G) is a direct product of non-abelian simple groups.

Recall that the isomorphism problem for direct products of non-abelian simple groups

(third layer) is easily solved in polynomial time (Proposition 6.2.6).

The second layer (“outer automorphism layer”) is solvable but is no cause for panic;

we glue it right to the second layer (Corollary 6.3.3 gives a key link). The top layer is a

permutation group of logarithmic degree. This is where the permutational isomorphism of

permutation groups problem comes into the picture. The orbits of the top layer correspond

to the simple factors of the minimal normal subgroups. Therefore, analogously to what we

did for permutation groups, we first examine the “transitive” case, that is, groups with a
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unique minimal normal subgroup. In this case we will be able to list all isomorphisms in

time polynomial in the order of the group. We will then use the algorithm for the unique

minimal normal subgroup case to reduce the general case to twisted code equivalence.

6.3 The Framework

In this section we give some group theoretic reductions that we introduced in [17]. In the

next section we use this framework and the permutational isomorphism test for transitive

permutation groups (Theorem 5.2.1) to obtain an isomorphism test of semisimple groups with

a unique minimal normal subgroup [18]. This result is an ingredient in our isomorphism test

for all semisimple groups, analogously to the way in which the transitive case was used for

the intransitive case of permutational isomorphism.

6.3.1 Restriction of isomorphisms to the socle

If N EG is a normal subgroup of G, then G acts on N by conjugation. This action defines

a homomorphism γ = γG,N : G → Aut(N). For g ∈ G and n ∈ N , we write ng = nγ(g) =

g−1ng. G is said to act faithfully on N if γ is injective. Note that ker(γ) = CG(N), the

centralizer of N in G. If CG(N) = 1, then γ is an embedding. If we take N = G, the

automorphism of the form γ(g) are the inner automorphisms. Recall from Section 1.2

that the group of inner automorphisms is denoted Inn(G) (Inn(G) := Gγ); it is a normal

subgroup of Aut(G), and note that Inn(G) ∼= G/Z(G) where Z(G) denotes the center of G.

If Z(G) = 1 then γG = γG,G is a canonical isomorphism G ∼= Inn(G).

Fact 6.3.1. Let G be a group, and N EG a normal subgroup with trivial centralizer. Then

every isomorphism ϕ : N → M extends uniquely to an embedding Φ: G ↪→ Aut(M) with

Φ|N = ϕγM . In particular, there is a bijection between ISO(N,M) and the set of embeddings

Φ: G ↪→ Aut(M) such that Φ(N) = Inn(M).
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Figure 6.1: The commutative diagram for the groups in Observation 6.3.2.

Observation 6.3.2 (cf. [69, Claim 3.3.19, page 90], and [17, Lemma 3.1]). Let G and H

be groups and R C G and S C H normal subgroups with trivial centralizers. Let α : G →

Aut(R) and β : H → Aut(S) be the permutation representations of G and H via conjugation

action on R and S, respectively. Let G∗ = Im(α), and H∗ = Im(β). Let f : R → S

be an isomorphism. Then f extends to an isomorphism f : G → H if and only if f is

a permutational isomorphism between G∗ and H∗; and if so, f = αf̂β−1 where f̂ is the

isomorphism G∗ → H∗ induced by f (see Figure 6.1).

For completeness, we include a proof.

Proof. By applying the inverse of f , we may assume R = S, and f is the identity. We claim

that if f̂ exists, it must be the identity. Suppose f̂ exists. Let f denote the corresponding

G → H isomorphism. So f |R = id. Let g ∈ G and let g∗ = G∗ be the corresponding

automorphism of R. We need to show that f̂(g∗) = g∗, that is, for all r ∈ R, rg = rf(g),

i. e.,

g−1rg = f(g)−1rf(g). (6.3)

But f(g)−1rf(g) = f(g)−1f(r)f(g) = f(g−1rg) = g−1rg because g−1rg ∈ R, proving (6.3).

Corollary 6.3.3. Let G and H be two groups given by Cayley tables. Let RCG and SCH

be normal subgroups with trivial centralizers. Assume f : R → S is an isomorphism. Then
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(a) f extends in at most one way to an isomorphism f : G → H; and (b) given f we can

decide if f exists, and find it if it does, in polynomial time.

Proof. Part(a) follows from Observation 6.3.2. Part (b) follows from (a) and Proposi-

tion 1.2.2.

