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Abstract

We give an algorithm to decide isomorphism of hyper-
graphs of rank k in time exp (6(k2\/ﬁ)) where n is the
number of vertices. (The rank is the maximum size of edges;
the tilde refers to a polylogarithmic factor.) The case of
bounded k answers a 24-year-old question and removes an
obstacle to improving the worst case-bound for Graph Iso-

morphism testing. The best previously known bound, even
for k = 3, was C™ (Luks 1999).

1 Introduction

NP problems are defined via a “witness space” W (x)
(where z is the input). |W(x)| is typically exponen-
tial in |z|. Exhaustive search of W (z) solves the prob-
lem in time |W(z)|poly(|x|). To reduce this time to
exp ((In|[W(z)])'~¢) poly(|z|) for some constant ¢ > 0
usually requires nontrivial insight; we call algorithms run-
ning within such a time bound “moderately exponential.”
Thus for the Graph Isomorphism problem, a moderately ex-
ponential algorithm would run in exp(O(n'=¢)) where n is
not the length of the input but the number of vertices (since
the witness space in the definition consists of n! permuta-
tions).

Moderately exponential algorithms for Graph Isomor-
phism were found in the wake of the introduction of
group theoretic methods to the Graph Isomorphism prob-
lem ([Bal, Lul]); the best existing bounds are of the form
exp(O(y/n)) and arise from a combination of Luks’s semi-
nal work on divide-and-conquer methods to manipulate per-
mutation groups [Lul], combined with a combinatorial trick
due to Zemlyachenko. The result appears in [BL] (1983);
Luks subsequently refined the bound to exp (O(\/n log n))
(see [BKL], 1984). This remains the state of the art after
a quarter century; reducing the leading /7 term to n'/2~¢
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in the exponent is a major open problem. For an important
special case, that of strongly regular graphs, which admit

a completely elementary exp (6(\/ﬁ)> isomorphism test

[Ba2], the exponent of the exponent was reduced to 1/3 by
Spielman in 1996 [Sp].

While isomorphism of explicit hypergraphs is
polynomial-time equivalent to Graph Isomorphism,
reductions do not preserve moderate exponentiality, so
the natural question arises whether isomorphism of hyper-
graphs, even of hypergraphs of bounded rank (bounded
size of edges) can be tested in moderately exponential
time. This question was stated in [BL] in 1984, and it
was pointed out there that the absence of a moderately
exponential bound for 4-uniform hypergraphs is an ob-
stacle to improving the O(y/n) bound to n'/2=¢ in the
exponent of the bound for Graph Isomorphism, adding to
the significance of the problem.

In an important development, Luks reduced the trivial
factorial bound to simply exponential (C"™) for testing iso-
morphism of hypergraphs of any rank [Lu3] (1999) (again,
n is the number of vertices). However, this bound does not
qualify as “moderately exponential,” and Luks reiterates the
long-standing open problem of moderately exponential iso-
morphism test for hypergraphs of bounded rank.

In the present paper we resolve this old problem, not only
for bounded rank but even for rather large ranks.

Recall that a hypergraph X = (V, E) consists of a set V'
of vertices and a set E' of “edges;” the edges are subsets of
V. The rank of X is the maximum size of its edges.

We state our main result. As above, we use the soft-Oh
notation to suppress polylogarithmic factors, so for a func-
tion f(n) we write O(f(n)) to denote the class of functions
F(n)(logn)°M. So for instance n! = exp(O(n)).

Theorem 1.1. Isomorphism of hypergraphs of rank k with
n vertices can be tested in exp (6(k2 \/ﬁ))

Note that this bound is exp(O(y/n)) for bounded k.

A key ingredient of our procedure is a subexponential al-
gorithm for the Coset Intersection problem: given two sub-
cosets of the symmetric group, determine their intersection.



The intimate connection of this problem to Graph Isomor-
phism was first highlighted in Luks’s seminal paper [Lul];
an n®V™) algorithm was found by the first author:

Theorem 1.2. (/Ba7]) The Coset Intersection Problem can
be solved in n°V™ time. In fact, it can be solved in time
nPWmOW™) time where m is the length of the longest
orbit of the two groups.

The n®(V™) result was first described in [Ba5] (1983). It
was included with a sketch of the proof in [BKL]. The proof
of the main structural group theoretic lemma was given in
full in [BBT]. While the outline of the coset intersection
algorithm given in [BKL] omits key details, a full proof is
now available [Ba7].

Other ingredients include the moderately exponen-
tial Graph Isomorphism test and a combinatorial lemma
(Lemma 3.10).

2 Opverall strategy

For the purposes of recursion, we shall need to con-
sider the more general G-isomorphism problem, i.e., the
problem of finding all isomorphisms between two objects
X, Y on the same underlying set (vertex set) that belong to
a given permutation group G. If ISO(X,Y’) denotes the
set of isomorphisms of X and Y then the set of their G-
isomorphisms is ISO(G; X,Y) = GNISO(X,Y).

The overall scheme of our procedure is gradual approx-
imation. In each round we consider an invariant. If the
invariant fails to yield isomorphism rejection, we bring Y
“closer” to X in the sense that X and Y now look identical
with respect to the invariant. We reduce G in the process
by making it respect the invariant. A simple illustration of
this principle is to compare the degrees of the vertices of X
and Y'; if this comparison does not yield isomorphism re-
jection then we move each vertex of Y to a vertex of X of
the same degree and reduce G to its subgroup that preserves
the degree of each vertex of X.

We describe this idea on a slightly more formal level.
While searching for irregularities in X, we may discover
a proper subgroup H < G such that Aut(G; X) < H.
Repeating the same process for Y either we refute G-
isomorphism of X and Y or find a subgroup K < G such
that Aut(G;Y) < K and K = o Ho~ ! is a conjugate of H
for some o € GG which is computed along the way. Now we
replace Y by Y7 and G by H.

