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Abstract

Given real numbers α1, . . . , αn, a simultaneous dio-
phantine ε-approximation is a sequence of integers
P1, . . . , Pn, Q such that Q > 0 and for all j ∈ {1, . . . , n},
|Qαj−Pj | ≤ ε. A simultaneous diophantine approxima-
tion is said to exclude the prime p if Q is not divisible by
p. Given real numbers α1, . . . , αn, a prime p and ε > 0
we show that at least one of the following holds:

(a) there is a simultaneous diophantine ε-
approximation which excludes p, or

(b) there exist a1, . . . , an ∈ Z such that
∑

ajαj =
1/p + t, t ∈ Z and

∑
|aj | ≤ n3/2/ε.

Note that these two conditions are mutually nearly ex-
clusive in the sense that in case (b) the aj witness
that there is no simultaneous diophantine ε/(n3/2p)-
approximation excluding p. The proof method is
Fourier analysis using results and techniques of Ba-
naszczyk [Ban93].

As an application we show that for p a prime and
bounded d | p− 1 the ring Z/pkZ contains a number all
of whose d-th roots (mod pk) are small.

We generalize the result to simultaneous diophan-
tine ε-approximations excluding several primes and con-
sider the algorithmic problem of finding, in polynomial
time, a simultaneous diophantine ε-approximation ex-
cluding a set of primes.

1 Introduction

Given real numbers α1, . . . , αn, a simultaneous dio-
phantine ε-approximation is a sequence of integers
P1, . . . , Pn, Q such that Q > 0 and for all j ∈ [n],
|Qαj − Pj | ≤ ε. By Dirichlet’s theorem (see e. g.
[Lov86]), for any α1, . . . , αn and any ε > 0 there is a si-
multaneous diophantine ε-approximation P1, . . . , Pn, Q,
where Q ≤ ε−n. Given α1, . . . , αn and an integer q > 0
it is NP-hard to find the best simultaneous diophan-
tine approximation with Q ≤ q ([Lag85]). It is possi-
ble to find, in polynomial time, an approximation with
Q ≤ q and ε ≤ 2n2

q−1/n [LLL82, Lov86]. This found
numerous applications such as factoring of polynomials
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with rational coefficients [LLL82] and more generally
over algebraic number fields, breaking of knapsack-type
cryptosystems [Lag84],[Sha82] or in the disproof of the
Mertens conjecture via explicit computation [OT85]. In
this paper we will consider the following modification of
the simultaneous diophantine approximation problem.
Instead of giving an upper bound on Q we will require
that Q be not divisible by a given prime p. Potential
applications of this problem arose recently in extremal
combinatorics, coding theory and the study of the di-
ameter of Cayley graphs.

We say that a diophantine approximation excludes
the prime p if p - Q. Given a prime p, real num-
bers α1, . . . , αn and ε > 0, is there a simultaneous dio-
phantine ε-approximation excluding p? For example if
α1 = 1/p and ε < 1/p then an ε-approximation exclud-
ing p is clearly not possible. The following proposition
generalizes this observation.

Proposition 1.1. Let a1, . . . , an ∈ Z be such that∑n
j=1 ajαj = t/p where p - t. If

(1.1)
n∑

j=1

|aj | <
1
εp

,

then there is no simultaneous diophantine ε-
approximation excluding p.

Proof: Suppose that we have P1, . . . , Pn, Q such
that |Qαj − Pj | ≤ ε. Then∣∣∣Q t

p
−

n∑
j=1

ajPj

∣∣∣ =
∣∣∣Q n∑

j=1

ajαj−
n∑

j=1

ajPj

∣∣∣ ≤ ε
n∑

j=1

|aj | <
1
p
.

This implies p | Qt and therefore p | Q. �
Proposition 1.1 says that certain linear relations

with small coefficients are obstacles to simultaneous
diophantine approximation excluding p. Our main
result is a converse of this statement.

Theorem 1.1. Let α1, . . . , αn be real numbers. Let p
be a prime. If there is no simultaneous diophantine ε-
approximation of α1, . . . , αn excluding p, then for any t
there exist integers a1, . . . , an, s such that

n∑
j=1

ajαj =
t

p
+ s



and

(1.2)
n∑

j=1

a2
j ≤

n2

ε2
.

