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Abstract

These notes describe the author’s elementary graph theoretic proof of the nearly tight
exp(4y/n In® n) bound on the order of primitive, not doubly transitive permutation groups
(Ann. Math., 1981). The exposition incorporates a lemma by V. N. Zemlyachenko that
simplifies the proof.

The central concept in the proof is primitive coherent configurations, a combinatorial re-
laxation of the action of primitive permutation groups. The exposition follows the authors’
2003 REU lecture; simple observations are listed as exercises.

1 Large primitive groups

We say that a permutation group is uniprimitive if it is primitive but not doubly transitive.
The following result appeared in [Ba81] in 1981, solving a then century-old problem.

Theorem 1.1. If G is a uniprimitive permutation group of degree n then |G| < exp(4y/n1n®n).

In this note we give an exposition of the proof that incorporates a simplification by Viktor N.
Zemlyachenko. The proof is an entirely elementary combinatorial argument. It does not even
use the concept of groups except for the translation of the problem to a purely combinatorial
question.

The bound is tight apart from a logarithmic factor in the exponent, as shown by the bullet
point list below.

Exercise 1.2. All groups in the bullet point list below are primitive and all but S,, and A,
are uniprimitive.

*Based on a 2003 REU lecture; scribe: Tom Hayes. Revised: LB, May 2011 and October 2018.



Let [n] denote the set {1,...,n}. Let S,, and A,, denote the symmetric and the alternating
groups of degree n, respectively. For a permutation group G < S,, we write G®) to denote the
induced action of G on the set of ('}) t-subsets of [n], so it < S(n)

t

We say that two sequences of numbers ay,b, > 1 are log-asymptotically equal if their
logarithms are asymptotically equal: Ina, ~ Inb,, i.e.,
Ina,

i =1.
ns00 1n by,

We write a,, ~ b, to denote this circumstance.

The following is a list of large primitive groups.

e S, and A, (of orders n! and n!/2, respectively)

° S,(f) and A,(f) (forn = (g)), of orders k! and k!/2, resp.; both numbers are log-asymptotically

equal to exp(y/n/2Inn)

e S; 1Sy and Ap 1 Sy (acting on n = k? elements), of orders 2(k!)? and (1/2)(k!)?, resp.;
both numbers are log-asymptotically equal to exp(y/nlnn)

e the unique group H such that A, 1Sy < H < Sip 1Sy (also for n = k?); H has order
k! ~ exp(y/nlnn).

These are in fact the largest primitive groups.

Theorem 1.3. The exists a constant ¢ such that for sufficiently large n, all primitive permu-
tation groups not in the list above have order at most exp(n'/3(Inn)°).

This result follows from a 1981 result by Peter Cameron [Ca81] that heavily relies on the
Classification of Finite Simple Groups (CFSG). As of 2015, an elementary proof also exists.
Much stronger bounds on the order of doubly transitive groups were proved by Babai [Ba82]
and Pyber [Py93] decades ago. The uniprimitive case was recently settled by Xiaorui Sun and
John Wilmes in their remarkable work on uniprimitive coherent configurations [SW15].

In this note we focus on the uniprimitive case.

The problem of bounding the orders of primitive permutation groups goes back to the 19th
century. The following papers were the milestones in the development of bounds that do not
rely on the CFSG.

Theorem 1.4. Assume G < S, A, £ G, and G is primitive.

|
1. (Bochert, 1889 [Bo1889]) |G| < — v ~ exp (glnn)

[n/2]!



2. (Wielandt, 1934 [Wi34], Praeger—Saxl, 1980 [PrS80]) |G| < 4"
(using nontrivial elementary group theory)
3. (Babai, 1981 [Ba81]) If G is uniprimitive then |G| < exp(4y/n1n?n)
(using no group theory at all, only graphs and a simple probabilistic argument)
4. (Babai, 1982 [Ba82]) If G is doubly transitive then |G| < expexp(1.18V1nn)
(using elementary group theory and a simple probabilistic argument)
5. (Pyber, 1993 [Py93]) If G is doubly transitive then |G| < exp(O(In n))
(

using elementary group theory and the probabilistic argument of [Ba82]) and |G| <

exp(O(In® n)) (using additionally an elementary group theoretic result of Wielandt [Wi34])