The goal is to reach a point when G becomes a subgroup
of the automorphism group Aut(X) (so Aut(G; X) = GQ);
once this is the case, we conclude that either X = Y or X
and Y are not G-isomorphic.

Another aspect of our procedure is that it is recursive.
If we find any irregularity in X, we either reject Y (if the
same irregularity is not found in Y'), or we split X as well

as Y into “more regular” parts, determine the isomorphisms
of the parts, and paste the results together.

An illustration of how this works is the case of invari-
ant coloring of edges. (For instance, for graphs, we may
color edges according to the number of triangles containing
them.) Isomorphisms preserve this coloring. Now given the
sets of isomorphisms of the corresponding pairs of edge-
color-classes of the two hypergraphs, we need to take the
intersection of these sets. Noting that the set of isomor-
phisms of X and Y is a coset, we see that this last step is an
instance of Coset Intersection. This idea permits us to work
with highly regular structures only.

Finally, following Luks’s divide-and-conquer idea for
permutation groups [Lul], we need to delve into the group
structure to some depth. As in [Ba7], the bottleneck arises
from transitive groups with a large alternating or symmet-
ric group action on a set of blocks of imprimitivity (“giant
action”); handling this case constitutes the principal techni-
cal contribution of this paper. For the divide-and-conquer to
succeed, we need to switch from hypergraphs to k-partite k-
hypergraphs; this is analogous to moving to bipartite graphs
from graphs.

3 Preliminaries
3.1 Groups

The symmetric group Sym(2) acting on the set £ con-
sists of all permutations of €2; the operation is composition.
The alternating group Alt(Q)) is the (unique) subgroup of
index 2 in Sym(f2) consisting of the even permutations.
Subgroups of Sym(2) are called permutation groups; we
refer to ) as the permutation domain. The degree of a per-
mutation group is the size of the permutation domain.

If Q = [n] := {1,...,n} then we write S, for Sym({2)
and A, for Alt(Q).

Permutation groups will be represented by a list of gen-
erators; to “compute a subgroup” means to find generators
for the subgroup.

Basic manipulation of permutation groups, including
membership testing and finding the order, can be done in
polynomial time ([Sil, Si2, FHL, Kn], see [Se]). It follows
that from any list of generators, a minimal (non-redundant)
list can be computed in polynomial time. Such a list has
< 2n elements, where n = || is the degree ([Ba6]).

For a group G we use the notation H < G to express that
H is a subgroup. If H < GG and o € G then Ho is a right
coset of H in G. We shall call Ho a subcoset of G. We also
include the empty set among the subcosets (so this is Ho
for empty H, but the empty set is not a subgroup). Under
this definition, intersection of subcosets is again a subcoset,
namely, Hyo; N Hyog is either empty or it is a coset of



the subgroup H; N Hy. A coset Ho is given by a set of
generators of the group H and a representative 7 € Ho.

3.2 Permutation groups: basic concepts

We review the basic concepts of the theory of permuta-
tion groups below; for a more detailed introduction we refer
to [Wi, Lul, Se].

An action of the group G on the set ) is a homomor-
phism ¢ : G — Sym(f). The action is faithful if the
kernel ker(y) is trivial. We write the action in the expo-
nent: for o € G and z € 2 we write z — x7. We suppress
o which will always be clear from the context. An action
on 2 induces an action on the subsets of {2: for ¥ C ) we
write U7 = {2z : x € U}.

For a permutation group H < Sym(2) we use the phrase
“the action of G on Q is H” if Im(yp) = H.

Given an action G — Sym(f2) and a set ¥ C €, we
define the (pointwise) stabilizer of ¥ in Gtobe Gy = {0 €
G : (Vx € U)(2” = x)}. Applying this notation to the
induced action on subsets we obtain the notation Gy} =
{0 € G : U7 = U} for the setwise stabilizer of ¥ in G.

A subset ¥ C Q is G-invariant if (Vo € G)(¥7 = V),
i.e., Gyy = G. The orbits of the action are the equivalence
classes of the relation on {2 defined as “z ~¢ y if (o €
G)(z° = y).” In other words, the orbits are the minimal G-
invariant subsets. The action is transitive if there is just one
orbit, namely 2. The orbit of = € ) is the set G = {z7 :
o € G}. We say that 2| is the length of this orbit. Note
that %] = |G : G| because the right coset G0 consists
of all 7 € G such that 7 = 2.

A block of imprimitivity is a nonempty subset B C ()
such that (Vo € G)(B° = Bor B°N B = (). A par-
tition Q = B1U...UB; into nonempty “blocks” B; is G-
invariant if (Vo € G)(Vi < t)(3j < t)(BY = B,). Such
a partition is called a system of imprimitivity or a block sys-
tem. The blocks of such a partition are blocks of imprim-
itivity. Conversely, a block of imprimitivity is a block in
a unique invariant partition, assuming that the block has
nonempty intersection with each orbit.

We say that the G-action on € is primitive if it is transi-
tive, |2| > 2, and 2 has no nontrivial G-invariant partition.

If B = {By,..., B} is a system of blocks then there
is a natural action G — Sym(B). A minimal block system
for a transitive action is a system B of ¢ > 2 blocks which
has no nontrivial invariant coarsening. This is equivalent to
saying that the G--action on B is primitive.

The following fact will be central to our strategy.

Theorem 3.1. Let G < S,, be a primitive group other than
S, or A,. If n is sufficiently large then |G| < nV™.

This is a consequence of the classification of finite sim-
ple groups (cf. [Cam]). A slightly weaker exp(4+/n1n*n)

upper bound, sufficient for our application, has an elemen-
tary combinatorial proof [Ba3, Ba4, Py]. We shall also need
the following related but elementary estimate.

