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Abstract

The study of protein interactions from the networks point of vew has yielded new
insights into systems biology [Bar03, MA03, RSM02, WS98]. In particular, \net-
work motifs" become apparent as a useful and systematic tool foreskcribing and
exploring networks [BP06, MKFV06, MSOf 02, SOMMAO2, SV06]. Finding mo-
tifs has involved either exact counting (e.g. [MSOI02]) or subgraph sampling (e.g.
[BPO6, KIMAO4a, MZWO05]). In this thesis we develop an algoritm to count all
instances of a particular subgraph, which can be used to query ather a given sub-
graph is a signi cant motif. This method can be used to performyact counting of
network motifs faster and with less memory than previous metlis, and can also be
combined with subgraph sampling to nd larger motifs than evebefore { we have
found motifs with up to 15 nodes and explored subgraphs up to 2tbdes. Unlike
previous methods, this method can also be used to explore motifistering and can
be combined with network alignment techniques [FN'06, KSK* 03].

We also present new methods of estimating parameters for modelsbiological
network growth, and present a new model based on these paramstand underlying
binding domains.

Finally, we propose an experiment to explore the e ect of the hole genome dupli-
cation [KBL04] on the protein-protein interaction network of S. cerevisiag allowing
us to distinguish between cases of subfunctionalization and rieonctionalization.
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Chapter 1

Introduction

1.1 Network Science

Much of the world consists of complex systems. This complexity stenfrom chaotic
dynamics and emergent behaviors, or because of myriads of serallnits interacting
in complicated ways, or combinations of both phenomena. Theuwsty of complex
systems is an important stepping stone towards what E. O. Wilson ta\consilience"
[Wil98] { the uni cation of the sciences, the social sciences, aritie arts.

Network science is the study of complex systems (of interacting ps) from a
graph-theoretic point of view. Network science has yielded mwg insights into the
way our world works, from the cell, to the internet, to the ecoamy. Network science
has its roots in the study of social networks as early as the 1350ut in the past
decade or so it has seen an explosion of activity, due both to theogiing availability
of network data { viz. the World Wide Web [Bar03], protein interaction networks
[HBH* 04], and food webs [CBN90, WMO0O0] (se.1 for more examples) { and also
the availability of personal computers powerful enough to anch on that data.

Today network science brings together researchers from ngadll branches of
academia and instury, who have realized a common underlyingegme in their work:
\It's the network, stupid!" Network science has entered the pulic consciousness
through debates on using social network analysis to catch terists, and through the

popular literature such as Albert-laszb Baratasi's Linked [Bar02], Malcolm Glad-
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well's The Tipping Point [Gla02], Steven Strogatz'sSync [Str03], and Duncan Watts'
Six Degreeg[Wat03].

Although this thesis focuses on biological networks, and in pacular the protein-
protein interaction network of Saccharomyces cerevisiagbaker's yeast), many of the
methods and ideas herein { particularly those in Chapter 2 (bhzkground material)
and Chapter 3 (a new approach to discovering network motifs) {ra applicable to any
network, and thus to many di erent realms of science and sociakcience. Moreover,
the research on network evolution in Chapters 4 and 5 may inspirthe design of

complex systems engineered for extensibility and evolvabjli{fe.g. [BAWO05]).

1.2 Network Motifs

Modularity has been standard practice in systems design and engering for decades.
Modular structure enables the re-use of common sub-parts. Engigrs often impose
hierarchical organization to larger systems in order to help amage and control their
complexity. In addition, network science has also found thatheese properties are
prevalent in naturally occurring, evolving, and growing nevorks [RSM" 02, HBH" 04,
MSOI* 02]. Studying these naturally occurring sub-networks has yéed insights into
the information-processing roles of sets of nodes in a netwoMA03, SOMMAO2].

Network motifs provide an important viewpoint for understandng the modularity
and the overall structure of networks [KMP 01, MZA03, RRSA02, ZMR 04]. Motifs
were rstintroduced in [MSOI* 02]. The importance of network motifs as information-
processing modules was modeled theoretically in [SOMMAO02] afMAO03], and veri-
ed experimentally in [KMP *01], [MZAO03], [RRSA02], and [ZMR 04].

Network motifs are de ned as subnetworks that are signi cant omon-random in
one or more ways [MSOI02]. Network motifs are typically determined by over-
representation compared to randomized versions of a networBH06, MSOI" 02,
SOMMAQO2]. Similarly, antimotifs are determined by underrepesentation compared
to randomized versions of a network. However, recent work inigihing biological
networks [FNS 06, KSK" 03] reveals conserved sub-networks, and we think of these
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conserved sub-networks as a new type of network motif. The foem more standard
type of motif may be distinguished as frequency-based, and thagtier as conservation-
based motifs. Unless otherwise speci ed, this thesis will alwaysfee to frequency-
based motifs, which have also found applications in other area$ network science.

Two basic methodologies are available for nding network mds: exact counting
(e.g. [MSOI'02]) or subgraph sampling (e.g. [BP06, KIMAO4a, MZWO05]). Both
methods attempt determine the signi cance of all (or many, irthe case of sampling)
subgraphs of a given size by comparing their frequency to théiequency in a random
ensemble of networks. It is generally thought that a qualitatie description of the
signi cance of a particular subgraph (e.g. whether or not it isa motif) is more
informative than a quantitative one (e.g. itsz-score). To determine which graphs
are motifs or antimotifs, subgraph sampling [BP06, KIMAO4a, MZV@5] is e ective
and e cient, and can determine the signi cance of larger subgphs than the current
methods of exact counting.

However, it is necessary to nd all instances of a given graph as graphs of a

network to

(a) determine whether a given graph (perhaps determined eepmentally) is a sig-

ni cant motif,

(b) explore motif clustering to see how motifs may be parts of lger structures and
to see how dependent a motif's signi cance is upon the accuragf/the network,

and

(c) combine frequency-based motif nding with conservatiofzased motif nding

(network alignment) in certain ways.

In Chapter 3 we present a method to achieve this. By analogy withequence motifs,
we believe combining frequency-based motif nding with cons@ation-based motif
nding will be a particularly important application of this new approach to nding
network motifs. In addition to these applications, the method &n also be used to get
the exact counts of all subgraphs of a given size, and it does setéa than previous

methods.
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1.3 Evolution of Biological Networks

Cellular processes are de ned by the way proteins interact witone another, with the
environment, and with DNA. Understanding how proteins interactwith one another
at the chemical level is an important rst step to modelling cdular processes, and
can reveal principles important in capturing the larger syst@s picture revealed by

protein-protein interaction networks and gene regulatoryetworks.

In a protein-protein interaction (PPI) network, the nodes ae proteins and the
(undirected) edges represent pairwise protein-protein intactions. In a gene regula-
tory network, nodes represent genes and proteins, and (dired) edges represent the

production of a protein by a gene or the regulation of a gene layprotein.

In the few short years they have been around, PPI nets have ahgy found several
applications. They have been used to predict domain-domainteractions [DMSCO02],
to predict de novoprotein-peptide interactions based on network motifs [RSQ4and
to annotate previously unclassi ed genes by correlating a PPlat with a protein-DNA
net [MBVO03].

In this thesis, we focus on the PPI net of the yeasbaccharomyces cerevisiafor
three reasonssS. cerevisiaeis possibly one of the most well-studied, simple organisms
on the planet (along withE. coli; H. sapiensis well-studied, but much more complex),
the complete genomes db. cerevisiaeand 11 of its close relatives are available, and
S. cerevisiaehas a rich evoluationary history, including in particular a vihole genome
duplication (WGD) [KBLO4].

Genetic duplication, whether at the scale of a single gene, aromosomal segment,
or a whole genome, is a signi cant mechanism in evolution [Oh@} When duplication
occurs, it is believed that the two members of a duplicate painitially have identical
functions and interactions. Afterwards, there is a transient p@od during which
one of the duplicates will di erentiate, diverge in function, or disappear altogether
[Wag02]. If the two duplicates di erentiate so as to each taken a di erent part of
the ancestral function, they are said to have undergongubfunctionalization . If

one of the duplicates stays the same and the other takes on a nidumction, it is said
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to have undergoneneofunctionalization . Exactly how the divergence of duplicates
occurs, and the relative importance of these two processes, ardl sipen questions.
In Chapters 4 and 5, we explore the e ects of the WGD on the ewdlion of the
yeast PPI net. Chapter 4 introduces a model of network growthhat reproduces many
properties of the actual yeast PPI net, and treats WGD and singlgene duplication in
a uni ed framework. In Chapter 5 we propose an experiment to stly the divergence
of whole genome duplicates, and speci cally to examine the asymatry of divergence.
These experiments will also distinguish between cases of subfuocalization and

neofunctionalization.