Remark 1. Note that (1.2) implies that
∑n

j=1 |aj | ≤
n3/2/ε. Hence the gap between the necessary upper
bound (1.2) and the sufficient upper bound (1.1) for
the absence of ε-approximation excluding p is a factor
of n3/2p (independent of ε and the αj).

Theorem 1.1 does not impose a bound on the
denominator. For algorithmic applications it is natural
to impose such a bound. This problem is addressed in
our next result.

Theorem 1.2. Let α1, . . . , αn be real numbers. Let p be
a prime and let q > 0 be an integer. If there is no simul-
taneous diophantine ε-approximation P1, . . . , Pn, Q ≤ q
of α1, . . . , αn excluding p, then for any t there exist inte-
gers a1, . . . , an, s and a real number κ of absolute value
|κ| ≤ n/q such that

n∑
j=1

ajαj =
t

p
+ s + κ

and

(1.3)
n∑

j=1

a2
j ≤

n2

ε2
.

Remark 2. The numbers a1, . . . , an are witnesses
that there is no simultaneous diophantine ε/(2n3/2p)-
approximation P1, . . . , Pn, Q of α1, . . . , αn with Q ≤
2p/|κ|.

We use the notation [n] = {1, . . . , n}. Given
real numbers α1, . . . , αn, β1, . . . , βn, a nonhomogeneous
diophantine ε-approximation is a sequence of integers
P1, . . . , Pn, Q such that Q > 0 and for all j ∈ [n],
|Qαj − Pj − βj | ≤ ε. A nonhomogeneous diophantine
ε-approximation need not exist.

Theorem 1.3. (Kronecker, see [Cas57, Lov86])
Let α1, . . . , αn;β1, . . . , βn ∈ R. Then exactly one of the
following holds.

• For all ε > 0 there exist P1, . . . , Pn, Q such that
Q > 0 and for all j ∈ [n], |Qαj − Pj − βj | ≤ ε.

• There exist integers a1, . . . , an such that
∑n

j=1 ajαj

is an integer and
∑n

j=1 ajβj is not an integer.

�

This classical result is relevant to our problem
through the following reduction:

Let ε < 1/p. A nonhomogeneous diophantine ε-
approximation of the numbers

(1.4) α1, . . . , αn,
1
p
; 0, . . . , 0,

1
p
,

gives a simultaneous diophantine ε-approximation of
α1, . . . , αn excluding p. Hence the following is imme-
diate from Kronecker’s theorem.

Corollary 1.1. Let α1, . . . , αn be real numbers. Let p
be a prime. Then exactly one of the following holds

• For all ε > 0 there exists a simultaneous diophan-
tine ε-approximation of α1, . . . , αn excluding p.

• There exist integers a1, . . . , an, t such that p - t and∑n
j=1 ajαj = t/p.

�

Theorem 1.1 is an effective version of this result.

We also consider the algorithmic problem of find-
ing, in polynomial time, a simultaneous diophantine ε-
approximation of α1, . . . , αn excluding p. We assume
that α1, . . . , αn are rational numbers given by a numer-
ator and a denominator encoded in binary. The number
p, encoded in binary, is also part of the input.

Theorem 1.4. Let α1, . . . , αn be rational numbers. Let
p be a prime. Let ε ≥ 0 be the smallest real num-
ber such that there exists a simultaneous diophantine
ε-approximation P1, . . . , Pn, Q of α1, . . . , αn excluding
p. Then we can find, in polynomial time, a simultane-
ous diophantine 2Cn+1pε-approximation of α1, . . . , αn

excluding p, where Cn = 4
√

n2n/2.

Note that ε is not part of the input in the “poly-
nomial time” statement above. In fact either ε = 0 or
1/ε ≤ the largest denominator of α1, . . . , αn.

Proposition 1.2. If αj = aj/bj ∈ Q, j ∈ [n] then
there exists a smallest ε for which an ε-approximation of
α1, . . . , αn exists. Moreover, this smallest ε is a fraction
with denominator bj for some j. In particular, either
ε = 0 or ε ≥ 1

max
j∈[n]

bj
.