Fact 3.2. Let G = A,, or S, and let H < G be transitive
but not A, or S,,. If n is sufficiently large then |G : H| >

2" /\/2n.
3.3 Reduction to k-partite k-hypergraphs

A k-partite set ) is an ordered family of k sets Q) =
(Q,...,Qk). We think of the €; as being disjoint (replac-
ing, as usual, ©; by ; x {i}). Let u() = [JQ; be the
set of “points™ in €2, and let w(Q) = [] ;. We shall think
of the elements of (1) as the fransversals of (, i. e., those
subsets of 1(€2) which intersect each €2; in exactly one ele-
ment. We say that the k-partite set U = (Uy,...,Uy) isa
subset of Q (¥ C Q) if for each i, ¥; C ;.

If Q and U are k-partite sets then by a functiono : Q —
U we mean a function o : u(2) — u(P) that respects the
parts: 27 C W,. We say that a functiono :  — Uisa
bijection between (2 and W if it is a bijection between 1(€2)
and ().

For any I C [k], let p;(Q2) = (; : i € I), the |I|-partite
set that is the restriction of €2 to I. We call the elements
of m(pr(€)) the I-partial transversals or I-transversals of
Q. If I C J C [k] and e is a J-partial transversal then
the restriction of e to [ is an I-partial transversal which we
denote by pr;(e). For a set E of J-partial transversals, we
define the projection pr;(E) = {pr;(e) : e € E}. Most of
the time, we shall use these definitions with J = [k].

Definition 3.3. A k-partite k-hypergraph X = (V| E) is
defined by a k-partite set V.= (Vq,..., Vi) of vertices and
aset E C w(V) of edges. We call the V; the “parts” of the
vertex set V. The product-size of X is Ilo(X) =[], |Vil-

A partial edge is a subset of an edge. The partial edges
are partial transversals; and I-partial edge is an [-partial
transversal.

Let X = (V;E) and X' = (V';E’) be k-partite
k-hypergraphs, where V. = (V4,...,V}) and V' =
(V{,...,V{). Anisomorphisms of X and X" isa V" — V'
bijection which preserves edges, i.e., e € FE iff e € E’.
If this is the case, we write X’ = X°. ISO(X, X’) de-
notes the set of X — X’ isomorphisms; and Aut(X) =
ISO(X, X) is the automorphism group of X.

Clearly, in discussing the isomorphism problem for X
and X’ we may restrict ourselves to the case when V =V,
i.e., V; = V/ for all 7.

We use the following notation: for a t-partite set ) =
(Q,...,Q), let SymPr(Q2) denote the group Sym () x
-+« x Sym(€);) in its action on p(£2).

The following is immediate from Theorem 1.2.



Theorem 3.4. (Coset Intersection for k-partite sets)
Given a k-partite set Q = (Q,...,Q), subgroups
G,H < SymPr(Q),and elements o,7 € SymPr(Q2), one
can determine Go N Ht in time poly(k)m®~™) where
m = max; ||

For the rest of this section, let X = (V,E) and Y =
(V, F) be two k-partite k-hypergraphs over the same vertex
setV = (V4,..., V). With this notation, the isomorphisms
of X and Y form a subcoset of SymPr(V;,...,Vy); our
goal is to find this subcoset. We need to generalize this
problem to finding all isomorphisms within a subcoset.

Definition 3.5. Let L C SymPr(Vi,..., Vi) be a set of
permutations. The set of L-isomorphisms between X and
Y is ISO(L; X,Y) = LNISO(X,Y). The set of L-
automorphisms of X is Aut(L; X) = ISO(L; X, X) =
LN Aut(X).

If L is a subcoset of SymPr(Vi,...,V;) then so is
ISO(L; X,Y’). This is then the form in which we prove
our main result:

Problem 3.6 (H -isomorphism of k-partite k-hypergraphs).
Let X andY be two k-partite k-hypergraphs over the same
vertex set V.= (Vq,...,Vi). Let H be a subcoset of
SymPr(V4, ..., Vi). Find the subcoset ISO(H; X,Y).

Theorem 3.7, Problem 3.6 can be
exp (O(k‘Q\/ﬁ)) time, where n = max®_, |V;|.

solved in

Note that ISO(Ho; X, Y) = ISO(H; X,Y? ), for any
set H C SymPr(V4,...,Vi). So we may assume H is a
group.

Observation 3.8. For a coset H, H-isomorphism of hy-
pergraphs of rank k with n vertices reduces to H*-
isomorphism of k-partite k-hypergraphs with parts of size
at most n, and an increase of a factor of < k! in the num-
ber of edges. The k-partite k-hypergraphs and the coset H*
can be constructed in time, linear in the size of the output.

Proof. Let Y7 and Y5 be hypergraphs of rank k& over the same
vertex set W, with edge sets I} and Fb, resp. We construct
the k-partite k-hypergraphs X; = (W,... W:E;),i =
1,2 where E; = {(wi,...,w) : {w1,...,w;} € F;
for some j < k and wj41 = wjpe = -+ = wi €
{wi,...,w;}} (so |F;| < E!E;])). Let moreover H* =
{(o,...,0) : 0 € H}. Then the hypergraphs Y7 and Y5
are H-isomorphic if and only if the k-partite k-hypergraphs
X, and X, are H*-isomorphic. O

3.4 Linked actions

Throughout this section, 2 = (1, ..., Q) will be a k-
partite set and G < SymPr Sym(€2;); G; < Sym(€2;) will
be the action on €);.

We say that the €; are linked under the G-action (or “the
domains of the G; are linked”) if 1(£2) admits a G-invariant
partition into transversals By, ..., B,, C u(Q) (for each
i,7, |B; N ;| = 1). In this case, Q1| = --- = |Q4]; the
transversals define bijections between the €2;.