6.3.2 Diagonal-respecting isomorphisms

We will be interested in isomorphisms that respect diagonals (cf. Section 1.2.7 for the

definition of diagonal). In order to define this concept, we need to talk about isomorphisms

that respect the decomposition of the groups into direct products.

Definition 6.3.4 (ISOp). Given two groups X, Y , along with product decompositions

X =
∏r
i=1
∏ki
j=1 Vi,j , Y =

∏r
i=1
∏ki
j=1 Ui,j , where (∀i, j)(Ui,j ∼= Vi,j ∼= Ti), we say that

an isomorphism χ : X → Y respects the decompositions V = (Vi,j) and U = (Ui,j) if

(∀i, j)(∃j′)(χ(Vi,j) = Ui,j′). We denote the set of isomorphisms that respect decompositions

V and U by ISOp((X,V), (Y,U)), where the ‘p’ stands for product decomposition. If the

decompositions are understood from context, we will write ISOp(X, Y ).

Definition 6.3.5 (ISOd). Given two groups X, Y , along with product decompositions X =∏r
i=1
∏ki
j=1 Vi,j , and Y =

∏r
i=1
∏ki
j=1 Ui,j , where (∀i, j)(Ui,j ∼= Vi,j ∼= Ti), and let ϕ, ψ be

diagonal products of V = (Vi,j) and U = (Ui,j) respectively. We say that an isomorphism

χ ∈ ISOp((X,V), (Y,U)) respects the diagonal products ϕ and ψ if ϕχ = ψ. We denote the

set of diagonal product respecting isomorphisms by ISOd((X,V), (Y,U);ϕ, ψ). Again, if V

and U are understood from context, we will omit them.

The following fact is clear from the definitions, and will be used to reduce to testing

diagonal-respecting isomorphisms.

Lemma 6.3.6. Let X, Y , be two groups with product decompositions X =
∏r
i=1
∏ki
j=1 Vi,j,

Y =
∏r
i=1
∏ki
j=1 Ui,j, where (∀i, j)(Ui,j ∼= Vi,j ∼= Ti). Let V = (Vi,j), and U = (Ui,j) be the
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product decompositions. Fix a diagonal product ϕ = (ϕ1, . . . , ϕr) of V, and let D be the set

of all diagonal products of U . Then

ISOp((X,V), (Y,U)) =
⋃
ψ∈D

ISOd((X,V), (Y,U);ϕ, ψ).

Proof. Given χ ∈ ISOp((X,V), (Y,U)), let ψ = ϕχ. Then ψ is a diagonal product of Y ,

since χ respects the product decomposition, and χ respects ϕ, ψ by definition.

The following fact, which follows from the definitions, will help us bound the cost of using

the previous lemma.

Lemma 6.3.7. The number of diagonal products of a system of groups ((Vi,j)
ki
j=1)ri=1, where

(∀i, j)(Vi,j ∼= Ti) is
∏r
i=1 |Aut(Ti)|ki.

Proof. For each i, let di be the number of diagonals ϕi : Ti →
∏ki
j=1 Vi,j . The number of

diagonal products will be
∏r
i=1 di. Now fix some i. The set of diagonals ϕi : Ti →

∏ki
j=1 Vi,j

is in bijective correspondence to the set
∏ki
j=1 ISO(Ti, Vi,j), since ϕi(Ti) is a subdirect prod-

uct. But Ti ∼= Vi,j by assumption, and hence (∀j)(|ISO(Ti, Vi,j)| = |Aut(Ti)|). Therefore

di = |Aut(Ti)|ki .

In our algorithm we will encounter the case where the factors of the decomposition are

non-abelian simple. If X and Y are groups that are direct products of non-abelian simple

groups, when we write ISOp(X, Y ), and ISOd(X, Y ;ϕ, ψ) omitting the decomposition, we

mean the unique decomposition given by Proposition 6.2.6.

6.3.3 Reduction to fixed diagonal products of the socles

Let G and H be two semisimple groups, with Soc(G) ∼= Soc(H) ∼=
∏r
i=1 T

ki
i , where the Ti

are pairwise non-isomorphic non-abelian simple groups. Corollary 6.3.3 applied to G and

H, with R = Soc(G), S = Soc(H) implies that the isomorphisms between G and H are
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determined by the isomorphisms of their socles. For ϕ, ψ diagonal products of Soc(G) and

Soc(H) respectively, let the set of ISOmorphisms that respect diagonal products of the socle

be:

ISOds(G,H;ϕ, ψ) = {χ ∈ ISO(G,H) : χ|Soc(G) ∈ ISOd(Soc(G), Soc(H);ϕ, ψ)}.