1.4 Organization

The remainder of this thesis is organized as follows. Chaptegdes over introductory
background material, which introduces terminology, de ions, and fundamental is-
sues in networks generally and biological networks speci tal Chapter 3 introduces
a new approach for detecting network motifs, which is faster #n previous methods,
and also applicable to many other tasks that are wholly unavaible to previous meth-
ods. Whereas previous methods have only been able to discovertifs up to 8 nodes
due to combinatorial scaling, we present a motif of 15 nodes, aeaplore subgraphs
of 10 and 20 nodes with our new method, along with some basic aysa$ showing that
these larger motifs represent biologically relevant structess. Chapter 4 (joint work
with Alexei Vazquez, Matt Rasmussen, Manolis Kellis, and Albert-aszb Baratasi)

introduces new methods for estimating parameters of networgowth, providing a

biological grounding to models that were previously solely doretical. Chapter 5 (in
collaboration with Jean-Frarcois Rual and Marc Vidal) discsses asymmetric diver-
gence of duplicated genes, and proposes experiments that waillow us to explore
this divergence and distinguish between instances of subfurasialization and neo-
functionalization. More details may be found in Appendix C. The experiments are
being carried out in the lab of Marc Vidal at the Dana Farber Caner Institute of

Harvard, and will be completed after the submission of this thesis.
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Chapter 2

Background

In this chapter we begin with examples of real-world netwogk(as opposed to theoret-
ical graphs) &2.1), and we review some basic terminology associated to netwednd
graphs &2.2). We then review several interesting properties discoverén analyzing
real-world networks §&2.3), and recent work that uni es them with network motifs,
and provides a systematic framework for the analysis of netwakx2.4). Finally, we
review network motifs x2.5), and some of the basic techniques and ideas that will
be used in Chapter 3, including the limitations of current mdtods of discovering

network motifs.

2.1 Networks in the Real World

Many real world networks have been studied in the past decade és&able 2.1). It is
important to note that nearly all of these networks rely on rawdata that is subject to
both experimental and human error, and sampling or ascertainent bias. For exam-
ple, the protein-protein interaction network of the yeastSaccharomyces cerevisiaeas
been probed by several types of experiments, and each type opestment has been
performed independently by several groups. This produces selenetworks with dif-
ferent biases, that often con ict with one another, and are proably still incomplete.
Several studies have been done on the e ects of experiment&hd [KGGO06] and on

the e ects of combining di erent network datasets [GSWO04, HR@5, HV03]. Because
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of these potential inaccuracies, global statistics must be robust order to examine

the properties of actual networks based on experimental data

| Network | Nodes | Edges | Directed? |
Internet routers physical connections | undirected
WWW web pages hyperlinks directed
Social networks people social ties mixed
Organizational people rgport_lng / directed
networks directing
Sexual networks people sexual relations undirected
Food webs species predator-prey relations| directed
Protein interaction proteins protein interactions mixed
networks bstrates
Metabolic networks | >- metabolic pathways directed

and enzymes
Genetic regulatory | 9enes or regulation of :
: directed

networks gene products| gene expression

Table 2.1: Real-world networks.

2.2 Network/Graph Terminology

Graphs and networks. The terms graph and network are used interchangeably
(though we typically use \graph" to refer to smaller graphs, suchas motifs, and
\network" to refer to the real-world networks being studied) A graph is a set of
vertices or nodes, which may be connected in pairs bgdges. Typically, graphs are
denoted by the capital lettersG; H;:::, vertices are denoted by the lowercase letters
u;v;w;::; and edges are denoted by the lowercase letterd;:::. The set of vertices
is often denotedV or V(G) if the implied graph is not clear from context. Similarly,
the set of edges is denoted b or E(G).

Subgraphs. H G is used to denote thatH is a subgraph of G, i.e. that
V(H) V(G) and E(H) E (G) such that both endpoints u;v of each edge in
E(H) are present inV(H). A vertex-based subgraph (also called an \induced
subgraph” or \full subgraph” in graph theory) of a graph G consists of a subset

of V(G), and all the edges inG connecting vertices in that subset. To make the
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distinction clear, we may refer to subgraphs as \general or eeidpased subgraphs”.
The distinction is particularly relevant to network motifs (x2.5).

Unless otherwise stated, the graphs in this work are undirectedhd simple: they
contain no self-edges, and there can be at most one edge betwegngair of vertices.
All of the methods in this paper are easily generalizable to goas with directed edges,
and many of the methods are generalizable to graphs with seliges and multiple-
edges.

Random graphs. In 1959, Paul Erdes and Alfed Renyi introduced the notion
of a random graph [ER59]. An Erd)s-Renyi random graph om nodes has an edge
between each pair of vertices with xed probabilityp. This model of random graph
has been well-studied, and it has many attractive propertiesFor example, the de-
gree distribution of an Erdys-Renyi graph is a Poissonian, shaty peaked around an
average degree, and the size of the largest connected componemniergoes a well-
characterized phase transition ap increases.

In network science, however, Erd)s-Renyi random graphs ammost often cited as
examples of what real networks ar@ot (seex2.3). But random graphs in the more
general sense still play an important role in the study of real-wld networks (see
x2.5.2).

2.3 Network Properties and Statistics

Network statistics can be used to discriminate between networksy evaluate the -
delity of models of network growth, and sometimes to uncoventeresting and mean-
ingful properties of a system. In studying networks that grow athevolve { such as the
Internet, the World Wide Web, food chains, social networks, antiological networks
{ a network statistic must be relatively stable with regards to sm#l uctuations in
the network and with regards to measurement inaccuracies. Sihe statistics such
as number of nodes, number of edges, number of connected congmtsy size of the
largest component, and to a certain extent the maximum path tegth (diameter)

provide a rough idea of the structure of the network. In addibn, network scientists
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have moved beyond these classical graph-theoretic statistics tml more meaningful
properties of real-world networks.

For example, for networks that grow and evolve, the relatiship between the
number of nodes and the number of edges over time can provigéeresting insights.
This relationship is captured by thedegree distribution : the number of nodes of
each degree. In the classical Erdys-Renyi model of random gras { in which each pair
of nodes is connected by an edge with xed probabilitp { the degree distribution is
a sharply peaked Poisson distribution around the average degrééhe average degree
of such networks provides a characteristic scale for the topghp of the network.

In many real networks, however, the degree distribution has awy long right tail,
and often follows a power law distribution [Bar03]. Such netwrks are calledscale-
free, because there is no characteristic scale at which interact®make place. Figure
2-1 shows the di erence between the distribution in an Erdysdyi random graph

and a scale-free network.

01

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

Figure 2-1: The degree distributions of an Erdjs-Renyi random graph (left) and a scale-free
network (right) with the same average degree.

The exponent of the power law is sometimes called the \degree exponent".
Since Ek is never zero, but the graph does not have in nitely many nodg power
law degree distributions always have a cuto value. Occasiolig this cuto takes the
form of an exponential, such a® (k) = e "z"oki. Whereas the average degree was
su cient to characterize the degree distribution of Erdys-Renyi random networks,

the degree exponent and the nature of the cuto are both necesgao characterize
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a scale-free distribution.

Recently, questions have been raised as to how well a power lawfact ts the
degree distribution of various networks, and also whether or hthe exact shape of
the degree distribution might be an artifact of the way in whib the network data was
gathered. Some researchers have thus taken to speaking moreegeally of \broad-
tailed degree distributions” rather than scale-freeness in pagular.

More information about the structure of a network can be disceed by examining
its degree correlations . The degree correlation distribution of a network is the
fraction of edgesP (ki; k) connecting a node of degrele; with a node of degree,. A
network is assortative if the high-degree nodes tend to link to high-degree nodes(i
if P(ky; ko) is large whenk; and k, are similar), and disassortative if high-degree
nodes tend to link to low-degree nodes.

Many real networks also exhibit thesmall-world property: they have a large
average clustering coe cient and a small diameter [WS98, Waf]. The clustering
coe cient of a vertexv is the proportion of pairs of its neighbors that form a triande
with v. If T(v) is the number of triangles intersectings, then the clustering coe cient
C(v) is T(v) divided by %),

Real networks also tend to be modular and have a hierarchicalrgtture. The
distribution of clustering coe cients has been repoted to cafure these properties
[RSM*02]. The average clustering coe cient of nodes of degrdeis denotedC(k).
If C(k) k ,then is sometimes called the \hierarchical exponent". A network
is said to be \hierarchically modular" if C(k) k ! [RSM*02]. It has been shown
that models of network growth involving only preferential &#achment do not pro-
duce hierarchically modular networks, while models incorpating both preferential
attachment and node duplication (e.g. genetic duplicationdo [Hal04].

Recently, Abdo and de Moura [Ad06] extended the notion of clugieg coe cient.
The clustering coe cient is the rst in a series known as theclustering prole . The
clustering pro le of a vertex v is denotedC'(v) for i = 1;2;3;:::, whereC'(v) is the
proportion of pairs of neighbors of/ that are distancei away from one another, where

the distance excludes paths that go through. Thus C(v) is the standard clustering
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coe cient. Also note that P . C'(v) = 1 (if the sum includesi = 1, i.e. when two
neighbors ofv are only connected throughv). They observe thatP f’:l C'(v) is often
very close to 1. As an example of the utility of the clustering prée, Abdo and de
Moura examine the movie actors network [IMDO6], in which twactors are connected
if they have acted together in a Im. The clustering coe cient C1(k) decreases rapidly
with k for this network, leading one to believe that stars very oftemwork with sets of
people that never work with one another. ButC?(k) rises sharply with k, revealing
a richer structure.