6. (Sun-Wilmes, 2015 [SW15]) If G is uniprimitive and not on the list above then |G| <
exp(O(n!/3 In"/3 n)) (using no group theory at all, only graphs in the framework of [Ba81])

2 Coherent configurations

Remarks about symmetry and regularity: symmerty conditions are given in terms of automor-
phisms; regularity conditions in terms of numerical parameters. Symmetry condition imply
regularity conditions (e.g., vertex-transitivity is a symmetry condition, which implies that
the graph is regular, a regularity condition). The converse is seldom true. We shall define
regularity conditions on a family of edge-colored digraphs which capture some combinatorial
consequences of primitive group action. Using this translation, we shall prove a combinatorial
result which implies a nearly optimal upper bound on the order of uniprimitive permutation
groups.

Let Q be a finite set, and A = {(z,x) | z € Q} the diagonal of Q x Q.

Definition 2.1 (Coherent configuration). Let us consider a structure of the form X = (£2; Ry, . .
where R; C Q x Q and the non-empty sets R; partition Q x Q = RoU...UR,_1. The number
r is the rank of X.

We call the digraph X; = (2, R;) the color-i constituent of X. The color of a pair z,y is
defined as ¢(z,y) =i if (z,y) € R;.

To be coherent, X needs to satisfy the following three axioms.

Al: ¢(z,x) = c(y, z) = y = 2. In other words, some of the R; form a partition of the diagonal
A = RoU...UR;,—1. Terminology: we call ¢(z) := ¢(z,x) the color of vertex x.

A2: (Vi)(3)(R; = R; ). Terminology: R; is self-paired if R; = R; ', i.e., X; is undirected.
A3: (Bpigp)(V(z,y) € Ri)(#{z | c(w, 2) = j,c(z,9) = k} = pij)

The 73 parameters i jk are called the intersection numbers of X.
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Exercise 2.2. The number of z — - -+ — y walks of a given length and given color-composition
(given sequence of colors) only depends on c¢(z,y).

An automorphism of a coherent configuration is a color-preserving permutation of its set
of vertices. Aut(X) denotes the group of automorphisms. So the permutation 7 € Sym({2)
belongs to Aut(X) if and only if (Vx,y)(c(z,y) = c(z™, y™)).

3 The group case

Definition 3.1. An orbital T' of a permutation group G < Sym(€2) is an orbit of G on the set
of ordered pairs (I' C Q x Q). T is self-paired when I' = I'"! (i.e., for (z,y) € T there exists
o € G such that 27 =y and y? = x). The rank r of a permutation group is the number of its
orbitals.

Exercise 3.2. If n > 2 then G is doubly transitive if and only if rk(G) = 2.
Definition 3.3. For G < Sym(Q2), we set X(G) := (£2; orbitals).

Exercise 3.4. Prove: X(G) is a coherent configuration.

We refer to X(G) as a “Schurian” coherent configuration;” collectively, they form “the
group case.”

Exercise 3.5. G < Aut(X(G)).

Remark 3.6. There exist coherent configurations that are not Schurian. In fact, there are
exponentially many rank-3 coherent configurations with no automorphisms.

4 Coherent configurations: homogeneous, primitive

In this section, X is a coherent configuration.

Definition 4.1. X is homogeneous if all vertices have the same color, i. e., the diagonal is one
of the constituents. In this case we set Rg = A.

Exercise 4.2. X(G) is homogeneous <= G is transitive.
Definition 4.3. A digraph is Eulerian if every vertex has the same indegree and outdegree.

Exercise 4.4. Prove: in an Eulerian digraph, every weakly connected component is strongly
connected.

Exercise 4.5. If X is homogeneous, then every constituent is biregular, i.e.,
(Vi <7 —1)(3p;)(Vz € Q)(in-degree;(z) = out-degree;(z) = p;).



In particular, if X is homogeneous then each constituent X; is Eulerian, and therefore its
weak components are strongly connected.

Exercise 4.6. Zg;ol pi=n

Definition 4.7. X is a primitive coherent configuration if X is homogeneous and all constituent
digraphs X; except the diagonal (i > 1) are connected.

Exercise 4.8. X(G) is primitive <= G is primitive.
Definition 4.9. The coherent configuration X is uniprimitive if X is primitive of rank r > 3.