The following observation is an immediate consequence of Corollary 6.3.3 and Lemma 6.3.6.

Corollary 6.3.8. Let G,H be semisimple, ϕ a diagonal product of Soc(G), and D the set

of diagonal products of Soc(H). Then

ISO(G,H) =
⋃
ψ∈D

ISOds(G,H;ϕ, ψ).

The next fact, an easy consequence of Lemma 6.3.7, shows that this reduces ISO to

polynomially many instances of ISOds.

Observation 6.3.9. Let D be defined as in the previous corollary. Then |D| ≤ |H|2.

Proof. Each Ti is non-abelian simple, hence it is generated by 2 elements. Therefore |Aut(Ti)| =

|Ti|2, since an automorphism is determined by the images of the generators. So, by Lemma 6.3.7,

the number of diagonal products is bounded by

r∏
i=1

ki∏
j=1
|Aut(Ti)| =

r∏
i=1

ki∏
j=1
|Ti|2 ≤ |Soc(H)|2 ≤ |H|2.

Notation. If a group G is a direct product G =
∏k
i=1Gi, we will denote the set of factors

of G by Fac(G) = {G1, . . . , Gk}.

Recall that P := G/Pker(G) is a permutation group of degree at most log60 |G|. The

orbits of P correspond to minimal normal subgroups: using the notation from decomposi-

tion (6.2), Vi,j and Vi,j′ are in the same orbit of P if and only if they are both factors of the
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same minimal normal subgroup. In particular, P is transitive if and only if G has a unique

minimal normal subgroup.

Lemma 6.3.10. Let G and H be semisimple groups given by Cayley tables, with Soc(G) ∼=

Soc(H) ∼=
∏r
i=1 T

ki
i , and let P := G/Pker(G), Q := H/Pker(H). Then (a) every isomor-

phism χ ∈ ISOds(G,H;ϕ, ψ) is determined by the permutational isomorphism it induces

between P and Q; (b) given a permutational isomorphism f ∈ PISO(P,Q), we can check

whether it arises as the action of some χ ∈ ISOds(G,H;ϕ, ψ), and if so find that unique χ,

in polynomial time.

Proof. By Corollary 6.3.3, it suffices to prove the statement for every isomorphism χ of

Soc(G) and Soc(H) that respects the diagonals ϕ and ψ. Applying decomposition (6.2), let

us write

Soc(G) =
r∏
i=1

ki∏
j=1

Vi,j , and Soc(H) =
r∏
i=1

ki∏
j=1

Ui,j ,

where (∀i, j)(Vi,j ∼= Ui,j ∼= Ti). Let ϕ = ϕ1 × · · · × ϕr, where ϕi : Ti ↪→
∏ki
j=1 Vi,j is a

diagonal. Similarly define (ψi)
r
i=1 for H. For all i, j, let ϕij : Ti → Vi,j be the projection

of ϕi to the jth coordinate of
∏ki
j=1 Vi,j . Similarly let ψij : Ti → Ui,j be the projection of

ψi to the jth coordinate of
∏ki
j=1 Ui,j . Notice that ϕij is an isomorphism between Ti and

Vi,j , and ψij is an isomorphism between Ti and Ui,j . Now let χ ∈ ISOds(G,H;ϕ, ψ), and

let ` be such that χ(Vi,j) = Ui,`; we claim that ` determines χ|Vi,j . Indeed in order for χ

to respect the diagonal products, we must have χ|Vi,j = ϕ−1
ij ψi` . Therefore χ is uniquely

determined by its action on Fac(Soc(G)), which must be a permutational isomorphism of P

and Q, since χ is an isomorphism.

To prove (b), construct χf : Soc(G) → Soc(H) as follows. For every i ≤ r, j ≤ ki, let

f(Vi,j) = Ui,`. Then χf |Vi,j = ϕ−1
ij ψi`. Now χf ∈ ISOd(Soc(G), Soc(H);ϕ, ψ), and by

Corollary 6.3.3, we can check in polynomial time if it extends to an isomorphism of G and

H.
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6.4 Testing Isomorphism of Semisimple Groups with a Unique

Minimal Normal Subgroup

As a first application of the group theoretic framework from the previous section and the

permutational isomorphism test for transitive permutation groups (Theorem 5.2.1), we give

an isomorphism test of semisimple groups with a unique minimal normal subgroup. This

result is an ingredient in our isomorphism test for all semisimple groups, analogously to

the way in which the transitive case was used for the intransitive case of permutational

isomorphism.