Many models of network growth have been proposed to explain @mor more of
these network statistics (with the exception of the clustering 1o le, because of its
recent novelty). Although these statistics are clearly relevarto the structure of a
network, it is unclear which properties are most relevant todentifying the process by
which a network grew. Network motifs €2.5) provide yet another property that may
capture the ner aspects of a network's structure, and there ia systematic series of
properties based on motifs that subsumes both motifs and the ahproperties listed
here ([MKFV06], summarized inx2.4).

2.4 Systematic Network Properties

The properties discussed i®2.3 have shed a great deal of light on the structure of real-
world networks. In this section, we present the ndings of [VDS04] and [MKFV06],
which provide a systematic set of properties against which modebdf growth can be
evaluated. Furthermore, these systematic properties natuigl include many of the
properties discussed ix2.3, and by their construction are garaunteed to include any
further network properties discovered in the future.

The distribution of subgraphs of a network provides a great déaf information
about the network in an unbiased, general framework. The laeg the subgraphs
counted, the more information the distribution contains. In te limit, the subgraph
distribution contains all of the information in the network, since every network can

be considered its own largest subgraph.
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In particular, the clustering coe cient is entirely captured by the distribution of
\spoked" subgraphs { subgraphs in which every node is connectamlone central node,
and perhaps there are other edges. In the case of networks witbwer law degree
and clustering coe cient distributions, even more can be said atut the distribution
of these \spoked" subgraphs. In [VDS04], it is shown that the degree exponent
and the hierarchical exponent (P(k) k ; C(k) k ) carry the exact same
information as the distribution of any two spoked subgraphs. In other words, and

can be determined by these distributions, and conversely. Thisue be understood
intuitively because the clustering coe cient and the degree dtribution are entirely
captured by the number of triangles and 3-node lines (someten called \wedges") in
the graph. Beyond the intuition, this is a very nice analyticresult for this particular
class of networks, providing further evidence for the aboveains.

For this class of power law networks, the spoked subgraphs can beded into two
types [VDS'" 04]: type | subgraphs, whose number in a random ensemble of netisor
with xed ( ; ) follows a power law in the maximal degre&.x of the network, and
type Il subgraphs, whose number remains proportional to the nuper of nodes in the

network. See Table 2.2 for details.

Type | Condition | Distribution
I C<O0 Nk .S

max

I C>0 N

Table 2.2: The two types of subgraphs identi ed by [VDS* 04], de ned by their conditions, are
distributed as indicated. Here C = (m n +1) (n ) where n is the number of nodes in
the subgraph, m the number of edges, the hierarchical exponent of the larger network, and the
degree exponent.

In [VDS*04] it is also noted that the abundance of subgraphs compared tioe
total number of nodes leads to subgraph clustering, and the sieéthese clusters are
calculated analytically using methods of percolation thegr More details on motif
clustering can be found inx3.4.1.

Subgraph distributions can encompass not only the two paramss in a power

law network, but can encompass the exact distributions of nelgrall the properties
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discussed inx2.3 in networks of any topology, as shown in [MKFVO06] and discussed

in the remainder of this section.

The distribution of \degree-correlated subgraphs” ofl nodes { the so-callediK -
series { is exactly the systematic set of network properties desd. A degree-correlated
subgraph associates to each node in the subgraph its degree, a.triangle with one
node of degree 10, one of degree 3, and one of degree 7. Theiloligion of degree-
correlated subgraphs on one node is exactly the degree distiion. The distribution
of degree-correlated subgraphs on two nodes is exactly thegtee correlation distri-
bution. The distribution of degree-correlated subgraphs orhtee nodes captures not
only the clustering coe cient (number of triangles), but also te relationship between

the degree distribution and clustering coe cient distribution.

Note that the symmetries of the subgraphs must be taken into accotin these dis-
tributions. For example, in the distribution of degree-corrkated trianglesP (ki; ko; k3),
the order of the argumentsky; k; ks is irrelevant, but in the distribution of degree-
correlated lines on 3 nodesP (ki;ks; ki), the only interchange of arguments that

leaves the distribution unchanged is the swapping & and ks.

Part of the utility of the dK -series for evaluating models of network growth is that
the delity of di erent models can be more easily compared. Hoexample, model A
might reproduce thedK -series up to 3 nodes with some error, while model B might
reproduce thedK -series up to 4 nodes but with a greater error. Without these

properties, such comparisons are all but impossible.

The dK -series can also be used as a very stringent background model foding
network motifs (seex2.5). Milo et al. [MSOI* 02] introduced the background model
whereby the distribution of (d 1)-node subgraphs is preserved when identifyird
node motifs. Preserving thedK -series (up tod 1 nodes) puts even more information

into the background model.
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2.5 Network Motifs

Modularity has been standard practice in systems design and engering for decades.
Modular structure enables the re-use of common sub-parts. Engirs often impose
hierarchical organization to larger systems in order to help amage and control their
complexity. In addition, network science has also found thathiese properties are
prevalent in naturally occurring, evolving, and growing ngvorks [RSM™ 02, HBH" 04,
MSOI* 02]. Studying these naturally occurring sub-networks has yaed insights into
the information-processing roles of sets of nodes in a netwoMA03, SOMMAO2].

Network motifs provide an important viewpoint for understandng the modularity
and the overall structure of networks [KMP 01, MZA03, RRSA02, ZMR 04]. Motifs
were rstintroduced in [MSOI* 02]. The importance of network motifs as information-
processing modules was modeled theoretically in [SOMMAO2] afdAO03], and veri-
ed experimentally in [KMP *01], [MZAO03], [RRSA02], and [ZMR 04].

2.5.1 De nition

In the traditional sense, anetwork motif  (or simply \motif") is a recurring, sig-
ni cant pattern of interaction. More recently, techniqueshave bren developed which
identify patterns of interactions conserved across evolutidFNS" 06, KSK* 03], which
may lead to a new method of identifying biologically signi cat network motifs. This
thesis is concerned with motifs in the former sense, though somktlee techniques
developed in Chapter 3 are applicable to motif- nding in thelatter sense.

A graph H is a motif of a network G if H appears as a subgraph d& signi -
cantly more frequently than in randomized versions o&. Similarly, a graph H is an
antimotif if it appears signi cantly less frequently than in randomizedversions of
the original network. Whether a subgraph is a motif or antimaf is a more robust
property of a network than the exact number of times it appea in the network. It
is thus useful to de ne themotif prole of a network as the set of connected graphs
up to a given size which are motifs, the set which are antimotifs,nd the set which

do not deviate signi cantly from the background model.
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The frequency of a subgraph can be compared against several lggokind models
by altering the method of randomization (see2.5.2). Perhaps the simplest relevant
background model thought to be signi cant is to preserve the dgee of each node. A
very popular model, developed in [MSOI02], additionally preserves the distribution
of (k 1)-node subgraphs when looking fd«-node motifs. (Preserving the distribution
of (k 1)-subgraphs turns out to be infeasible fok > 4. Seex3.5.) The dK -series
[MKFVO06] (reviewed in x2.4, above) can also be used as a slightly more stringent
version of Milo et al's background model. It is unclear at this time whether this
model actually adds signi cant information into the backgraind, or whether it is
mostly redundant for the purposes of network motifs.

Network motifs are often thought to be the building blocks of atworks. A small
number of motifs { the feed-forward loop and the single-inpuiodule (Figure 2-2) {
have been shown to perform signi cant information-processing@les both theoretically
[MAO3, SOMMAO02] and experimentally [KMP" 01, MZA03, RRSA02, ZMR 04]. In
addition to these examples, several other biologically signiamt patterns of interac-
tions are likely to have been missed by the current de nition ohetwork motifs, or
patterns deemed signi cant by the current motif de nition may not in fact biologically

signi cant.

™ O

Feed-forward loop Single-input module

Figure 2-2: Two motifs whose dynamics have been studied both theoretically and experimenty:
the feed-forward loop and the single-input module.

Recent work suggests that motifs are not necessarily functiondut may be sim-
ply by-products of evolution [SV06]. Additionally, there is &perimental evidence
[MIK * 04, MSOI* 02] that the networks of a similar nature have similar motifs. Ths

determining the motifs of a network may give a clue as to the pcess by which it

grows or evolves.
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There is a hidden ambiguity in these de nitions: it is importart to specify what
we mean bysubgraph In this work we consider only vertex-based subgraphs, which is
the more straightforward condition because of the relationshs between edge-based
subgraphs. For example, consider the distribution of 3-node sutagphs shown in Table
2.3. Because each triangle contributes one triangle and tlerdines when counting
edge-based subgraphs, it is possible that the line might be consiel® more or less
signi cant when edge-based subgraphs are counted than whentesrbased subgraphs
are counted. It is even possible for the line to be a vertex-baseawbtif, but an edge-

basedanti motif (if the triangle were an antimotif).