Observation 3.9. If ; and §); are linked for every pair
1 < j < k then all the Q; are linked. Moreover, the state-
ment S(i, j) that “Q; and S are linked” is an equivalence
relation on [k].

Discovering links will be one of our main structural
goals; the following lemma will serve us in this.

Lemma 3.10. Let Y = (Q1,8Q9; E) be a biregular bipar-
tite graph (regular on both parts) of positive density < 1/2
(i.e, 1 < |E| < |91]|Q2]/2). Let G < SymPr(Q, Q).
(a) If 2/n < || < n fori = 1,2, and the restriction
of Aut(G;Y) to 0 contains Alt(§2y) then the degree of
each vertex in Qg is 1. (b) If, in addition, the restriction
of Aut(G;Y) to Qq contains Alt(Qs) then Qq and Qo are
linked.

Proof Let d be the degree of the vertices in {25; assume d >
2. As Alt(£21) acts on Q4, every set of d vertices in €y
must share a neighbor. There are (‘%1‘) > |Qs] such sets;
therefore, by the pigeon hole principle, two of them must
share a common neighbor. But such a common neighbor
has degree greater than d, a contradiction, proving part (a).
For part (b), we see that Y is regular of degree 1, so the
edges of Y form the desired block system. O

If G is isomorphic to all the G;, i.e., the G-action is
faithful on each €2;, then we say that G acts diagonally on
Q. We shall use the following well-known fact.

Fact3.11. Ifeach G; is nonabelian simple then G is a direct
product of diagonal actions.

In other words, if all G; are nonabelian simple then one
can partition [k] as [k] = I1U...UI; such that G = Dy X

- x Dy where D; acts diagonally on the |I;|-partite set
(Q; : j € I;) and it acts trivially on all the other ;.

We shall say that the G; corresponding to the same I; are
linked. We note that being linked is an equivalence relation.

Now we turn to the case of greatest importance to us:
when each G is an alternating group.

Fact 3.12. Assume G; = Alt(8Y;), || > 5 and || # 6.
If G1,..., Gy are linked then their domains are linked.

This is a consequence of the fact that Aut(A,,) = S, for
alln > 5,n # 6; (cf. e. g., Lemma 2.1 in [BBT]). We need
one more well-known fact about the alternating groups.

Fact 3.13. In A, the subgroup of smallest index has index
nifn > 5, the second smallest (g) ifn>9.



3.5 Giant threshold, giant action

Our algorithm will operate with a global constant n, to
be thought of as the initial number of vertices of the hyper-
graphs. Throughout the algorithm, including its recursive
calls, each “part” V; of our k-partite k-hypergraphs will sat-
isfy |V;] < n.

We say that a permutation group G < Sy is a gi-
ant if (a) G is either Sy or Ag; (b) v < d < n where
v = max{7,2+/n} is our giant threshold.

Definition 3.14. The G-action on V is of giant type if the
following holds. G acts transitively on each V; and each
Vi admits a G-invariant partition B;; and the G-action on
each B; (by permuting the blocks of 8;) is a giant.

An application of Luks’s divide-and-conquer strat-
egy [Lul] will show that within our target time bound, the
only case we need to worry about is when G is of giant type.

Definition 3.15. Assume the G-action on'V is of giant type.
If the action of G on B; is Sym(B;) then let G[i] be the
subgroup of index 2 in G which acts as Alt(%B;) on B;;
otherwise set G[i] = G. We say that the G-action is of
strong giant type if (Vi)(G[i] acts transitively on V;).

Note that in the alternative, some V; is split into two or-
bits of equal size under G[i]; these orbits are blocks of im-
primitivity under G.

4 Color reductions, regularization

In this section we generalize the isomorphism problem
to k-partite k-hypergraphs with colored vertices and colored
edges; colors are preserved by isomorphisms by definition.
We show how to get rid of the colors using recursion or
group intersection. Since any observed irregularity provides
us with an invariant coloring, a result of this homogeniza-
tion is that we only need to deal with highly regular objects.

4.1 Vertex-color reduction

Let f, f V — X be two colorings of V. Let
X = (V,E,f) and Y = (V,F,f’) be two vertex-
colored k-partite k-hypergraphs. Now ISO(X,Y) = HN
ISO((V, E), (V, F)) where H = ISO((V, f), (V, f’) is the
subcoset of color-preserving maps from the colored set
(V, f) to the colored set (V, f').

It is trivial to compute H in polynomial time. Now
if GN H = () then X and Y are not G-isomorphic.
Otherwise let H = Ko where K < SymPr(V); then
ISO(G; X,Y° ') =ISO(GNK; X,Y? ). Here Y° ' =
(v, F"_l7 f), so we obtained the following (with G* =
G N K).

Reduction 4.1. G-isomorphism of vertex-colored k-partite
k-hypergraphs X andY reduces to G*-isomorphism of X'
and Y', color-refined versions of X and Y, resp., where
G* < G; X' and Y’ are colored identically; and this col-
oring is G*-invariant. The cost of the reduction is a single
application of coset intersection.

We note that this reduction in particular permits the elim-
ination of isolated vertices. In this case we shall reduce G
to G[i] and apply Luks’s divide-and-conquer.

4.2 (G transitive on each part

Suppose V; = V/UV;” where V/, V;”” are nonempty and
G-invariant. We use Luks’s divide-and-conquer idea to re-
duce this case to a case where V; is reduced to V; and then
a case where V; is reduced to V;’ (the latter to be solved
within the output of the former). As a result we obtain:

Reduction 4.2. The general case recursively reduces to the
subcases when each part is a G-orbit. The product-size
Io(X) = [] |Vi| is additive under this recursion.

We note that this reduction does not work directly for
hypergraphs (even for graphs); this is the main reason why
we had to switch to k-partite hypergraphs.