Theorem 6.4.1. Let G and H be semisimple groups with a unique minimal normal subgroup.

Then (a) |Aut(G)| ≤ |G|O(1), and (b) we can list ISO(G,H) in time |G|O(1).

Proof. Fix a diagonal φ for Soc(G) and try every possible diagonal ψ for Soc(H). By

Corollary 6.3.8, we can focus on finding ISOds(G,H;ϕ, ψ). By Observation 6.3.9 this will

only add a factor of |Soc(G)|2 ≤ |G|2 to our count and complexity.

Let P = G/Pker(G) and Q = H/Pker(H). Recall that P and Q are transitive, since G

and H have a unique minimal normal subgroup. Part (a) then follows from the bound of

the number of permutational isomorphisms of a transitive permutation group (part (a) of

Theorem 5.2.1) and part (a) of Lemma 6.3.10.

To list all the isomorphisms, by part (b) of Theorem 5.2.1, we can list all f ∈ PISO(P,Q)

in time O(|P |clog60 |G|) ≤ O(|G|2), since the number of simple factors of G (and hence the

degree of P ) is at most log60 |G|. By part (b) of Lemma 6.3.10, for each such f , we can

check if extends to some χ ∈ ISOds(G,H;ϕ, ψ) in polynomial time in |G|.
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6.5 All Semisimple Groups – Reduction to Twisted Code

Equivalence

In this section we give a reduction of isomorphism testing of semisimple groups to twisted

code equivalence, proving Theorem 6.1.2.

6.5.1 Embedding into the automorphism group of the socle

Let G and H be semisimple groups, and consider decomposition (6.1) of Soc(G) and Soc(H)

as the product of the minimal normal subgroups:

Soc(G) =
d∏
i=1

zi∏
j=1

Ni,j , Soc(H) =
d∏
i=1

zi∏
j=1

Mi,j .

Recall that (∀i, j)(Ni,j ∼= Mi,j
∼= Ki), and all the Ki are characteristically simple (Ki =

T tii , for Ti non-abelian simple). For notational convenience, let K =
∏d
i=1K

zi
i . Let γ and ξ

be diagonal products of the systems (Ni,j) and (Mi,j) respectively. Arbitrarily pick an αγ ∈

ISOd(Soc(G),K; γ,∆), and a βξ ∈ ISOd(Soc(H),K; ξ,∆), where ∆ is the standard diagonal

product of
∏d
i=1K

zi
i . By Fact 6.3.1, the conjugation action of G and H on their socles gives

us corresponding embeddings α∗γ : G ↪→ Aut(K), and β∗ξ : H ↪→ Aut(K) (see Figure 6.2).

Let G∗ = α∗γ(G), and H∗ = β∗ξ (H). We have that Soc(G∗) = Soc(H∗) = Inn(K). Notice

that in fact G∗, H∗ ≤
∏d
i=1 Aut(Ki)

zi , since the conjugation action of G and H on their

minimal normal subgroup fixes them (they are normal). Let

ISO∗(G∗, H∗) = {f̂ | f ∈ ISO(Soc(G), Soc(H))}.

By Observation 6.3.2,

ISO(G,H) = α∗γ ISO∗(G∗, H∗) (β∗ξ )−1.

We will need to consider diagonals of the decomposition of the socle into simple groups.
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Figure 6.2: Embedding G and H into Aut(
∏
Kzi
i ).

For diagonals ϕ of Soc(H) and ψ of Soc(H), let

ISOds∗(G∗, H∗;ϕ, ψ) = {f̂ | f ∈ ISOd(Soc(G), Soc(H);ϕ, ψ)}.

Let ϕ and ψ be the diagonal products of the socles (in decomposition (6.2) as the product

of the simple factors) induced by γ and ξ respectively. Then we have

ISOds(G,H;ϕ, ψ) = α∗γ ISOds∗(G∗, H∗; ∆,∆) (β∗ξ )−1. (6.4)

Here ∆ is the standard diagonal product of the decomposition of the socles into simple

factors.