Ayo_o_o

Actual number vertex-based 1 19

Actual number edge-based 1 19+3 1
Vertex-based in random ensemble5 1 7 2
Edge-based in random ensemble] 5 1| (7+3 5)  22+3 12
Vertex-based z-score -4 6
Edge-based z-score -4 0

Table 2.3: Edge-based subgraphs are assigned di erent levels of signi cance than vertex-based
subgraphs because of the linear relationships between edge-based subgraphs. We use only vertex
based subgraphs.

2.5.2 Randomizing Networks

In the science of networks, a randomized version of a network { arrandom network
with similar properties to the original { is often needed as aull model. The three
properties that are easiest to reproduce in a random graph aren(order): average
degree, degree distribution, the degree of each node. In tm®rk we use rewiring
exclusively, which preserves the degrees of individual nodes.

An in-depth discussion of methods of randomization { including aationale for
using rewiring { can be found in [MKFVO06].

Random rewiring of a network proceeds as follows. A pair of eslgp;; €, is chosen

uniformly at random. If the edges do not share a common verteand if the comple-

31



mentary edges (see Figure 2.5.2) are not already present in tip@ph, thene; and e,
are removed and the complementary edges are added. This prees the degrees of
all nodes involved. As with many Markov processes, it is unknowrolv quickly this
process converges, but [GMZ03] shows that this process is andueible, symmetric,

and aperiodic Markov chain which converges experimentalig O(JE]) steps.

Before After

Figure 2-3: Degree-preserving rewiring. Random pairs of non-incident edges are chosen (as shown).
If the solid edges are present and the dotted edges are not, these four nodes may be reagirby
removing the solid edges and adding the dotted ones.

After a randomized version of the initial network has been obtaed by rewiring,
simulated annealing with rewiring can be used to simultaneousiseproduce other
properties of the original graph, such as the distribution df-node subgraphs [MKFV06,
MSOI* 02]. Unfortunately, preserving the distribution ofk-node subgraphs is prac-
tically infeasible fork > 3. In x3.5 we propose two new background models to help

alleviate this problem without relaxing the conditions on etwork motifs too much.

2.5.3 Graph Isomorphism

In Chapter 3 we introduce a method for counting all the instanes of a graph as a
subgraph of a network, with many applications to network mots. In performing this
counting, however, algorithms tend to nd the same instance o& subgraph more
than once, because of its symmetries. Graph isomorphism capturtbés notion of
symmetry, and the notion of when two graphs are really \the samé

Two graphsG and H are said to beisomorphic if they have the same edges. In
other words, if there is a mag (v) from V(H) to V(G) such that (v;w) 2 E(H) if and
only if (f (v);f (w)) 2 E(G). If such a map exists, it is called ansomorphism from

H to G. For example, the two graphs in Figure 2-4 are isomorphic. An is@rphism
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from the left graph to the right graph is given by associating edn vertex on the left

with the vertex of the same number on the right.

Figure 2-4: Two isomorphic graphs. The vertex labels denote an isomorphism.

As stated above, isomorphism is a form of equivalence. In partiamn, isomorphism
is a transitive relation between graphs because the compositiof two isomorphisms
is again an isomorphism. Additionally, isomorphisms are invefile: for any isomor-
phismf : G! H, there is an inverse isomorphisrh *:H ! Gsuchthatf f !is

the identity map.

In general testing whether two graphs are isomorphic is comgttonally di -
cult. It is known that graph isomorphism is in the complexity chss NP, though it is
unknown whether graph isomorphism is either in P or NP-completén fact, graph
isomorphism is one of the few problems thought to be in NP butot NP-complete,

if P 6 NP). We will explore algorithms for isomorphism testing inx3.2.2.

An isomorphism from a graph to itself is called arautomorphism . Note that
every graph has the identity map as a trivial automorphism. Beause automorphisms
are also composable and invertible, the set of automorphisms ofgaaph has the
mathematical structure of agroup [Art91, HEOOQ5, Ser03], and we sometimes refer
to the automorphism group of a graph. See Appendix A for a brief review of the
theory of graph automorphism groups. Automorphisms play an imptant role in the

methods in Chapter 3, particularly inx3.3.2.
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2.5.4 Limitations of Current Motif-Finding Methods

Current motif- nding methods are limited to motifs of very few nodes. This is due to
a number of factors, discussed in more detail in Chapter 3, but geaps the greatest
limting factor is the size of the search space. The number of naemorphic connected
graphs onn grows faster than exponentially imn, and the number of instances of such
graphs in the undirected PPI net ofS. cerevisiae[HBH" 04] appears to grow only

slightly less than exponentially (see Table 2.4).

Instances in the
Nodes| Undirected | Directed | undirected FYI
network [HBH* 04]
3 2 13 11,881
4 6 199 69,865
5 21 9,364 408,295
6 112 1,530,843 2,280,781
7 853 8.8 10° 12,353,532
8 11,117 1.8 10%° 66,493,797
9 261,080 | 1.3 10 |
10 1.1 10 3.4 1079 |
11 1.0 10° 3.2 10° |
12 1.6 101 | 1.1 10% |

Table 2.4: The number of non-isomorphic graphs represents the size of the search space for networ
motifs, and partially explains why nding larger motifs is so dicult. Here w e also present the
number of instances of subgraphs up to 8 nodes in the undirected protein-protein interaction netork
of S. cerevisiae[HBH* 04], determined using the new methods developed in Chapter 3

Exact counting methods have only been reported to nd motifaup to 4 nodes
[MSOI* 02] and motif generalizations up to 6 nodes [KIMAO4b]. Subgpa sampling
methods have found motifs up to 8 nodes [BP06, KIMAO4a, MZWO05]Using the
approach described in the next chapter, however, we are able ihd a motif of 15

nodes, and explore subgraphs of 20 nodes (and potentially evarger subgraphs).
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Chapter 3

A New Approach for Discovering

Network Motifs

Network motifs { or frequently recurring circuits { have longbeen used in engineering
computer chips, and have recently been shown to exist in more naally occurring
networks as well, such as food webs, the internet, and the pratenteraction networks
of various species [MSOI02]. By analogy with their engineered counterparts, it is
hoped that network motifs will allow us to understand these natral networks in terms
of their fundamental computational building blocks.

Several studies have demonstrated both theoretically [SOMMA)Q MA03] and
experimentally [KMP* 01, MZA03, RRSA02, ZMR 04] that network motifs can play
crucial information processing roles in cellular networks. Haver,in silico models of
network growth based on genetic mutation and duplication havalso produced similar
network motifs [KBLO6], raising the question of whether netwik motifs are in fact
functional, or are simply the by-products of the other evolubnary forces shaping
the networks in question [SV06]. Even if they are \merely" by-pducts, studying
network motifs can still provide insight into the processes by wbh networks grow
and evolve.

A network motif is formally de ned as a subnetwork that appeas more frequently
than by chance. Many di erent background models have been u$¢o evaluate net-

work motifs (seex3.5). Rather than hoping to nd a background model which revals
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biologically meaningful motifs, we treat motifs as a languagfor describing the prop-
erties of a network. (Biologically relevant motifs are proably more likely to be found
by including more biological information than simply the netvork structure, e.g. cel-
lular dynamics and evoluationary history.) From this point d view, the background
model and the motif distribution are complementary sources ahformation. The

background model captures some information about the netwofe.g. its degree dis-
tribution), and the network motifs capture the rest. The choce of background model
is thus a trade-o between how hard it is to create an ensembleg oetworks under
that model, and how much information about the network the mdel captures. In
x3.5, we explore various background models, and introduce awenodel which is

both easily computable and captures more information than prvious models.

Additionally, motif- nding methods can be applied to study neéworks more gener-
ally, based on their subgraphs. A particular type of subgraph inbduced in [MKFV06]
generalizes many important network properties that have len studied to date, namely
the degree distribution, clustering coe cient, and degree aoelations. We call this
type of subgraph adegree-correlated subgraph , in which the degrees of the nodes
in each instance of the subgraph are also taken into account. Fexample, one sub-
graph might be a triangle in which one node has degree 10 ancktbther two nodes
have degree 5. Note that single-node degree-correlated sulpipscapture the degree
distribution, two-node degree-correlated subgraphs capterdegree correlations, and
three-node degree-correlated subgraphs capture the cluster coe cients. It is im-
portant and useful to have a systematic set of properties for ewating models of
network growth { viz. model A reproduces the actual network p to size 2 degree-
correlated subgraphs, but model B reproduces it up to size 3. adegree-correlated
subgraphs provide a systematic set of properties that encompasamg informative
network properties, having e cient algorithms to nd these subgraphs is important

for studying networks.

There are two basic methodologies for nding network motifs:»act counting (e.qg.
[MSOI" 02]) and subgraph sampling (e.g. [BP06, KIMAO4a, MZWO05]). Becae exact

counting is so computationally expensive [KIMAO4a], subgraph s#ling has proven

36



more e ective at discovering larger motifs (up to 8 nodes, conaped to 4 node motifs

and 6-node motif generalizations with exact counting).