4.3 Reduction to strong giant type

Now we use the other element of Luks’s divide-and-
conquer strategy to reduce to giant type. Let ‘B; be a mini-
mal block system on V;. If the G-action on %5; is not a giant,
let K; be the kernel of the G-action on B;. Then we split G
into cosets of K; and solve the isomorphism problem within
each coset. This reduces the problem to |G : K| instances
of K;-isomorphism. Since each block of *B; is K;-invariant,
we then use the previous section to reduce V; successively
to each block of ‘B;.

We use Theorem 3.1 to assess the cost of this recursion.
While the multiplicative size of the problem was divided by
|B;|, the number of instances was multiplied by |G : K;| <
%ﬂm < |B|V™ < |By|" if [B;] > ~, where 7 is our
“giant threshold” (Sec. 3.5); and |G : K;| < |B;|! < |9B;]7
if |B;| < ~v. Soin all cases, |G : K;| < |B;]7, giv-
ing a recurrence of the type T'(V) < bYT(N/b) (where
b = |B;]), resulting in a recursion tree with fewer than N7
leaves, where N is the product-size H(X ). The leaves cor-
respond to cases where G is either of giant type or trivial.

Finally if the G-action is of giant type but not of strong
giant type, we find a V; with an imprimitive action with 2
blocks (see end of Section 3.5) and proceed as above.



4.4 Edge-color reduction

Let f: E — X, f/ : F — X be two edge-colorings.
Isomorphisms preserve edge-color by definition; and for
any L C SymPr(V4,..., Vi), ISO(L; (X, f), (Y, ) =
LNOISO((X, £), (Y, f))-

Observation 4.3. Let L be a subcoset of SymPr(V'). Then
we can find ISO(L; (X, f), (Y, ")) by solving | Im(f)| in-
stances of Problem 3.6 and applying coset intersection.

Indeed, if Im(f) # Im(f’) then (X, f) and (Y, f') are
not isomorphic. Otherwise, for each color i, create two
k-partite k-hypergraphs, X;, and Y;, over the vertex set
V = (V4,..., Vi), with edge sets E; = {e € E|f(e) =
i}, and F; = {e € F|f'(e) = i}, resp. We have
ISO(L; (X, £), (Y. ) = Nicim(p) ISO(L: X3, ). O

Therefore if we find an invariant coloring of the edges of
X and Y, we reduce Problem 3.6 to the color classes. The
resulting hypergraphs will be increasingly “regular” (“irreg-
ularities” can be used for an invariant split).

In particular we obtain the following:

Reduction 4.4. The general case reduces to the case when
all edges of X and'Y belong to a single G-orbit (on w(V')).
The reduction is additive in terms of the number of edges.
The cost is m — 1 applications of Coset Intersection, where
m is the number of G-orbits into which the edges of X are
divided.

4.5 Regularization

Definition 4.5. The k-partite k-hypergraph X = (V, E) is
fully regular if VI C J C [k], Vey,eq € pr;(E)

{es € pry(E):e1 Ces}| =|{es € prj(E): ez C ez}

Reduction 4.6. The general case reduces to the case when
X and Y are fully regular with the same parameters. The
reduction is additive in terms of the number of edges. The
costis m — 1 applications of Coset Intersection, where m is
the number of fully regular subsets into which the edges of
X are divided.

Indeed, if the hypergraph is not fully regular then then we
label the I-partial edges by the number of J-partial edges
containing them, and then color each edge by the label of
its restriction to /.

4.6 Link-type

Assume G is of strong giant type. Then each V; has
a unique minimal block system B; on which G acts as
a giant. Consider the G-action on the k-partite set B =
(B1,...,By). We write ¢ ~, j and say that the parts V;

and V; are block-linked if the G-actions on B; and B ; are
linked. In this case we also say that v; and v; are block-
linked for all v; € V; and v; € V}.

We write ¢ ~. j and say that the parts V; and V; are
edge-linked under edge e = (vq,...,v;) € E if the block
containing v; € V; and the block containing v; € V; are
linked. We call the equivalence relation ~,. the link-type
of the edge e; it is a refinement of the equivalence relation
~p. We note that G preserves link-type; therefore, after
Reduction 4.4, all edges have the same link-type and we
may refer to ~, without specifying e.

The link-type of I-partial edges is the restriction of ~,
to I C [k].

Let J denote the set of ~j-equivalence classes, and §) the
set of ~.-equivalence classes (each of these partition [k]).
We call the elements of J block-linked sections and the
elements of ) edge-linked sections.

Some further notation. For an edge-linked section h, let

1 k
ML M

L’(h) be a G-invariant partition of {8, : i € h}
into transversals. We call the M }JL macro-blocks. Note that
each macro-block consists of one block from each part of
an edge-linked section. Note further that all the edges in
an edge-linked section will be within the macro-blocks. Let
My, = {M; : s € [k(h)]} be the set of macro-blocks of
edge-linked section h.

For any v € V, we call block(v) the block containing v,
and macroblock(v) the macro-block containing v.

4.7 The ultimate structure

Assume G is of strong giant type, all edges of X =
(V,E) belong to the same G-orbit, and X has no iso-
lated vertices. We use the notation of Sec. 4.6. Let f =
(v1,...,v;) € w(V) be a transversal (v; € V;). We say
that f € E if (a) for each edge-linked section h € ), there
is anedge e € E such that e|;, = f];; and (b) if ¢ . j then
v; and v; are not block-linked. Obviously £ C E.

We say that the pair (X, G) has the ultimate structure
if the assumptions of the first sentence hold and E=E.

Lemma 4.7. Assume both (X, G) and (Y, G) have the ulti-
mate structure. Then the G-isomorphisms of X and'Y can
be determined in time O(n*vV™).