6.5.2 Reduction to code equivalence

By Equation (6.4), Corollary 6.3.8 and Observation 6.3.9, finding ISO(G,H) reduces to

polynomially many instances of the case of two groups G∗, H∗ ≤
∏d
i=1 Aut(Ki)

zi , with

Soc(G∗) = Soc(H∗) = Inn(
∏d
i=1 Aut(Ki)

zi), and we need to compute ISOds∗(G∗, H∗; ∆,∆).
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Let G∗ij be the restriction of G∗ to the jth copy of Ki, and similarly, H∗ij the restriction

of H∗ to the jth copy of Ki. These are groups with a unique minimal normal subgroup,

so by Theorem 6.4.1, we can compute their isomorphism types under permutational iso-

morphisms that preserve the standard diagonals. In other words, for every i, j, i′, j′, we

compute ISOds∗(G∗ij , H
∗
i′j′ ; ∆,∆). Let Γ1, . . . ,Γr be representatives of these isomorphism

types. These will be our alphabets. Choose arbitrary isomorphisms χij that preserve the

standard diagonals between the G∗ij and the corresponding representative, and analogously

choose arbitrary δij for the H∗ij .

We create codes G and H over the alphabets Γi as follows. Let σ ∈ G∗, and let σij ∈ G∗ij
denote the restriction of σ to Nij . The string associated with σ is σ = (σ

χij
ij )ij . Then

G = {σ | σ ∈ G∗}. Define H analogously, by setting π = (π
δij
ij )ij , for π ∈ H.

For ` ∈ [r], let W` = Autds∗(Γ`; ∆,∆) := ISOds∗(Γ`,Γ`; ∆,∆). This is the group of

automorphisms of Γ` induced by permutational automorphisms that preserve the standard

diagonals. By Lemma 6.3.10, these automorphisms are determined by the permutation they

induce on the set of simple factors. Thus if Γ` is acting on a copy of Ki then W` has a

faithful permutation representation of degree ti (the number of simple factors of Ki).

Let m` be the number of the G∗ij of isomorphism type Γ`. W.l.o.g. the number of H∗ij

of isomorphism type Γ` is also m` (otherwise there are no isomorphisms of G∗ and H∗

respecting the standard diagonals). Then G,H ≤
∏r
`=1 Γ

m`
` are subgroups; hence we view

G and H as groups as well as codes.

Lemma 6.5.1. Using the definitions from above,

ISOds∗(G,H; ∆,∆) = ÊQ(W1,...,Wr)(G,H)

Proof. Let χ ∈ ISOds∗(G,H; ∆,∆). By Lemma 6.3.10, χ is determined by the permutation

it induces on the simple factors. Let π(χ) be the permutation of the minimal normal sub-

groups induced by χ. π = π(χ) determines χ up to elements of the W` applied to each letter
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of the codes G and H. In other words, the set of ISOds∗(G,H; ∆,∆) is exactly the set of

(W`)-twisted equivalences of the codes G and H.

6.5.3 The algorithm

Theorem 6.5.2. Given G and H semisimple, we can find ISO(G,H) in time poly(|G|).

Proof. 1. Fix a diagonal product ϕ of Soc(G) and try all possible diagonal products ψ of

Soc(H). By Corollary 6.3.8 we can now focus on finding ISOds(G,H;ϕ, ψ).

2. Use the algorithm from part (a) of Proposition 6.2.6 to compute decomposition (6.1) of

the socles as the product of minimal normal subgroups, grouped by isomorphism type. If

a difference is noted between G and H, reject isomorphism. Otherwise pick representatives

Ki of the isomorphism types of the minimal normal subgroups, and construct G∗ and H∗ as

in Section 6.5.1.

3. By Equation (6.4), the problem reduces to finding ISOds∗(G∗, H∗; ∆,∆). Use part (b)

of Theorem 6.4.1 to compute the Γ` and W`; construct the codes G and H. The problem is

now reduced to finding ISOds∗(G,H; ∆,∆) (cf. Section 6.5.2).

4. Use Theorem 4.2.1 to compute ÊQ(W1,...,W`)(G,H), which is ISOds∗(G,H; ∆,∆) by

Lemma 6.5.1.