Exercise 4.10. X((G) is uniprimitive <= G is uniprimitive (primitive but not doubly transi-
tive).

5 Bases of permutation groups
Let G < Sym(f2). The stabilizer of x € Q in G is the group G, = {0 € G | 7 = z}. Let
¥ C Q). We denote the pointwise stabilizer of ¥ in G by Gy, so Gg = ﬂxeq, G,.
Definition 5.1. ¥ C Q is a base of G if Gy = {1}.
Exercise 5.2. If ¥ is a base of G < S, then |G| < nlYl.
In fact |G| <n(n—1)...(n—|¥|+1).
Therefore, Theorem 1.1 will follow from the following result.
Theorem 5.3. If G < S,, is a uniprimitive group then G has a base of size < 4y/nlnn

Exercise 5.4. How large is the smallest base for each permutation group listed in the bullet-
point list in the Introduction?

6 Distinguishers

In this section, X = (Q; Ry, ..., Rr-—1) is a coherent configuration.

Definition 6.1. Vertex z distinguishes vertices = and y if ¢(x, z) # ¢(y, z). In this case we
call z a distinguisher of x and y. D(z,y) = {z | c(z,2) # c(y,2)} is the set of distinguishers
of the pair {z,y}.

We shall see that the essence of our problem is to prove a strong lower bound on the size
of the sets of pairwise distinguishers.



Exercise 6.2. If X = X(G) and z € D(z,y), then x,y are not in the same orbit of G,.
(Obvious, because the group preserves the colors.)

Definition 6.3. A distinguishing set of X is any set ¥ C Q such that (Vz # y)(YND(z,y) # 0).
In other words, for every pair z,y, ¥ contains an element which distinguishes them.

Exercise 6.4. If U is a distinguishing set of X then WU is a base of Aut(X). In particular, if ¥
is a distinguishing set of X(G) for a permutation group G then U is a base of G.

Therefore, Theorem 5.3, and with it, Theorem 1.1, will follow from the following purely
combinatorial result.

Theorem 6.5. If X is a uniprimitive coherent configuration with n vertices then X has a
distinguishing set of size less than 4\/nlnn.

This will be an immediate consequence of the following.

Theorem 6.6 (Main technical result). Let X be a uniprimitive coherent configuration with n
vertices. Then every pair of distinct vertices has at least \/n/2 distinguishers, i.e., for every

x #y we have |D(z,y)| > /n/2.

7 A probabilistic argument

To derive Theorem 6.5 from our main technical result, Thm. 6.6, we use a standard probabilistic
argument.

Let 2 = (Q,&) be a hypergraph with m edges, i.e., & = {E1,...,Eyn}. A cover of
is a set C' C Q that intersects each E;. The covering number 7(7) is the minimum size of
COVers.

Lemma 7.1 (folklore). If every edge of the hypergraph € has size > k then

() < [(n/k)Inm].

Proof. Pick uq,...,us € ! independently at random. The probability that none of the u; hits
the edge E; is (1 — |E;|/n)t < (1 — k/n)t < exp(—kt/n). By the union bound, the probability
that some edge is not hit is less than m - exp(—kt/n). We conclude that if m - exp(—kt/n) <1
then 7(7¢) < t. In other words, if ¢ > (n/k)Inm then 7 < t. O

The following exercise connects this lemma with our subject.

Exercise 7.2. Let 57 (X) = (Q; D(x,y) | = # y) be the hypergraph of sets of pairwise distin-
guishers. Then the distinguishing number of X is 7(J7(X)).



Let now X be a coherent configuration. The hypergaph (%) has m = (}) < n?/2 edges,
each of size > Dyin = ming», |D(x,y)|.

Corollary 7.3. Let D} . = min{Dyin, nln2}. Then X has a distinguishing set of size less
than 2nlnn/ D}

min *

Proof. By Lemma 7.1 and Ex. 7.2, there is a distinguishing set of size less than
(n/Dpin)(2Inn —In2) +1 < 2nlnn/D? O

min*

Now by Theorem 6.6 we have Dpin > +/n/2 and therefore D} . > \/n/2. Theorem 6.5
follows.

8 Minimum size of sets of pairwise distinguishers

This section contains the meat of the paper: the proof of our main technical result, Theorem 6.6.
In this section, X is a uniprimitive coherent configuration.