Proof. Let G be the largest supergroup of G in SymPr (V)
which has the same blocks and the same block-link rela-
tion ~y. It is trivial to determine G in polynomial time.
It suffices to find all G‘-isomorphisms and then apply coset
intersection with GG. The G‘—isomorphisms can be pieced
together from the G—isomorphisms of the restrictions of X
and Y to each ~, class. But each connected component
of such a restriction is contained in a macro-block, so the
pairwise isomorphisms of the connected components can
be computed by brute force in ((y/n)!)*. O



S Breaking symmetry
5.1 Individualization

To individualize a vertex x € V; in X means to assign
x a special color, say “red,” in X, resulting in the structure
Xz. Foreachy € V;, let 0y € G move x to y. Now we
have ISO(G,X.Y) =, ey, ISO(Gs 0y Xi, Yy).

This recurrence thus reduces an instance of the G-
isomorphism to < n instances of G ,-isomorphism. To in-
dividualize a set R of vertices means to individualize each
x € R in succession; the cost is a factor of < nlBl, By
breaking the symmetry we hope to make a sufficient reduc-
tion in our “potential functions” to offset this factor.

5.2 Split

Let G act on V, with blocks of imprimitivity 8, on V;.
Let RC u(V),and S C Eor S C V; or S C B, such that
S is invariant under the pointwise stabilizer Aut(G; X)g.

Definition 5.1. Ler 8" C S, S" # 0, 8" # S. We say
that S’ is a split of S relative to R if S’ is invariant under
Aut(G; X)g. If R = 0, we say that this is an absolute split.
If1S|/y < |9 < (1 —1/7)|S| and |R| < 2k then we say
this is a large relative split; otherwise it is a small split.

Note that if we have an absolute split, then we can reduce
one of the V; or the B, or /. Therefore whenever we find an
absolute split, we can recurse. If we find a large split relative
to a “small” set R, we will individualize R pointwise, and
recurse. Our R will always be the union of at most two
partial transversals, hence the inequality |R| < 2k.

5.3 Reduction of G

Most steps of the algorithm involve reducing G. The
new group H is always a quotient of a subgroup of the
original; in particular, |[H| < |G|. If this reduction is
achieved through individualization of a subset R C u(V)
then we say we have a large relative reduction of G if (a)
[H| < |G|exp(—v/2); and (b) |R| < 2k.

This reduction will be used in the context of Fact 3.13.

6 Measures of progress
6.1 Events of progress

We now define a list of structures which will allow us fo
make progress. If we discover one of these structures, we
take the recursive action stated in parentheses next to each
structure. Henceforth, if we say “we make progress,” this
phrase will always refer to this list.

1. |V;] = 1 for some ¢ (reduction: k «— k — 1);

2. Aut(X)-invariant vertex coloring (this includes the
case when the action of G is intransitive on any of the
V;) (reduce to color-homogeneous parts, Sec. 4.1);

3. Aut(X)-invariant edge-coloring (reduce to color-
homogeneous parts, Sec. 4.4; this includes Reduc-
tion 4.4 (all edges belong to a single G-orbit));

4. The G-action on a set of maximal blocks in one of the
V; is not a giant (divide-and-conquer, Sec. 4.3);

5. Absolute split or large relative split (reduce to the two
parts of the split);

6. Large relative reduction of G (reduce G).

The following result describes the nature of our algo-
rithm; its proof follows in Section 7.

Theorem 6.1. Our algorithm proceeds in a sequence of re-
cursive phases each of which makes progress. The cost of
each reduction is a single composite step.

6.2 Potential; timing analysis

We introduce three “potential functions” on the pairs

(X, G):
I (X) = [E|o(X) = |B] - [T Vil,
4kIn|G|lnn
p —

vy
(G, X) = II; (X)) @k Inngr, (@),

HQ(G) = ex

The following theorem justifies the claimed running time
for our algorithm. In the Theorem we consider the follow-
ing operations as elementary steps: computing the coset of
isomorphisms of a pair of graphs with O(n) vertices; com-
puting coset intersection of permutation groups acting on a
k-partite domain in which each part has size O(n); and op-
erations requiring time n°*). A composite step consists
of any combination of n®*) elementary steps.

Theorem 6.2. Let T'(G, X) denote the number of compos-
ite steps required by the algorithm. Then

T(G, X) < (G, X).

‘We show that this bound follows from Theorem 6.1. We
sety =~v(2k+1)Inn.

Proof. By induction on II(G, X). The base cases are k < 2
(a single application of Graph Isomorphism) and the “ulti-
mate structure” (Sec. 4.7) which is settled by Lemma 4.7.

We note that neither II; nor Il increases during recur-
sive calls. We distinguish cases according to the last event
of progress; the numbering follows that of Section 6.1.



1. The reduction k < k — 1 takes care of the unit cost.

2-3. Invariant coloring. We reduce the problem (X, G) to
instances (X;,G;). Then (Vi)(Ilx(G) < Ix(G;)),
while

I (X) = 3 T (XG). (1)

Moreover, T'(G, X) < 1+, T(G;, X;). (The added

unit covers the cost of the reduction.) By the inductive

hypothesis T'(G;, X;) < II(G, X). So, by (1),
T(G,X) e o
) S 1+;H1(XZ) <IL(X)7.

4. Divide-and-conquer for imprimitive groups. Follow-
ing the argument outlined in Sec. 4.3, let b be the num-
ber of blocks; so we reduce to at most b instances
(Xi, Gi) where (Vi)(II;(X;) = (1/b)II1(X)); hence

T(G, X) o
@) < 1+ Zi:nl(xl)
<1407 (/D) (X)) < T (X))

5. Split. We reduce the instance (G, X) to two instances
(Gl,Xl),(GQ,XQ). Again HQ(G»L) § HQ(G), and
IT; (X) = I (Xy) + II; (X3). If the split is absolute
then T(G, X) <1+ ), T(G;, X;). By the inductive
hypothesis, T'(G;, X;)/TI2(G) < 14 3, T;(X,)" <
IT,(X)"". If the split is a large relative split then
we have IT; (X;) < (1 — 1/+)II;(X) but we incur a
< n2k multiplicative cost factor for individualization.
So T(G, X)/T5(G) < 202 (1 — 1/ (X)) <
IT,(X)"". (Note that in all other events of progress, we
could have set v = ~; here we needed the factor v’/
to counter the multiplicative cost of individualization.)