Proof: If P1, . . . , Pn, Q is an ε-approximation then
ε can be taken to be maxj∈[n] |Qαj − Pj | and therefore
bjε is an integer for some j ∈ [n]. �
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2 Proofs

We will use a technique due to Banaszczyk [Ban93].
Given a measure µ on Rd, its Fourier transform is the
function µ̂ : Rd → R given by

(2.5) µ̂(y) =
∫

Rd

exp(2πiyT x) dµ(x).

For a countable subset A ⊆ Rd consider the discrete
measure

ρ(A) =
∑
x∈A

exp(−π||x||2)

where ||x|| =
√∑d

j=1 x2
j is the euclidean norm. Let L

be a lattice in Rd, i. e., L is the set of linear combinations
with integer coefficients of a basis in Rd: L =

∑d
j=1 Zbj .

Let σL be the discrete measure given by

σL(X) = ρ(X ∩ L)/ρ(L).

Plugging the definition of σL into (2.5) we obtain

σ̂L(y) =
1

ρ(L)

∑
x∈L

exp(−π||x||2) exp(2πiyT x).

Note that σ̂L(y) is always real and |σ̂L(y)| ≤ 1. Let

φL(x) = ρ(L + x)/ρ(L).

Let L∗ be the lattice dual to L, i. e.

L∗ = {x ∈ Rd | (∀y ∈ L)(xT y ∈ Z)}.

Banaszczyk proved the following results.

Lemma 2.1. ([Ban93]) The Fourier transform of the
measure σL associated with the lattice L is the function
φL∗ associated with the dual lattice L∗:

σ̂L = φL∗ .

�

If follows, in particular, that for every lattice L and
for all x ∈ Rd, 0 ≤ σ̂L(x) ≤ 1 and 0 ≤ φL(x) ≤ 1.
Indeed φL(x) ≥ 0 by definition and σ̂L(x) ≤ 1 by the
observation above.

Let B be the unit ball in Rd, i. e.,

B = {x ∈ Rd | ||x|| ≤ 1}.

Banaszczyk has shown that most of the ρ-measure
of each translate of L is concentrated in a ball of
radius O(

√
d) about the origin. The following lemma

formalizes this phenomenon.

Lemma 2.2. ([Ban93]) For any c ≥ (2π)−1/2 and
u ∈ Rd,

ρ((L + u) \ c
√

dB) < 2
(
c
√

2πe e−πc2
)d

.

�

For d ≥ 3 we let c =
√

1− 1/d in Lemma 2.2 and
obtain the following bound.

Corollary 2.1. For any u ∈ Rd

ρ
(
(L + u) \

√
d− 1B

)
ρ(L)

≤ 1/4.

�

If there is no point in L∗ at distance ≤
√

d− 1 from
u, then

ρ(L∗ + u) = ρ
(
(L∗ + u) \

√
d− 1B

)
≤ 1

4
ρ(L∗).

Hence σ̂L(u) = φL∗(u) ≤ 1/4. Thus large σ̂L(u) implies
the existence of w ∈ L∗ close to u.

Corollary 2.2. Let u ∈ Rd. If σ̂L(u) > 1/4 then
there exists w ∈ L∗ such that

||u− w|| ≤
√

d− 1.

�

Proof of Theorem 1.1: Let d = n+1. Let ν be a
positive rational number to be chosen later. Let L ⊆ Rd

be the lattice generated by the columns b1, . . . , bn+1 of
the matrix B,

B =
√

n

ε


α1

I
...

αn

0 . . . 0 ν

 .

The dual lattice L∗ ⊆ Rd is generated by the columns
b∗1, . . . , b

∗
n+1 of the matrix B−T (inverse-transpose),

B−T =
ε√
n


0

I
...
0

−α1/ν . . . −αn/ν 1/ν

 .

Given w ∈ L, let U(w) denote the coefficient of bn+1

in the expression of w. We can tell the coefficient by
looking at the last coordinate of w, i. e.,

U(w) =
ε

ν
√

n
eT
n+1w,
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where en+1 = (0, . . . , 0, 1).
If there exists w ∈ L of euclidean norm ||w|| ≤√

n such that U(w) 6≡ 0 (mod p), then we have an
diophantine ε-approximation of α1, . . . , αn excluding p
(we use ||w||∞ ≤ ||w||). Thus by the assumption
of Theorem 1.1, all w ∈ L with ||w|| ≤

√
n satisfy

U(w) ≡ 0 (mod p).