Exercise 8.1. |D(z,y)| depends only on ¢(z,y).

Notation 8.2. Let D(i) := |D(z,y)|, where i = ¢(x,y).
Recall that X; = (Q; R;) is the color-i constituent. Let X! = (Q; R;UR; ') be the symmetriza-
tion of X;, so X/ is an undircted graph.

Notation 8.3. For a graph X and vertices x,y we write distx(z,y) to denote the distance
of z and y in X (length of shortest  — --- — y paths). The diameter of X is diam(X) =
maxg, dist(z,y).

Exercise 8.4. For all i, diam(X]) <r — 1.

For a graph X, we denote the complement of X by X.

Lemma 8.5. Fori > 1, if X! is not the complete graph, then diam(fé) =2.

Proof. There exist x,y at distance 2 in YZ{, because there exist x, z not adjacent in Yg, but YZ’
is connected by primitivity, and so the third vertex of any minimal x, z-path is at distance 2
from .

Now take any u,v € €2, not adjacent in YZ’ Need to show: distw7(u,v) > 2. Need to show:

u,v have a common neighbor in X!. c(u,v) € {i,i~'}. Tmplies # common neighbors of u,v in
X! is the same as for z,y. O

Exercise 8.6. If X is a regular graph of degree p and diameter 2, then p > v/n — 1.

Lemma 8.7. Assumen >5. Then (Vi > 1)(pi<n—1—+/n—1).



Proof. If X! is the complete graph, then p; = (n — 1)/2 and we are done. Otherwise, use
Lemma 8.5 and Exercise 8.6. O

Notation 8.8. We shall consider the average distinguishing number

~ n(n-1)
Also, let pmax := max; p;.

Lemma 8.9. D >n — ppax > Vn—1+1> /n.

Proof. Count the triples (z,y, z) such that z ¢ D(z,y). This means c(x, z) = c(y,z) = p; for
some ¢. This is

5_2impilei=1) _ Yii(pi— 1)

n—r= n—1 = max? < Pmax-

0
Lemma 8.10. D(i) < disth/_ (i) - D(j).
Proof. Let xg,21,...,24 be a in XJ’~ path where c¢(xg,zq) = i. D(zo,z4) C U?Zl D(zi_1,z;).
The size on the left side is D(i); all stes on the right side have size D(j). O
Notation 8.11. diam(i) := diam(X]).
Corollary 8.12. D(j) > D/ diam(j).
Proof. Need: D < diam(j)D(j). Pick i such that D(i) > D. Then dist y/ (i) < diam(X}) =
diam(j). O
Corollary 8.13. If diam(i) = 2 then D(i) > y/n/2.
Proof. Combine Lemma 8.9 and Cor. 8.12. O

Lemma 8.14 (Zemlyachenko). If diam(i) > 3 then D(i) > 2p;/3.

Proof. Let dist;(z,w) = 3 and let x,y, z, w be a shortest path from x to w in X/. Let X/(z) = {
neighbors of x in color i }. The Lemma is immediate from the following claim.

Claim 8.15. X/(z)U X/(w) C D(z,w) ;

the sets X!(z) and X/ (w) are disjoint;

and D(i) > |D(z,w)|/3.



The claim is easy: if some X/-neighbor u of = did not distinguish z from w then c(u, w) =
c(u, ) = i*, so z —u —w would be an X/-path of length 2, contradicting the assumption that
dist;(z,w) = 3. Same for X/(w). Now if v € X/(z) N X/(w) then z — u — w would again be a
path of length 2 in X/ between x and w. Finally, |D(x,w)| < 3D(i) by Lemma 8.10. O

Exercise 8.16. Suppose there exists an edge of color h between X;(x) and X;(z). Then there
exist at least max(p;, pj) such edges.

Lemma 8.17. (Vh # 0)(Vzx)(z distinguishes at least n — 1 pairs of color h).

Proof. Let us construct a graph H using the set V' = {0,1,...,r — 1} of colors as vertex set.
Let w(i, j) be the number of edges of color h or h~! from X;(z) to X;(x). Put an edge between
i and j if w(i,j) # 0; assign weight w(i, j) to this edge. It follows from Exerciseconn-ex that
if there is an {i, j} edge then w(i, j) > max(p;, p;).