There are at least two important questions for the applicatiorof network motifs:

1. How can biologically meaningful circuits be discovered silico, and perhaps

used to guide experiment?

2. What are the larger structures that provide information aml insight into a

network's properties, and how can they be identi ed?

We propose several possible directions towards answering thesegjions, all of which
seem to require a common tool: an algorithm to nd all instancesf a given subgraph
(motif) in a network. Additionally, nding all instances of a motif allows us to explore
motif clustering; in doing so, we may learn how dependent a m&8 signi cance is

on the accuracy of the experiments that produced the network

Thus the aim of this chapter is to improve exact counting teahiques so that they
can be used to nd all instances of a given subgraph, up to largerzes than were

achievable with previous methods.

3.1 Advantages of the New Approach

3.1.1 Querying Whether a Given Subgraph is a Motif

Because this new approach only searches for instances of a gattar motif, rather
than all motifs of a given size, it can be used to query whether avgn subgraph is a
signi cant motif. Because the algorithm need not nd all subgrghs of a given size,
guery subgraphs can be much larger than motifs discovered usgvious approaches.
In particular, any subgraphs determined experimentally or spected for other reasons
to be signi cant can be queried, even if they are much larger #n other network motifs

reported to date.
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3.1.2 Discovering Larger Motifs (Up to 15 Nodes) in Com-
bination with Subgraph Sampling

By picking a random connected subgraph on nodes and then nding all instances of
that subgraph in the original network and in a random ensemblghe new approach
can be used to nd much larger motifs than before. k3.4, we present the rst

network motif of 15 nodes, and we explore subgraphs of 10 and 2fdes.

3.1.3 Applications to Motif Clustering (Up to 20 Nodes) and
Network Alignment

Because the new approach nds all instances of a subgraph, ratitban simply de-
termining the signi cance of a motif (as with subgraph sampliny it can be used for
further motif studies as well. In particular, the way in whichinstances overlap and
interact { motif clustering { is easily explored. Based on the n&, large subgraphs
we explore inx3.4, subgraph clustering seems to be evemore important for larger
subgraphs than for smaller ones. Additionally, the new approactan be combined
with network alignment either by using the discovered motif istances as seeds for

alignment, or by nding larger motifs within aligned portions of networks.

3.1.4 Time and Space

Table 3.1 compares the running time of counting all subgraphsf a given size with
our method to the time of counting all subgraphs of a given sizeitlv previous exact
counting methods [MSOT 02]. In our implementation of the previous exact counting
method, we include all of the improvements listed ix3.2.2. Even with the improve-
ments to the previous method, our new approach is still about3 times faster.

The new method can also take considerably less space than curreme¢thods.
Unlike current methods &3.2.1), the new method does not need to keep track of
which subgraphs it has encountered { this is taken care of autwtically. Thus if the

new method is used solely to count the number of instances, it savesnsiderable
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space compared to current methods. If used to output a list of thosastances,
however, the new method must use the same amount of space as curreathods to

keep such a list.

. Time of Number of Instances of
Size Time of method of | Speedup| connected connected
new method [MSOI* 02] graphs graphs

3 0.8 1.4 1.75x 2 11,811
4 3.0 11.3 3.75x 6 69,865
5 31 114 3.68x 21 408,295
6 462 ( 8 min) 1,541 ( 25 min) | 3.33X 112 2,280,781
7 |8,569 ( 143 min) | [Out of memory] | N/A 853 12,343,532

Table 3.1: Comparison of the running times of the original method of counting subgraphs
[MSOI* 02] and our new method, on the FYI dataset [HBH' 04]. Unless otherwise stated, all times
are in seconds. For seven nodes, the method of [MSD02] ran out of memory.

3.2 Comparison with Existing Methods of Exact
Counting

The current method of exact counting in widest use is due to Milcet al. [MSOI* 02].
It is essentially a depth- rst search through the space of conneal subgraphs (not to
be confused with a depth- rst search on the network itself) to ndall subgraphs of a
given sizen.

The algorithm loops through all verticesv. It treats v as a subgraph of one node.
For each subgraph it has found so far, it loops through all possélextensions of
that subgraph by one neighboring node. This process is repeatecursively until all
n-node subgraphs are encountered. The number of subgraphs ofleegsomorphism
type is then tallied.

Once the subgraphs are enumerated, counting them by isomorpin type can
require extensive isomorphism testing. The simplest way to deteme the number of
subgraphs of each isomorphism type is to test each subgraph to seieig isomorphic

to any of the subgraphs encountered by the algorithm so far. Untanately, this
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algorithm runs in time O(NC) where N is the number of non-isomorphic graphs of
sizen { which grows faster than exponentially { andC is the number of instances of
subgraphs of sizen { which also grows quite rapidly (see Table 2.4).

In the x3.2.1, we show how to avoid the overcounting that results fromalking a
subgraph in multiple di erent ways. In x3.2.2, we present two improvements to this

algorithm, which will also be useful in the new algorithm prese¢ed in x3.3.

3.2.1 Correcting for Overcounting

Note that a single subgraph can be discovered multiple times bye¢habove algorithm,
because of the multiple ways of walking the subgraph. For exatep consider the
triangle in Figure 3-1. This triangle will be discovered six thes, when walked in the
following orders: 1-2-3, 1-3-2, 2-1-3, 2-3-1, 3-1-2, 3-24i.may be tempting to see
this list and think of the six symmetries of the triangle, but this list in fact arises for
a di erent reason: the triangle is counted six times because iao be walked in six

di erent ways, and not because it has six symmetries.

Figure 3-1: A triangle. The numbers represent the order in which the counting algorithm loops
through vertices.

To correct for overcounting, the algorithm must keep track oexactly which sub-
graphs have been encountered so far. This is most e ciently denwith a hash set, so
that discovering duplicates only takegO(1) time. Unfortunately, maintaining such a
set takesO(C) space, whereC is the number of instances of subgraphs encountered
(see the last column of Table 2.4). Although the algorithm now tarns the correct
counts, it still takes time counting each subgraph more than omrc

To avoid some of theime spent overcounting, the algorithm should take advantage
of the fact that it searches through the vertices in (an arbitary) order. After all

subgraphs of sizen including vertex i have been discovered, vertek should never
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again be used.

But the triangle above will still get counted twice: 1-3-2, 12-3. It is tempting
to say that only in-order walks should be considered, i.enot 1-3-2 because 2 comes
after 3 in the walk. Unfortunately, no such method can avoid oveounting without

missing some subgraphs, e.g. the subgraph in Figure 3-2, and thue thisited list

Figure 3-2: An example of why ordering the vertices cannot be used to avoid overcounting sub-

graphs. If the algorithm only counted subgraphs that were walked with their labek in order, this
subgraph would never be counted.

appears to be necessary.

3.2.2 Improving the Existing Methods

Any algorithm which counts the number of subgraphs exactly mudiake time which
is at least proportional to the number of subgraphs. However, thalgorithm of
[MSOI*02], above, takes additional time doing many isomorphism testsin this
section, we aim to improve their algorithm by reducing the nurner of isomorphism
tests performed and by improving the isomorphism tests themsebze

Although isomorphism is thought to be a di cult computational p roblem, it is
important to have a relatively e cient isomorphism algorithm when counting sub-
graphs with the algorithm of [MSOI" 02]. The simplest isomorphism algorithm tries
all n! possible maps between two graphs annodes and then checks to see if any of
these maps preserves the structure of the graph.

Most improvements on this basic algorithm make use @raph or vertex invari-
ants. An invariant is a property that is necessarily the same for isomphic graphs.
For example, the number of vertices, the number of edges, ancetdegree distribution
are all graph invariants that are easily checked. If two grapghdi er in any of these

invariants, then they cannot be isomorphic.
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All e ciently computable (i.e. in polynomial time) graph inv ariants known to
date su er from the fact that there are non-isomorphic graphs hich have the same
invariant. If there were an e ciently computable graph invariant that were addi-
tionally garaunteed to be distinct for non-isomorphic graphsit would immediately
provide an e cient graph isomorphism test, which is not known toexist.

There is a tradeo between the complexity of computing an inariant and its
discriminative power. For example, there are many non-isomaic graphs with the
same number of edges, but fewer non-isomorphic graphs with thersadegree se-
guence. (See Table 3.2.) Another way of looking at it is that t number of edges
correctly discriminates undirected graphs up to 3 nodes (i.ethe rst pair of non-
isomorphic graphs with the same number of edges has 4 nodes), lelihe degree
sequence correctly discriminates undirected graphs up to 4 des.

A pair of invariants which involve computing all-pairs shoréest paths can correctly
discriminate non-isomorphicdirected graphs up to 7 nodes [BP06], and correctly
discriminates most directed graphs up to 8 nodes. However, fondirected graphs,
these invariants do not provide a signi cant advantage over th degree distribution

(see Table 3.2), particularly given their cost.