Let u =
tε

pν
√

n
en+1. We have

σ̂L(u) =
1

ρ(L)

∑
x∈L

exp(−π||x||2) exp(2tπiU(x)/p) ≥∣∣∣∣∣ 1
ρ(L)

∑
x∈L∩

√
nB

exp(−π||x||2) exp(2tπiU(x)/p)

∣∣∣∣∣−∣∣∣∣∣ 1
ρ(L)

∑
x∈L\

√
nB

exp(−π||x||2) exp(2tπiU(x)/p)

∣∣∣∣∣.

(2.6)

Now all x ∈ L of norm ||x|| ≤
√

n satisfy
exp(2tπiU(x)/p) = 1. Hence

σ̂L(u) ≥ 1
ρ(L)

∑
x∈L∩

√
nB

exp(−π||x||2)−

1
ρ(L)

∑
x∈L\

√
nB

exp(−π||x||2) =

1− 2
ρ(L)

∑
x∈L\

√
nB

exp(−π||x||2) =

1− 2
ρ(L \

√
nB)

ρ(L)
.

Thus, using Corollary 2.1,

(2.7) σ̂L(u) ≥ 1− 2/4 = 1/2.

Hence from Corollary 2.2 it follows that there exists
w ∈ L∗, w = a1b

∗
1 + . . . anb∗n + cb∗n+1 such that w is at

distance ≤
√

d− 1 =
√

n from u. We have

(2.8)
n∑

j=1

a2
j ≤

n2

ε2
and

∣∣∣ n∑
j=1

ajαj−
t

p
−c

∣∣∣ ≤ νn

ε
.

Let ν → 0. There are finitely many choices for the aj

and c, hence there exist integers aj and c such that
n∑

j=1

a2
j ≤

n2

ε2
and

∣∣∣ n∑
j=1

ajαj −
t

p
− c

∣∣∣ = 0.

�
Proof of Theorem 1.2: In the proof of Theorem

1.1 we choose ν = ε/q. We note that for w ∈ L, if
|U(w)| ≥ q then ||w|| ≥

√
n. The rest of the proof is the

same. �

3 Excluding several primes

We say that a diophantine approximation excludes a
set {p1, . . . , pk} of primes if it excludes all the p`. The
following observation is a generalization of Proposition
1.1. We use the notation [k] = {1, . . . , k}.
Proposition 3.1. Let a1, . . . , an ∈ Z be such that∑n

j=1 ajαj =
∑n

j=1

t`
p`

where for at least one ` ∈ [k],

p` - t`. If

(3.9)
n∑

j=1

|aj | <
1

εp1 · · · pk
,

then there is no simultaneous diophantine ε-
approximation excluding {p1, . . . , pk}.

We can generalize Theorem 1.1 to approximations
excluding a set of primes.

Theorem 3.1. If there is no simultaneous diophantine
ε-approximation excluding {p1, . . . , pk}, then there exist
integers a1, . . . , an, s and A ⊆ [k] such that

n∑
j=1

ajαj =
∑
`∈A

1
p`

+ s

and

(3.10)
n∑

j=1

a2
j ≤ max{n2, k2}/ε2.

The proof of Theorem 3.1 is similar to the proof
of Theorem 1.1. Instead of (2.6) we consider following
sum:

1
ρ(L)

∑
x∈L

exp(−π||x||2)
∏
t∈[k]

(1− exp(2πiU(x)/pt)).

We need to modify Corollary 2.1 as follows.

Corollary 3.1. For any u ∈ Rd

ρ
(
(L + u) \mB

)
ρ(L)

<
1

2k+1
.

where m = max{
√

d− 1,
√

k} and d ≥ 3.

In the place of Corollary 2.2 we use the following
result.