Analysis. Step 1 takes polynomial time by Observation 6.3.9. Step 2 takes polynomial

time by Proposition 6.2.6 and step 3 by part (b) of Theorem 6.4.1. The degree of the

permutation groups involved is bounded by the number of simple factors of the socles, which

is at most log60(|G|), and the order of the permutation groups is no larger than the order of

the original groups. Therefore the algorithm for permutational isomorphism of permutation

groups runs in polynomial time in |G|.

The running time of step 4 is determined by the twisted code equivalence algorithm. By

Theorem 6.4.1, the order of each W` is |G∗ij |
O(1) ≤ |G|O(1), and we can list all elements

of W` in polynomial time. By Lemma 6.3.10, for each W` that acts on a copy of Ki, we

can compute a faithful permutation representation in Sti , where ti is the number of simple
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factors of Ki. The size of the codes is |G|. The degree of the permutation groups involved is∑d
i=1 tizi = number of simple factors of Soc(G)| ≤ log60(|G|). Therefore by Theorem 4.2.1,

the running time is 22 log60 |G||G|O(1) = |G|O(1).

This concludes the proof of Theorem 6.1.2.
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CHAPTER 7

CONCLUSIONS

Our results use critically both combinatorial and group theoretic approaches to solve iso-

morphism problems. For isomorphism of combinatorial structures, the combination of group

theoretic and combinatorial methods was used already in 1979, in the paper that introduced

the group theoretic methods [2]. However, this combination had not been exploited since

then. While the algorithm for isomorphism of general graph isomorphism does use both the

combinatorial techniques and the group theoretic techniques, it does so separately: first it

applies the combinatorial trick due to Zemlyachenko [84], and then Luks’s group theoretic

techniques [55]. In our application to hypergraph isomorphism we use the two techniques

intertwined.

Our isomorphism test for semisimple groups is based on new connections between prob-

lems that are group theoretic and combinatorial in nature. Indeed we reduce isomorphism

of semisimple groups to the transitive case of permutational isomorphism, and instances of

twisted code equivalence.

7.1 Open Problems

In this section we collect the open problems mentioned in the previous chapters.

The biggest open problem in the area is to obtain a faster isomorphism test for graphs.

Open Problem 7.1.1. Solve Graph Isomorphism in time exp(n1/2−ε).

An important question is about finding canonical forms for hypergraphs.

Open Problem 7.1.2 (Cf. Section 3.8). Canonical forms for hypergraphs in moderately

exponential (or even simply exponential) time.

Another question is to obtain a moderately exponential isomorphism test for hypergraphs

with a running time that has a better dependence on k.
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Open Problem 7.1.3 (Cf. Section 3.8). Test Isomorphism of k-hypergraphs in time

exp(
√
nk).

The big open problem in the area of group isomorphism is to find a polynomial time

isomorphism test.

Open Problem 7.1.4 (Cf. Section 1.1.2). Solve Group Isomorphism in polynomial time.

We showed that abelian normal subgroups are the only obstacle to solving this problem

(cf. Chapter 6). A better understanding of nilpotent groups (even nilpotent groups of class

2) is necessary. Indeed it is believed that nilpotent groups of class 2 are the hardest case.

However there is no reduction to the nilpotent case, and a result in this direction would be

interesting.

Open Problem 7.1.5 (Cf. Chapter 5). Solve Permutational Isomorphism in time

simply exponential in the degree. An interesting first step would be to answer this question

for transitive permutation groups.

Open Problem 7.1.6 (Cf. Open Problem 4.3.3). Solve Group Code Equivalence in

time cn poly log(|Γ|).

While the problem is solved for Γ = Zp (Theorem 4.3.4 cf. [10]), it remains open even

for elementary abelian groups (Zp × · · · × Zp) and cyclic groups (Zm).
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[6] László Babai. On the order of doubly transitive permutation groups. Inventiones Math-
ematicae, 65:473–484, 1982.
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[18] László Babai, Paolo Codenotti, and Youming Qiao. Testing isomorphism of groups with
no abelian normal subgroups. in preparation, 2011.
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[24] László Babai, Eugene M. Luks, and Ákos Seress. Permutation groups in NC. In Proc.
19th STOC, pages 409–420. ACM Press, 1987.
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APPENDIX A

NOTES ON TERMINOLOGY

A.1 On uses of the term ‘moderately exponential’

The term ‘moderately exponential’ is used sometimes with different meanings. Often the

definition is not precise, and just refers to algorithms that, while worse than polynomial, are

not simply exponential. Many authors avoid the term altogether. In the relatively new field

of exact algorithms for NP-hard problems, the term is often used with a specific meaning,

different from ours (cf. e.g. [37, 63]). We chose our use to be consistent with the isomorphism

literature(see e.g. [4, 57].