6. Large relative reduction of G. In this case, II3(G) is
reduced by a factor of < n~2F, offsetting the < n?*
multiplicative cost of individualization. O

It follows that our algorithm has the claimed running
time since initially IT; (X) < n2* and |G| < (n!)* < n"*.

7 The algorithm

We focus on X = (V, E); if Y is found to differ, we
reject isomorphism. Our goal is to keep making progress (or
reject isomorphism) until the ultimate structure (Sec. 4.7) is
reached. By Sec. 4, through a sequence of “progress events”
(Sec. 6.1) we reach a state where (1) G is of strong giant
type; (2) all edges lie in the same G-orbit; (3) X is fully
regular and has no isolated vertices.

Notation 7.1. Let t C u(V). Let Z be either B; or V; or
M,.. We define Z(t) as the subset of Z consisting of the
elements not block-linked to any vertex in t.

7.1 Vertex splitting: the tree argument

Let T C P(u(V)) (P denotes the power-set). We say
that an assignment f : T — P(u(V)) is equivariant if
f(t7) = f(t)? foreveryt € T, 0 € Aut(G; X).

The following theorem is our key tool that will allow us
to make progress any time we find a split. For £ C § we
use prq(E) to denote the projection of E to | £.

Theorem 7.2 (tree argument). Let £ C 9, i € [k], and let
{S: C Vi|t € pro(E)} be an equivariant assignment of
subsets of V; to elements of pre(E). If 3t € pro(F) such
that Sy is a split of V;(t) then in a single composite step we
can make progress.

Proof. We will prove this by reverse induction on |£|. If
|£| = 0, then we have an absolute split, hence progress.

If |S| # |Sy| for some ¢,¢ € pra(E), then we color
pre(FE) by |St|, which is progress. W.Lo.g. |S¢| < |V;|/2.
If S; is a large split of V; relative to ¢, progress. Otherwise
not all blocks B;(¢) contain elements of .S;. Call the blocks
in B, (¢) that contain any elements of \S; special, and let the
set of macro blocks containing a special block be sp(t). Let
¢ € $) such that ¢ € ¢. If for any ¢, sp(t) is a large split of
M, (t), then we have a large split of V;, progress. Else, pick
any h = {hy,...,ha} € £. Let sp(a + 1;¢t) = sp(t). For
every 1 < 8 < a, and every u € prg\ s, . p.}(E), let
V(u,B) = {v € Vi, : (0,v) € Pre\(py,,,.. 0yt and let
Sp(ﬂ; u) = UveV(u,ﬁ) Sp(ﬁ +1, ('LL, ’U))

If any of these sets is a large split of 1, progress. Else,
we claim that |sp(5;u)] < [9y|/y = |B;|/7, where
v = 24/n is our “giant threshold.” This follows by re-
verse induction on 3. Indeed, by induction, sp(f3;u) is
the union of < n/vy sets, each of size < |9My|/7, so
|sp(B;u)| < |9|/2 and therefore |sp(B;u)| < ||/~
(otherwise it would be a large split).

Foreach M € My and u € pro, 11,y (E), letsp(u, M) =
Uuevahl sp(1, (u,v)). If any of these special sets are
large splits of My, progress. Else we create graphs Y (u)
foreach u € prg, (3 (£). If h # £ then Y (u) will be bipar-
tite with vertex set (95 (u), Me(w)); if b = £ then Y (u) is
a graph with vertex set 9, (u). In both cases, the edge set is
{(M € Mp(u), N € My(u)) : N € special(u, M)}. We
will refer to 9, (u) and My (u) as the parts of Y (u).

Now for each u € prg, 1), let Sy, be a largest orbit of
Aut(Y (u)) on V;. If any of the S, is a large split, progress.
Else, if any S, is a split, we are done by induction on |£|.
Else, Aut(Y (u)) is transitive on each part of Y (u).

If the action of Aut(Y (u) is transitive on each part of
Y (u) but the not giant on either part, then we obtain a large
reduction of G relative to u (Fact 3.13), progress. Else, we
claim that h # ¢ and Y (u) is a matching. This follows by
Lemma 3.10 from the fact that the density of Y (u) is pos-
itive and < 1/2. This means we found a linking between



previously unlinked blocks, yielding a large relative reduc-
tion in G, progress.

To analyze the cost note that for each partial edge, we do
polynomial work and one Graph Isomorphism test. The set
of partial edges considered forms a tree, which is where the
Theorem gets its name. O

Theorem 7.3 (double tree argument). Let £; C § for j =
1,2; leti € [k]; and let {St|T € prg (E) x prg,(E)} be
an equivariant assignment of subsets of V;(T') to elements
of prg, (E) x prg,(E). If 3T € prg (E) X prg, (E) such
that St is a split of V;(T') then in a single composite step
we can make progress.

Proof. Fix t; € prg, (E) and perform the tree argument
with respect to prg (£). If the tree argument makes
progress that involves individualization, then we will indi-
vidualize all of ¢; and make the same progress. Otherwise
the tree argument makes progress by finding a small abso-
lute split; but this is a split relative to ¢1, therefore we need
to invoke the tree argument again. O

7.2 Structure

Theorem 7.4. If we do not observe the ultimate structure
then we make progress.

Proof. For h € §,let h = $\ {h}. Fix any h € §.
For each t € pr;(E) and M € 9y, we define a hyper-
graph H(t, M) = (M, E(t, M)) where E(t, M) = {u €
pr(EYUn(M) : (t,u) € E}.