Nodes Number of distinct values
Exact | JEj | Degree sequence1; » from [BPOG]
3 2 2 2 2
4 6 4 6 6
5 21 7 19 20
6 112 | 11 68 76
7 853 | 16 236 269
8 11,117| 22 863 1021

Table 3.2: The number of classes of undirected graphs discriminated by several di erent graph
invariants. Each entry lists the number of distinct values of the invariant speci ed.

Hashing Based on Graph Invariants

To avoid the super-exponential factor oN, the number of non-isomorphic graphs on

n nodes, in the runtime of the above algorithm, the algorithm aa employ hashing
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based on graph invariants. Rather than checking to see if eachagh is isomorphic to
any of the graphs seen so far, the algorithm need only see if eachpl is isomorphic
to any of the graphs seen so fawnith the same hash value of the invariantUsing a
hash of the degree sequence, the hashtable lookup can be conmgurelinear time.
Although Table 3.2 gives some sense of the utility of each invaniamentioned, Table
3.3 more directly measures the potential improvement gainday hashing graph in-
variants. Note that while the invariants of [BP06] had some adva&age over the degree
distribution in Table 3.2, they have absolutely no advantage\er the degree distrib-
ution in terms of hashing. Thus we employ hashing based on the deg distribution.

Table 3.4 shows the speed-up gained by hashing graph invariants.

Nodes Maximum with same invariant
Exact | JE]j | Degree sequence 1; , from [BPO6]
3 2 1 1 1
4 6 2 1 1
5 21 5 2 2
6 112 22 5 4
7 853 | 138 20 20
8 11,117| 1579 184 184

Table 3.3: The maximum number of undirected graphs with the same invariant, for several dierent
graph invariants. This shows that hashing based on graph invariants can educe, e.g. a factor of
11,117 to a factor of 184 in the counting algorithm of [MSOf 02].

Nodes| Original | Hashing by Deg. Seq, Speed-up
3 3.3s 3.3s 1.0x
4 13 s 104 s 1.25x
5 151 s 81.7s 1.85x
6 4,821 s 1,698 s 2.84x

Table 3.4: Performance improvement by hashing graphs based on their degree sequences.

Using Vertex Invariants

Rather than trying all n! possible combinations and seeing which ones preserve the

graph structure, isomorphism testing can be signi cantly improed by taking advan-
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tage of vertex invariants. The algorithm only checks maps wtih preserve the degree
of each vertex, and the sequence of each vertex's neighborgjres. For example,
if a graph hasone vertex of degree onetwo vertices of degree two, an@ne vertex
of degree three, then rather than trying 4! = 24 possible maps, bncorporating the
vertex degrees, the algorithm need only tryl! 2! 1! =2 possible maps.

This simple improvement to the basic isomorphism algorithm canadve huge bene-
ts. Table 3.5 lists the average number of isomorphims tried bytte original algorithm,

by including vertex degrees, and by also including neighbor gieee sequences.

Nodes| Original | Using Degrees Using Nbr. Degrees Total Speed-up
3 6 313 180 3:13 180 1.9x
4 24 6:36 6:11 6:36 6:11 3.8x
5 120 130 181 113 187 10.6x
6 720 302 583 245 593 29.4x
7 5040 732 186 492 187 102x
8 40320 198 649 107 637 376x

Table 3.5: The average number of maps tested using the standard! isomorphism test, the
isomorphism test taking into account vertex degrees, and the isomorphism test ting into account
vertex degrees and the neighbor degree sequence of each vertex. The distributions are weégghby
the number of occurrences in the protein-protein interaction network [HBH" 04].

Additionally, the algorithm takes advantage of two vertex ivariants. The algo-
rithm only attempts to map x to y if x and y have the same degree, and if they have

the same neighbor degree sequence.

3.3 Finding All Instances of a Subgraph

To nd all instances of a query graphH in a network N, the algorithm attempts to
map a copy ofH wherever possible in the network. This is essentially the same deet
isomorphism algorithm above, except it ensures that the subgrhp being searched are
connected. In the language of arti cial intelligence and seeh, this is a backtracking
(depth- rst) search with forward checkingthrough the space of connected subgraphs.
The algorithm attempts to map H into the network N, ensuring that the graph

structure is preserved at each step of the way. For each vertex2 H and each vertex

44



w 2 N, the algorithm attempts to nd an map f which mapsf (v) = w. Let D
be the domain off and R its range, i.e. the vertices which have been mapped so
far and their images, respectively. At each step, the algorithmttempts to extend

f to some neighborx of D and some neighbory of R. This step succeeds i is
appropriately connected toR, i.e. if y is neighbors withf (N (x)) and not neighbors
with f (D  N(x)) where N (x) denotes the neighborhood ok. See Figure 3-3. This
is the \forward checking" part of the algorithm, which e ectively is an early abort.
Without this, the algorithm would examine all connectedh-node subgraphs, and then

check whether each was isomorphic td .

®=nodesinD or R
@ = not yet mapped
by%/ pp

Query Graph H Network N

Figure 3-3: Vizualization of the subgraph- nding algorithm. At each step, the algorithm attem pts
to extend the partial map f to another vertex x, so that the resulting map continues to preserve the
graph structure. Vertex yp is a possibility for f (x), but vertex y; is not, because it is connected to
the image of one ofx's already-mappednon-neighbors.

Note that the forward checking is e ectively an isomorphism test However, be-
cause of the early aborts, the algorithm does not have to test eyen-node subgraph
against every possible isomorphism type. Forward checking wag possible with the
previous exact counting method, because it was looking fany subgraph onn nodes,
and not just one particular isomorphism type.

The algorithm also takes into account two vertex invariants: lhe vertex degree,
and the ordered degree sequence of a vertex's neighbors. If desev 2 H has degree
d, the algorithm will not attempt to map it to a vertex w of degree less thard.
A similar comparison is done on the neighbor degree sequence. Amgered vertex

invariant can also be used: that is, it must be that if the invariam of a vertex w in the
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network is greater than the invariant ofv 2 H, then v could potentially be mapped

to w.

3.3.1 Taking Advantage of the Degree Distribution

Most real-world networks have a scale-free, or at least a bro&ailed, degree distri-
bution { i.e. they have many nodes with few neighbors and a fetwubs with many
neighbors. In such networks, hubs contribute the most to the conmatorial factors
of the search. Because of the small path lengths and diameter éthHYI network
[HBH* 04] has diameter 25, and average path length3® 3:58), it is likely that no
matter where a search starts it will hit a hub. However, searche$at start at hubs

have many more possibilities.

Since the algorithm ignores any nodes it has already fully seaed (seex3.2.1), it
can e ectively deletethose nodes from the network for the remainder of the search.
This reduces the degrees of the remaining nodes to be search&tus by starting
with the low-degree nodes, the algorithm can reduce the degref the high-degree

nodes before they can contribute even more to the combinatak search.

To take advantage of the degree distribution, the algorithm sirts by sorting the
nodes rst by degree and then by the degree sequence of theirgtdors. We have
found empirically that this second tie-breaker provides a naerate additional perfor-

mance improvement.

Since the algorithm now removes nodes once it has searchednthaully, it is
e ectively changing the degrees of the remaining nodes. It gt be fruitful to re-
sort the remaining nodes. Empirically, however, this re-sorg ends up taking more
time than it saves. Even simply re-inserting the altered nodes tim sorted position
takes more time than it saves, so it seems unlikely that re-sortingill provide an
advantage. This advice should be taken lightly, however, asioresults may be biased
by the particular networks we are studying. Additionally, other re-sorting schemes

(e.g. only re-sorting every 100 nodes) might improve performee.
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3.3.2 Taking Advantage of Graph Symmetries

Unfortunately, the algorithm above counts each subgraph onder each symmetry it
has. Since the algorithm does not keep a set of all subgraphs \esitso far (unlike
previous algorithms, seex3.2), it can nd multiple maps from the query graph to
the target network whose images are all the exact same subgraphhis factor can
be corrected for by keeping a set of visited subgraphs (very spangnsive), or by
dividing by the number of symmetries of the query graph { whicltan be exhaustively
enumerated even for most graphs up to 20 or so nodes (and perhapen larger using
the techniques of [McK81]). However, to avoid thdime spent overcounting, the
algorithm can incorporate symmetry-breaking conditions it the forward checking.
To see how much this overcounting can slow down the algorithmable 3.6 lists
some statistics on the number of automorphisms by graph size. Thale also presents
statistics which are weighted by the number of occurences ofabagraph in the FYI
network [HBH* 04]. The average number of automorphisms begins to decreaseraf
size 6, because there are asymptotically more graphs with onlyetidentity automor-
phism than with any other automorphism group. However, when wghted by the
number of instances in the scale-free FYI network, the averagember of automor-

phisms follows an exponential trend.

| Nodes| # Graphs | Avg. # Aut's | Wtd. Avg. | Max # Aut's |

3 2 4 2 313 1:80 6

4 6 7.67 761 577 593 24
5 21 1152 2484 | 1085 1863 120
6 112 1473 6869 | 2216 5804 720
7 853 1329 17490 | 4629 1862 5040
8 11,117 | 9:.05 38663 | 9624 6278 40320

Table 3.6: Statistics on the number of automorphisms of connected graphs by size. The number of
automorphisms is the number of times a subgraph search will count a single inahce of a subgraph.
The distributions in the fourth column are weighted by the actual number of subgraphs with a given
number of automorphisms in the FYI network [HBH * 04].