Corollary 3.2. Let u ∈ Rd. If σ̂L(u) > 1/2k+1, then
there exists w in the dual lattice L∗ such that

||u− w|| ≤ max{
√

d− 1,
√

k}.
Remark 3. Note that (3.10) implies that

∑n
j=1 |aj | ≤

n1/2 max{n, k}/ε. Hence the gap between the neces-
sary upper bound (3.10) and the sufficient upper bound
(3.9) for the absence of ε-approximation excluding
{p1, . . . , pk} is a factor of n1/2 max{n, k}p1 · · · pk (in-
dependent of ε and the αj).
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4 A polynomial-time algorithm

Suppose that there exists a simultaneous diophantine
ε-approximation P1, . . . , Pn, Q of α1, . . . , αn excluding
p. Is there a way to efficiently find a simultaneous dio-
phantine f(n)ε-approximation of α1, . . . , αn excluding
p for some function f?

We answer this question in the positive. We will
use Babai’s modification [Bab86] of Lovász’s lattice
reduction algorithm [LLL82, Lov86]. In [Bab86] the
following result is proven for ε1 = · · · = εn; the general
case follows from the same proof.

Theorem 4.1. ([Bab86],Theorem 7.1) Let
α1, . . . , αn, β1, . . . , βn, ε1 > 0, . . . , εn > 0 be given
rational numbers. Let q > 0 be the smallest in-
teger Q for which there exist P1, . . . , Pn such that
|Qαj − Pj − βj | ≤ εj for all j ∈ [n]; we let q = ∞ if no
such q exists. One can find in polynomial time either

(a) a certificate proving that q = ∞, or

(b) integers P1, . . . , Pn, Q such that

• |Qαj − Pj − βj | ≤ Cnεj for all j ∈ [n], and

• |Q| ≤ Cnq,

where Cn = 4
√

n2n/2.

�

Proof of Theorem 1.4: If none of the denomi-
nators of α1, . . . , αn is divisible by p then ε = 0 and we
can easily find a 0-approximation of α1, . . . , αn exclud-
ing p. If some denominator bj of α1, . . . , αn is divisible
by p then ε ≥ 1/bj .

Multiplying P1, . . . , Pn, Q by the multiplicative
inverse of Q in Z/pZ we obtain a simultane-
ous diophantine pε-approximation P ′

1, . . . , P
′
n, Q′ of

α1, . . . , αn with Q′ ≡ 1 (mod p). Hence there ex-
ists a nonhomogeneous diophantine approximation of
α1, . . . , αn, 1/p; 0, . . . , 0, 1/p with ε1 = · · · = εn = pε
and εn+1 = ε.

If 2Cn+1pε ≥ 1, Theorem 1.4 holds vacuously.
Hence we assume 2Cn+1pε < 1. By Theorem 4.1 for
δ ≥ ε we can find, in polynomial time, P ′′

1 , . . . , P ′′
n+1, Q

′′

such that |Q′′αj − P ′′
j | ≤ Cn+1pδ and |Q′′/p − P ′′

n+1 −
1/p| < Cn+1δ. Hence if Cn+1pδ < 1 we have Q′′ ≡ 1
(mod p). Therefore Q′′, P ′′

1 , . . . , P ′′
n is a simultaneous

diophantine Cn+1pδ-approximation of α1, . . . , αn ex-
cluding p. Since ε is not part of the input, we try
δ = 2−k, k = 1, 2, . . . . Since we have a lower bound
on ε we shall try at most polynomially many values of
δ. �

We can generalize Theorem 1.4 to several primes.

Theorem 4.2. Let α1, . . . , αn, ε be rational numbers.
Let p1, . . . , pk be primes. Let ε ≥ 0 be the smallest real
number such that there exists a simultaneous diophan-
tine ε-approximation P1, . . . , Pn, Q of α1, . . . , αn exclud-
ing {p1, . . . , pk}. We can find, in polynomial time, a si-
multaneous diophantine 2Cn+kp1 · · · pkε-approximation
of α1, . . . , αn excluding {p1, . . . , pk}, where Cn =
4
√

n2n/2.

Proof (sketch): We multiply P1, . . . , Pn, Q by the
multiplicative inverse of Q in the ring Z/(p1 · · · pkZ).
Then, similarly as in the proof of Theorem 1.4, we use
nonhomogeneous diophantine approximation for

α1, . . . , αn, 1/p1, . . . , 1/pk; 0, . . . , 0, 1/p1, . . . , 1/pk.