If M & 9 (t) then E(t, M) = () since E consists only
of edges of the same link-type.

If there exist pairs (¢t,M), (¢,M’) such that
E(t,M),E(',M") # 0 but H(t, M) 2 H(t',M’), then
the following is an invariant coloring of £. Forany e € E,
let t(e) = pry(e), and let M(e) = macroblock(pry,(e))
be the macro-block containing pr}, (e). Then color e by the
isomorphism type of H(t(e), M(e)).

If E(t, M) = ) for some M € 9, (t), then for every
s € pry(E), the set of macro-blocks with empty hyper-
graphs is an invariant partition of 9y, (s). Moreover, for ¢
the set of empty macro blocks is a split of 21y, (t), since we
are assuming 3M such that E(¢t, M) = (), but 3M’ such
that E(t, M') # () since t is a partial edge. Thus we make
progress via the tree argument (Theorem 7.2).

Now if X does not have the structure, we can find some
h*, t € prr=(E), and u € pry,.(E) such that (t,u) ¢ E.
But since u € pry,.(E), 3s € prj=(F) such that (s,u) €
E. Given this we will make progress. Let 7 = h*.

For s,t € prz(E), and M € 9, let H(s,t; M) be the
superposition of the hypergraphs H (s, M) and H(t, M),
that is, the colored hypergraph with the edges of H (s, M)
of one color and the edges of H(t, M) of another color.

Note that if X has the structure, then H (s, ¢; M) will be
the superposition of two identical hypergraphs. We can
compute isomorphisms of the H(s,t; M) by exhaustive
search in time exp(O(k+/n)). We want to show that all
the H(s,t, M) are isomorphic, and that the automorphism
groups A(s,t, M) = Aut(H(s,t; M)) act transitively on
all partial edges in M.

Let H be the set of isomorphism types of the |r|-partite
|r|-hypergraphs H (s, t, M) (s,t € pr-(E), M € 9M,). Fix
H € H. Let S(s,t) = {M € M, : H(s,t; M) = H}.
This is an equivariant map on the pairs (s,t). If S(s,t)
splits 91, for some s,t, H then we have a split of V;
(j € r) and we make progress by the double tree argument
(Thm. 7.3).

Else we conclude that the isomorphism type of
H(s,t, M) does not depend on M. Let us again fix H € H.
Let S(t) = {s € prx(F) : H(s,t; M) = H}. This again
is an equivariant map. Again, if for some ¢, [ this is a split,
we make progress by the tree argument (Thm 7.2). Else we
conclude that the isomorphism type of H (s, t, M) does not
depend on s; by symmetry, it also does not depend on .

Let now A(s,t, M) = Aut(H (s,t, M)). If A(s,t, M)
is not vertex transitive on the vertices of one of the parts of
M then we have a split into orbits relative to s, ¢, and M. It
is the same size split in all the macro blocks in 9., so it is
a large split since there are > -y macro blocks. Progress.

Our next goal is to achieve that A(s,t, M) is transitive
on E(s,t, M).

We iterate through 7 as follows. Let r = {i1,...,%,}
and let rp = {i1,...,4}. We prove by induction on ¢ that
either A(t,s; M) acts transitively on pr,, (H(t,s; M)) or
we make progress. We have shown this for / = 1 (vertex-
transitivity). Let £ > 2 be the smallest value such that
A(t, s; M) acts intransitively on pr,, (H(t,s; M)). Then
for any partial edge e € pr,,  (H(t,s; M)), we get a split
of pr,., (H (t, s; M)) into orbits, and hence a split of V;, rel-
ative to ¢, s and e. The split is large, since it is a split in
every block of V;,, progress.

We know that there exists a macro block M € 9, and
pair of partial edges s,t € prz(E) such that H(s, M) #
H(t, M) (since we do not observe the ultimate structure).
Look at the smallest ¢ (over all choices of s,t € prr(E),
and M € 9M,) such that H(s, M) and H (¢, M) are not
identical when restricted to the first £ parts of M.

Note that ¢ cannot be 1: A(s,t, M) acts transitively on
the vertices in each part of M.

Note further that because A(s,t, M) acts transitively
both on E(t, M) and on E(s, M), these sets are either iden-
tical or disjoint, and so are any of their projections.

Define equivalence classes on prz(F), where two partial
edges s and t are equivalent if and only if H(s, M) and
H(t, M) are identical up to level £. We individualize one
of the equivalence classes; this splits £. We claim this is a



large (relative) split.

Indeed, fix a partial edge e of length £ — 1 in H(s, M).
(Thus is also a partial edge of H (¢, M) for all ¢.) Let B be
the block of M in V;,. Let R(t) = {v € B s.t. (t,e,v) is
a partial edge }. The R(t) partition B. On the other hand,
the relation v € R(t) defines a biregular bipartite graph on
(pr(E), B) (because of full regularity). It follows that all
equivalence classes are the same size. Their number is at
most |B| < n/~. O

8 Open Problems

__ The big open problem continues to be to reduce the
O (y/n) term in the exponent of the complexity of Graph
Isomorphism to n'/2=¢. Our result for 4-hypergraphs may
open the path to a reduction of the exponent to O (nl/ 4).

Another problem is to extend our moderately exponen-
tial isomorphism test to hypergraphs of rank n'~¢.

Finally, our work brings new life to an old dilemma: iso-
morphism testing vs. canonical forms (cf. [BL, FSS]). Be-
cause of the use of Coset Intersection, our algorithm does
not yield canonical forms. As Gene Luks points out, his
simply exponential (C™) isomorphism test for hypergraphs
(of arbitrary rank) [Lu3] does not yield canonical forms ei-
ther. So the problem is, find canonical forms (a) for hyper-
graphs in simply exponential time and (b) for hypergraphs
of bounded rank in moderately exponential time.
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