H is a connected graph. This follows from the primitivity of X (why?). Let T be a spanning
tree of H. Let us orient T away from vertex (color) 0. x distinguishes > 7 edges of color h,
where 7 := total weight of edges of T.

r—1
T=Y wi, )= p=) pi=n-1
=1

i—] i—]

Corollary 8.18. D(i) > (n —1)/p;.

Proof. Count the triples N = |{(z,v, 2) | c(z,y) =i,z € D(z,y)}| in two different ways.

Count by (z,y). The number of pairs (z,y) such that ¢(z,y) = i is np;. For each such pair,
there are D(i) choices for z. Thus,
N =np;D(7).

Now count by z. There are n choices for z. Given z, there are at least n — 1 pairs (z,y)
distinguished by z. Thus
N =npD(i) = n(n — 1),

and so
piD(i) >n —1.

O

Corollary 8.19. If diam(i) > 3 then D(i) > \/2(n —1)/3.

Proof. Multiplying the expressions for D(i) from Lemma 8.14 and Corollary 8.18, we get

D(i)? > 20 n—1_ 2(n—1)'
3 Pi 3

[



Observing that /2(n — 1)/3 > v/n/2 (for n > 2), Cor. 8.19, combined with Corollary 8.13,
completes the proof of Theorem 6.6.

9 Concluding remarks

The degree of a permutation o is the size of its support, i. e., the number of elements not fixed
by o. The minimal degree of a permutation group G < Sym({2) the minimum of the degrees
of the non-identity elements of G. Let us denote this quantity by m(G).

For instance, m(S,) = 2 and m(4,,) = 3.

Exercise 9.1. Prove: for all groups G other than S, and A, in the bullet point list in the
Introduction, m(G) = ©(y/n), i.e., there exist constants ¢; > ¢ > 0 such that

cavn <m(G) < epv/n.

The minimal degree of permutation groups has been studied since the 19th century. The
objective is to prove general lower bounds. Two early highlights are a result by Jordan [Jo1871]
(as simplified by de Séguier [dS12, p. 58]) and one by Bochert [Bo1892].

Theorem 9.2 (Jordan). If G is a uniprimitive permutation group of degree n then m(G) >
(I —0(1))y/8n/Inn.
Theorem 9.3 (Bochert). If G is a doubly permutation group of degree n, other than S, or
Ay, then m(G) > n/4 — 1.

We obtain a slight strengthening of Jordan’s result and extend it to uniprimitive coherent
configurations.

Exercise 9.4. If G > H then m(G) < m(H). In particular, m(G) > m(Aut(X(Q)).

Exercise 9.5. Let X be a coherent configuration. Then m(Aut(X)) > Dpin.

A combination of these two observations yields the following corollary to Theorem 6.6.
Corollary 9.6. If X is a uniprimitive coherent configuration then m(Aut(X)) > /n/2. In

particular, the minimal degree of a uniprimitive permutation group is at least \/n/2.

We conclude this note with three conjectures. The first of these is stated in [Ba81]. In each
conjecture, X is a primitive coherent configuration of rank r with n vertices. pmax = max; p;
is the maximum outdegree among the constituents.

Exercise 9.7. Dpyin > (1 — pmax)/(r —1) .

10



(Hint: Lemma 8.9, Cor. 8.12, and Ex. 8.4.)
It follows by Cor. 7.3 that X has a distinguishing set of size < 2(r — 1)(nlnn)/(n — pmax))-

We believe the dependence on r is not necessary; the situation can only get better with
growing rank.

Conjecture 9.8 ([Ba8l]). X has a distinguishing set of size O(nlnn/(n — pmax))-

Note that by the above, this is true for bounded r.

In proposing Conj. 9.8, the following stronger problem was on my mind.

Conjecture 9.9. For uniprimitive coherent configurations, Dmin = Q(n — pmax)-

By Cor. 7.3, this conjecture implies Conj. 9.8.
Conj. 9.9 is true for bounded rank by Ex. 9.7.

Compare Conj. 9.9 with Lemma 8.9. The Lemma asserts that the average size of pairwise
distinguishers is D > n — pmax-

Conjecture 9.10. For primitive coherent configurations of rank r > 3, Dy = Q(n'~1/=1)).
Or at least Dy = Q(nl_f(”), where f(r) — 0.

The first statement holds for » = 3 by our main technical result, Theorem 6.6.
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