�

5 Application

5.1 Contracting a set of residue classes
The following type of question recently arose in a

number of contexts including coding theory [BSŠ03],
extremal combinatorics [Kut01] and the study of the
diameters of certain Cayley graphs (in progress).

Let (x mod m) denote an integer y with smallest
absolute value under the constraint y ≡ x (mod m).
Question: Let A ⊆ Z/mZ. Does there exist an
integer Q such that gcd(Q,m) = 1 and for all a ∈ A,
|aQ (mod m)| is small?

This in effect is a simultaneous approximation prob-
lem with denominator relatively prime to m. Indeed,
for A = {a1, . . . , an}, our question asks the existence
of P1, . . . , Pn and Q such that gcd(Q,m) = 1 and
|ajQ−mPj | ≤ εm. Equivalently, we need |αjQ−Pj | ≤ ε
where αj = aj/m. Note that if such a Q exists then
w.l.o.g. 0 ≤ Q < m. Theorem 1.1 states the essentially
exact obstacle to this.

5.2 Finding a small cyclotomic class
In a case of particular interest we can show that

the answer is always positive by proving that the
obstacle cannot exist. The case in point occurring in
several of the applications indicated is addressed by the
Theorem 5.1 below.

We use the following notation. Given a polynomial
p(x) = anxn + · · · + a0 we let ||p||1 =

∑n
j=0 |aj | and

||p|| = (
∑n

j=0 a2
j )

1/2. As usual, Φd denotes the d-th
cyclotomic polynomial and ϕ(d) = deg Φd is Euler’s ϕ
function.

Theorem 5.1. Let m = pk be a prime power and let
d | p − 1. There exist integers t1, . . . , td from distinct
residue classes mod p such that

• |tj | ≤ Cdp
k−(k−1)/ϕ(d); and
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• td1 ≡ · · · ≡ tdd (mod pk),

where
Cd = d||Φd||(d−1)/ϕ(d).

In the case that d is a prime power we have

Cd ≤ d3/2.

We devote the rest of this section to the proof of
Theorem 5.1.

5.3 A lower bound on the coefficients
Let w be a primitive d-th root of unity in Z/pkZ,

so A := {w0, . . . , wd−1} is the set of d-th roots of unity
in Z/pkZ. Then tj = wi−1t1, so we are looking for
Q := t1 such that all the elements of QA are small
in absolute value mod pk. To eliminate the obstacle
stated in Theorem 1.1, we need to show that there is no
integer combination of w0/pk, . . . , wd−1/pk with small
coefficients that is congruent to 1/p modulo 1. This
will follow from the following result.

Lemma 5.2. Let w0, . . . , wd−1 be the d-th roots of unity
in Z/pkZ. Suppose that a1, . . . , ad ∈ Z are such that∑d

j=1 ajw
j−1 = p` · s, where gcd (s, p) = 1 and ` < k.

Then
d∑

j=1

a2
j ≥

p2`/ϕ(d)

Dd
,

where
Dd = ||Φd||2(d−1)/ϕ(d).

For estimates of ||Φd||, see the end of this section.

Proof of Theorem 5.1 from Lemma 5.2: Let
αj = wj/pk. From Lemma 5.2 it follows that for any
a1, . . . , ad such that

d∑
j=1

ajαj =
1
p

+ t, t ∈ Z,

their `2-norm must be large;

d∑
j=1

a2
j ≥

p2(k−1)/ϕ(d)

Dd
.

Hence, by Theorem 1.1, there exists a simultaneous
diophantine ε-approximation P1, . . . , Pd, Q of α1, . . . , αd

excluding p with

ε =
d
√

Dd

p(k−1)/ϕ(d)
.

Noting that Cd = d
√

Dd, we have |Qwj−Pjp
k| ≤ εpk ≤

Cdp
k−(k−1)/ϕ(d) and hence we can take tj = Qwj−Pjp

k.

If d is a prime power, d = rt, we know the exact
value of the `2-norm of Φd, ||Φd|| =

√
r. Hence

Cd ≤ d(
√

d1/t)(r
t−1)/((r−1)rt−1) ≤ d3/2.