The algorithm imposes a set of conditions on the graph that e d¢iwely removes all

of its symmetries. Recall that each vertex in the network beingearched is considered
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to have a label, corresponding to the order in which it is seared in the outermost
loop of the algorithm (which, according tox3.3.1 above is in order by degree). The

symmetry-breaking conditions thus take the form: \The labebf vertexf (v) must be

To determine the necessary symmetry-breaking conditions, rsthie algorithm
must determine the symmetries of the query graphl. This is very quick { it can be
done forall (not \each") 11,117 8-node subgraphs exhaustively in about 3conds

on a standard laptop { and is easily parallelizable.

Next, the algorithm determines the vertex orbits ofH. An orbit is a set of
vertices which can be mapped to one another via some set of autmphisms (see
Appendix A for a brief review of the underlying mathematics ofymmetries, groups,
and orbits). If the set of automorphisms is not speci ed, the fulautomorphism group
of H is implied. The algorithm picks an orbit consisting of more tha one vertex, and
then picks a vertex in that orbit to have the minimum label. Ths e ectively xes
the vertex, and thus removes any automorphisms that do not x lie vertex. The
algorithm repeats this process with the orbits under the remiaing automorphisms,
until all the orbits are size 1 (at which point the only automophism remaining is the

identity). See Figure 3-4 for an example of the symmetry-bré&mg process.

The algorithm is actually a bit more complicated than this, beause nodes mapped
in the outermost loop are treated di erently than nodes in therecursive calls. A
node mapped in the outermost loop can be considered xed by anyrsgnetries the
algorithm will overcount by. Thus for each nodev 2 H, a seperate set of symmetry-
breaking conditions must be found, starting by assuming thav is xed. However,
because nodes in the same orbit &1 are e ectively the same, the algorithm need
only nd a separate set of symmetry-breaking conditions for oneepresentative from
each orbit. Additionally, for each vertexv in the network, the algorithm need only
start by assuming that each orbit representative (rather than ezh vertex ofH), in

turn, is mapped tov.
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Minimality

Graph Orbit
fap rofts Conditions

C B
D A

E F fAB,C,D,E,Fg none

C B
D A

E F

fAg,fDg,fB,Fg,fC,Eg A<B;C;D;E;F

C B
D A

E F fAg,fBg,fCg,f Dg,f Eg,fFg QZE;C;D;E;F

Figure 3-4: Finding minimality conditions that will break all the symmetries of a 6-node graph.
Nodes belonging to the same orbit under the automorphisms that obey the minimalityconditions
are shaded similarly, except for white nodes which are xed.

3.4 Discovering Larger Motifs

To nd larger motifs than is currently feasible by exact couning or subgraph sam-
pling alone, we can combine the two using the algorithm presestt above. Sample
connected subgraphs of size from either the real network or the random ensemble {
using the random walk method of [MZWO05] { and then use the algdahm of x3.3 to
count how many there are. While this will not systematically dscover all motifs of a
given size, it is likely to discover some. Finding the query grapy sampling from the
random ensemble makes it easier to nd antimotifs, as otherwisée¢y might appear
so infrequently in the actual network that they would only getpicked very rarely.

Additionally, any sub-networks discovered experimentally gabe counted using
the algorithm presented here.

We have employed the method suggested above, and have found oraif of 15
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nodes (Figure 3-5). We have also used this method to explore ttlestering properties
of the 15-node motif, a subgraph of 10 nodes (Figure 3-6) and abguaph of 20 nodes
(Figure 3-7). We also found several graphs on 15 and 20 nodestthere relatively
easy to count in the FYI network [HBH" 04] but, because of their abundance, took
very long to count in the random ensembles (too long to nd allristances in 100

di erent randomized networks). We suspect that these are, thefere, antimotifs.

Q)

Figure 3-5: A motif of 15 nodes and 34 edges (left). An edge from a group of nodes to a node
v indicates that each node in the group is connected tor. This motif appears 27,720 times in the
FYI network [HBH * 04], and does not appear at all in the random ensembles based on the degree
distribution and the 3-node subgraph distribution. All 27,720 instances are clusteed into a total of

29 nodes (right), yielding a subgraph clustering scorex3.4.1) of 19,454. Note that 3 nodes are chosen
from the group on the left and four from the complete graph at bottom, yielding 132 Z =27;720
distinct instances.

3.4.1 Examining and Quantifying Motif Clustering

It has been observed that even the smallest subgraphs cluster ttger [VDS™ 04].
Furthermore, based on our experience with larger subgraphs,would appear that
combinatorial factors introduced by motif clustering play amuch larger role with
larger subgraphs than with smaller subgraphs. For example, alistances of the 15-
node motif above cluster into a total of 29 nodes (Figure 3-5Every instance of the

15-node motif shares the same core of 8 nodes, and the remainiongles result from
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Figure 3-6: An anti-motif of 10 nodes and 12 edges. This appears 95,754 times in the FYI netwk
[HBH™* 04], covering 472 proteins, yielding a subgraph clustering scorex.4.1) of 18,858. It appears
2,596,601 640,778 (z= 3:9) times on average in a random ensemble of 100 graphs with the same
degree distribution as the FYI network, and 5,804,173 4;768 333 (z= 1:19) times on average
in a random ensemble of 100 graphs with the same degree distribution and distributin of 3-node
subgraphs as the FYI network.

a choice of 3 out of 12 nodes (on the left in the gure) and 4 outf® nodes (the
cluster at the bottom of the gure). The 20-node graph we examed has similar
properties (Figure 3-7), but there are dependencies betwewhich nodes are chosen
for each instance of the graph because of connections betweka attaching nodes

(on the right in the gure).

In addition to this anecdotal evidence, we nd that in the rardom ensembles
these highly clustered subgraphs (the 15-node and 20-node su#mirs) either appear
a combinatorial number of times, or not at all. For example, irthe random ensemble
of 100 graphs which preserve the degree distribution and thesttibution of 3-node
subgraphs, the 20-node subgraph appears 0 times in 92 out of th@Igraphs, but
appears an average of;8985 60; 463 times across the whole ensemble. (The 15-node

motif does not appearat all in any of the random ensembles we examined.)

Quantifying the clustering of motifs may turn out to be an impatant aspect in
identifying relevant motifs with more than 8 nodes. We de ne thesubgraph
clustering score of a subgraphG in a network N is the average over all instances

m of Gin N of

1 X

- - if Instancesm§m®6 m and v 2 m%j
V(O j 9 i

V ertices v2m
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Figure 3-7: A subgraph of 20 nodes and 27 edges. An edge from a group of nodes to a node
indicates that each node in the group is connected tos. This motif appears 5,020 times in the FYI
network [HBH* 04], and 9585 60;463 (z= 0:08) times on average in a random ensemble of 100
graphs with the same degree distribution and distribution of 3-node subgraphs as th&YI network.
All 5,020 instances are clustered into a total of 31 nodes, shown here, yielding ailsgraph clustering
score of 3,965.

The subgraph clustering score has the following nice propeuie

Scores of subgraphs of varying sizes can be meaningfully conepabecause the

value is divided by the number of vertices in the subgraph;

Subgraphs are not considered more clustered simply because thppear more
frequently, since the index is the average over all instancesather than, e.g.

the sum);
The more instances overlapping at any vertex, the higher the @e;
The more vertices shared by any two instances, the higher the seor

The graphs in Table 3.7 are ordered from intuitively \most clstered” to intuitively
\least clustered," and the subgraph clustering score correctlyyts the graphs in the
desired order. Note that both the sum and the average correctlyraer the ve toy

examples (all of which have the same number of vertices and tsame number of
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instances), but only the average correctly orders the real exgples (which have both

di erent numbers of vertices and di erent numbers of instanes).
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Motif and Graph i vem)f M6 mjv 2 mY;

Sum over Average over
Motif: Figure 3-5, 15 nodes motif instancesm__ motif instancesm
27,720 instances in 29 nodes 054 10° 19,454
Motif: Figure 3-6, 10 nodes 180 10 18.858

95,754 instances in 472 nodes
Motif: Triangle

.<I>. 253.33 12.66 (=2(n 1))

n_instances inn + 2 nodes
Motif: Triangle

126.66 6.33 (=1(n 1)

n_instances in & + 1 nodes
Motif: Triangle

13.33 0.66 (= 2=3)

n_instances in 2 nodes
Motit: Triangle

I)(I n=2 6.66 0.33 (= 1=3)

n_instances in 25n nodes
Motif: Triangle

o n 0 0 (= 0)

n_instances in & nodes

Table 3.7: The motif clustering score of two subgraphs of 10 and 15 nodes in the PPI network .
cerevisiaeand of four toy subgraphs. The order of the motif clustering scores for the toy subgiphs
shows that the score agrees well with our intuition of clustering. All values hee are reported for
n = 20 for the toy subgraphs, with the score as a function ofn in parentheses.
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3.4.2 Biological Relevance

The 29-node subgraph which encompasses all instances of the @8enmotif (Figure

3-5) comprise a biologically meaningful part of the PPl net of. cerevisiae The

proteins corresponding to the 8 node \core" shared by all insta@es of the 15-node
motif, and the 11-node complete graph (including the two hubin the core) are listed
in Table 3.8. The 12 attachments are: YOR250C (CLP1), YPR115WYERO13W

(PRP2), YPLO89C (RLM1), YFLO33C (RIM15), YLR228C (ECM22), YNL216W

(RAP1, GRF1, TBA1, TUF1), YDR259C (YAP6, HAL7), YIL129C (TAO3, PAG1) ,

YKLO12W (PRP40), YDR207C (UME6, CAR80, NIM2, RIM16), and YGRO97W

(ASK10).