In this note I will talk about the connection between the different notions of moderately

exponential, and related complexity classes. To avoid confusion, I will refer to our use

of the term moderately exponential as ME and their use as ME*. Recall that a problem

with witness space W (x) on input x is in ME if there is an algorithm with running time

exp((log |W (x)|)1−c) poly(|x|), for some constant c > 0. A problem with witness space W (x)

on input x is in ME* if there is an algorithm with running time exp((1−c) ln |W (x)|) poly(|x|),

for some constant c > 0. We have that ME ⊆ ME*, but not vice-versa. In this literature

they also use ‘sub-exponential time’ (SE), a complexity class that is closer to our moderately

exponential time. A problem with witness space W (x) on input x, is in SE if there is an

algorithm solving it in time exp(o(log |W (x)|)) poly(|x|). We have the inclusions

ME ⊆ SE ⊆ ME* .

For example, for the satisfiability problem SAT on n variables, a running time of 2n poly(n)

is exponential (that is the size of the search space), (2− c)n for some c > 0 is ME*, 2n/ log n

is SE, and 2n
1−c

is ME. Some motivation for the use of ME* and SE is that the Ex-

ponential Time Hypothesis states that there is no SE algorithm for 3-SAT, and the
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Strong Exponential Time Hypothesis states that there is no ME* algorithm for SAT

(cf. [45, 46]).

A.2 On uses of the term ‘semisimple group’

The term ‘semisimple group’ is used with different meanings by different authors. Our

definition is that a group is semisimple if it has no abelian normal subgroups (c.f. Defi-

nition 6.1.1, Section 6.1.1). In terms of the BB-filtration of groups (c.f. Section 6.2.2), an

equivalent definition is that the solvable radical is trivial. Recall that the solvable radical of

a group is the (unique) maximal solvable normal subgroup.

Below is a summary of definitions from various authors. Robinson [69] uses the same

definition we use. Three books on linear algebraic groups give equivalent definitions that

are different from ours, but have the same flavor: a linear algebraic group is semisimple if

the radical is trivial. The difference lies in the definition of radical, which they additionally

require to be connected. Suzuki [76] uses the term in yet another way, which is not of the

same flavor as the others.

For arbitrary groups.

• D. J.S. Robinson [69] (page 89) has the same definition as ours: “A finite group is

semisimple if it has no abelian normal subgroups.”

• M. Suzuki [76] (page 446): “A group S is said to be semisimple if S = S′ and if

S/Z(S) is the direct product of nonabelian simple groups.” Here S′ is the commutator

subgroup. In terms of the BB-filtration of groups ([12], c.f. Section 6.2.2), this means

that S is perfect, Rad(S) = Z(S), and S = Soc∗(S).

For linear algebraic groups. The following three are equivalent.

• J. E. Humphreys [44] (19.5, page 125): “If R(G) is trivial and G 6= e is connected, we

callG semisimple.” HereR(G) is the radical ofG, defined as: “... an arbitrary algebraic
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group G possesses a unique largest normal solvable subgroup, which is automatically

closed. Its identity component is then the largest connected normal solvable subgroup

of G; we call it the radical of G, denoted R(G).”

A different but equivalent definition is given in the same book (13.5, page 89): “A con-

nected algebraic group of positive dimension is semisimple if it has no closed connected

commutative normal subgroups except {e}.” This is motivated by the definition: “A

Lie algebra of positive dimension is semisimple if it has no nonzero commutative ideal”

(same page). This definition is similar in flavor to our first definition (Definition 6.1.1).

• T. A. Springer [75] (6.14, page 150): “A linear algebraic group is semisimple if the

radical of G is the identity.” Here the radical of a linear algebraic group is the max-

imal closed, connected, solvable normal subgroup. Note that the ‘closed’ condition is

superfluous, as pointed out in the Humphreys quote above.

• A. Borel [30] (11.21, pp. 157-158): “A group is semisimple if RG = {e}.” Here RG is

the radical of G, defined as

RG =

 ⋂
B∈B

B

◦ ,
Where G◦ is the connected component of e in G, and B is the set of all Borel subgroups.

“A Borel subgroup is one which is maximal among the connected solvable subgroups”

(11.1, page 147).
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