�

5.4 Proof of the lower bound
In this section we prove Lemma 5.2. Let (Z/mZ)×

denote the group of units of the ring Z/mZ.
As before, let w be a primitive d-th root of unity in

Z/pkZ where d | p− 1.

Proposition 5.1. Φd(w) ≡ 0 (mod pk).

Proof: We have
∏

t|d Φt(w) = wd−1 ≡ 0 (mod pk).
On the other hand, the order of w in Z/pZ is d (since
gcd (d, p) = 1). Therefore for t < d we have wt − 1 6≡ 0
(mod p) and hence Φt(w) 6≡ 0 (mod p). �

Let Res(f, g) denote the resultant of the polynomi-
als f, g ∈ Z[x]. Recall that

(i) Res(f, g) is an integer;

(ii) Res(f, g) = 0 if and only in gcd(f, g) 6= 1;

(iii) There exist u, v ∈ Z[x] such that deg u <
deg g, deg v < deg f and uf + vg = Res(f, g);

(iv) |Res(f, g)| ≤ ||f ||deg g||g||deg f .

Property (iv) follows by Hadamard’s inequality applied
to the Sylvester determinant form of the resultant.

In the next statement we do not assume that m is
a prime power.

Proposition 5.2. Let m ∈ Z. Let f(x), g(x) ∈ Z[x].
If there is a ∈ Z such that f(a) ≡ g(a) ≡ 0 (mod m)
then Res(f, g) ≡ 0 (mod m).

Proof: Substituting x = a into (iii) we obtain the
desired result. �

Proof of Lemma 5.2: Let f(x) =
∑d

j=1 ajx
j−1.

We have f(w) ≡ 0 (mod p`). By Proposition 5.1 we
have Φd(w) ≡ 0 (mod pk). Hence by Proposition 5.2,
Res(f,Φd) ≡ 0 (mod p`). Clearly f is not a multiple of
Φd, because f(w) 6≡ 0 (mod pk). Since Φd is irreducible
over Q, Res(f,Φd) 6= 0. Thus, by properties (i), (ii),
|Res(f,Φd)| ≥ p`. On the other hand, by property (iv),

|Res(f,Φd)| ≤ ||Φd||d−1||f ||ϕ(d).

Hence
p2`/ϕ(d)

||Φd||2(d−1)/ϕ(d)
≤

d∑
j=1

a2
j .

�
Remark: The following two results give the logarithmic
order of magnitude of ||Φn|| for the worst values of n.
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Theorem 5.3. (Bateman,[Bat49]) For all n,

||Φn|| ≤ ||Φn||1 ≤ nd(n)/2 ≤ exp
(
n(1+o(1)) ln 2/ ln ln n

)
where d(n) is the number of positive divisors of n.

Theorem 5.4. (Erdős,[Erd49]) For infinitely many
n,

||Φn|| ≥ exp
(
nc/ ln ln n

)
for some constant c > 0.

6 Aproximating algebraic integers: an open
problem

While our existence results (Theorems 1.1, 1.2, 3.1) con-
cern the simultaneous approximability of sequences of
real numbers αi, our algorithmic results (Theorem 1.4)
are limited to the case when the αi are rational. A re-
viewer challenged us to extend the results to the case
when the αi are algebraic. (An algebraic number is rep-
resented by its minimal polynomial and an interval in
which it lies).

A particularly interesting case arises when all the αi

are algebraic integers. In this case, our results guarantee
that ε-approximations avoiding any finite set of primes
always exist (since, if an integral linear combination of
the αi is rational then it is an integer). So, unlike in
Theorem 1.4, there is no smallest ε and ε needs to be
made part of the input.

It is conceivable, however, that the αi have an
integral linear combination with small coefficients which
is doubly exponentially close to a non-integral rational
number, say 1/2; in any case, doubly exponential is the
best separation we are able to give. (The proof of the
separation is modeled after Liouville’s classical proof of
the transcendence of certain real numbers.)

If the doubly exponential separation (say, from 1/2)
is indeed nearly optimal then a 1/N -approximation
avoiding p = 2, where the bit-length of N is polynomi-
ally bounded in the description length of the αi, would
require Q to have exponentially many digits. We don’t
know whether this case can actually occur but it might,
even in the special case when the αi are square roots of
integers.
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