8-node Core 11-node Complete Graph
Systematic Common Systematic Common
Name Names Name Names
YDR167W* | TAF10, TAF23, YDR448W | ADA2, SWI8
TAF25
YGL112C* | TAF6, TAF60 YDR176W | NGG1, ADA3, SWI7
YMLO15C | TAF11, TAF40 YBRO081C | SPT7, GIT2
YCR042C | TAF2, TAF150, YLRO55C | SPT8
TSM1
YGR274C | TAF1, TAF130, YOL148C | SPT20, ADA5S
TAF145
YMLO9W TAF13, FUN8L, | YGR252W | GCN5, ADA4, SWI9
TAF19
YPL129W | TAF14, SWP29, || YDR392W | SPT3
TAF30, TFG3,
ANC1
YMR227C | TAF7, TAF67 YPL254W | HFI1, ADA1,
SUP110, SRM12,
GAN1
YHRO99W | TRAl

Table 3.8: The proteins involved in all instances of the 15-node motif of Figure 3-5. The 8-nde
core is the transcription factor TFIID complex; the 11-node complete graph (including the two
proteins marked with a * from the core) is the SAGA complex; and the 12 attachmens { activators
and suppressors { are listed in the text.

The 11-node complete graph is the SAGA complex, and almost alf its proteins

are involved in chromatin modi cation and histone acetylaton; the 8-node core is the
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transcription factor TFIID complex; and the 12 attachments @e known activators
and suppressors of these two complexes [LY00]. Using our new apphot motif-
nding, we have re-discovered the cellular transcription mddnery based solely on

the structure of the protein interaction network.
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3.5 Background Models

The background model most in use today is a random ensemble of gfa with the
same degree distribution as the network being studied. Randonmaghs with this
property are easily computed by edge swapping (s&2.5.2). In fact, all of the back-
ground models discussed here will preserve this property, as yhare based on edge
swapping followed by simulated annealing with edge swapping (ab every step the

degrees of each vertex are preserved).

Milo et al. [MSOI" 02] additionally preserve the distribution of K 1)-node sub-
graphs when identifying motifs of siz&k. Unfortunately, due to correlations induced
by edge swapping and local minima that are not surmountable uginsimulated an-

nealing, this is practically infeasible fork > 4.

Rather than preserving the distribution of k 1)-node subgraphs, we propose a
background model in which only the distribution of 3-node subgphs is preserved
(along with the degree distribution, as always), regardless die sizek of the motifs

being identi ed.

This simple (and easily computable) background model seems tapture much of
the information in the motif pro le against a degree-preservig background model.
Using the new algorithm ofx3.3, we counted all connected subgraphs with between 3
and 7 nodes in the protein-protein interaction network of. cerevisiaeusing the FYI
dataset [HBH' 04], and two random ensembles of 100 networks each (one preisgrv
only the degree distribution, the other also preserving the digbution of 3-node
subgraphs). Note that there are 994 isomorphism types of connegtgraphs of these

sizes.

Using a signi cance cuto of jzj 2.0, 657 of the 994 subgraphs were signi cant
against the degree-preserving background, while only 111 wesigni cant against the
3-node-subgraph-preserving background. Using a signi cancetauof jzj  1GO0,
these numbers are 216 and 32, respectively. (It is interesting hote that all of the
subgraphs signi cant at the jzj > 100 level against the 3-node-subgraph-preserving

distribution are motifs, and not antimotifs.) Data and further details can be found
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in Appendix B.

One way to incorporate more information into the backgrounanodel is to use the
dK -series ([MKFVO06] andx2.4) up to d = 3 node degree-correlated subgraphs.

Since it is believed that whether or not a subgraph is a (anti)wtif is more im-
portant than the exact number of occurences, we propose anothmckground model:
preserve the motif prole of the graph. We de ne the motif prole as the set of
subgraphs which are motifs, the set which are antimotifs, and thget which are not
signi cant against some other background model. This de nitia is recursive, as the
5-node motif pro le relies on the 4-node motif pro le, etc.

We also generated a random ensemble of 100 graphs with the sammde motif
pro le as the FYI network [HBH * 04], where the signi cance of the 4-node subgraphs
was evaluated against the exact distribution of 3-node subgrap. We did not include
the distribution of 3-node subgraphs in the background for tlsi ensemble, though it
is feasible to do so. Without the distribution of 3-node subgrag) preserving the 4-
node motif pro le yielded similar results to preservingonly the distribution of 3-node
subgraphs as above, atthggj 10 level. There were 31 signi cant subgraphs against
the 4-node motif prole and 32 against the 3-node-subgraph digbution, though
which were signi cant and which were over- or under-represesd di ers between the

two background distributions.

3.6 Discussion and Future Directions

In this chapter we have presented an algorithm for nding all nstances of a given
subgraph. This algorithm can be used to nd all subgraphs of a gan size faster and
with less memory than the method of [MSO102], which is the standard method of
exact counting to date. Additionally, by counting only one sulgraph at a time, the

new method is easily paralellizable { an important property & cluster computing is
becoming cheaper and more popular in the biological and othsciences.

Recall the two questions posed in the introduction:

1. How can biologically meaningful circuits be discovereid silico, and perhaps
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used to guide experiment?

2. What are the larger structures that provide information aml insight into a

network's properties, and how can they be identi ed?

In x3.6.3, we propose a method to answer Question 1 by combining netlwalignment
and network motifs. Question 2 can be answered either by lookirigr larger motifs
as in x3.4 and x3.6.2, or by developing a language to describe larger, morexiele
network structures, such as the motif generalizations of [KIMA4Gb], and searching
for those. Before these proposals, howeveR.6.1 suggests ways this algorithm could

be applied to even larger structures.

3.6.1 Further Applications of the New Algorithm

One of the limiting factors of the current algorithm is the anount of space required to
store all the symmetries of the query graph, though for most gréws on 20 nodes, and
possibly larger, the current algorithm su ces. To search for evetarger structures,

however, this bottleneck would have to be improved.

To remove this bottleneck, the algorithm could nd only the generators of the
automorphism group of the query grapiH, and note the whole group. (For a brief
review of group theory and more on generators, see Appendix A.) &lgenerators of
the automorphism group are a set of automorphismS such that any automorphism
can be written as a composition of automorphisms fror. Such a generating set
can be found using the methods in [McK81]. The algorithm theneeds the sequence
of subgroups attained by xing various vertices. These can be t#ned by assign-
ing an appropriate order to the vertices, and then nding a strag generating set
[HEOOQ5, Ser03] for the automorphism group. A strong generatinget can be found
in O(jV(H)j?) time, and has the property that it is easy to nd generators ofthe

subgroup which xes a particular set of vertices.
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3.6.2 Finding Even Larger Motifs

As with sequence motifs, it may be possible to take already-knowretwork motifs
of a given size and extend them to larger motifs. Simply pick anlraady-known
motif, extend it by one or more vertices, and then use the new apgach presented
in this chapter to nd all instances of it in the network being sudied and in the
random ensemble being used for motif- nding. Using either subgsh sampling or
exact counting this was impossible, as determining the signiance of the extended
subgraph is just as hard as nding larger motifs to begin with, n these previous

approaches.

3.6.3 Combining Network Alignment and Network Motifs

By analogy with sequence motifs, one attempt to answer Questionviould involve
nding subgraphs that are not only more frequent than expeci, but also conserved
across multiple species. The approach presentedx8.4 could be used to nd large,

meaningful structures in the aligned portion of two or more nevorks. See Figure 3-8.

Figure 3-8: One way of combining network motifs and network alignment is to only countconserved
instances of subgraphs when determining their signi cance as motifs (as is standard in searching
for sequence motifs). After aligning several networks (left), search for gini cant subgraphs in the
aligned portions of the networks (right). Note that the triangles on the right in the uppermost graph
and in the back of the middle graph are not counted, as they is not conserved across spesi
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Additionally, one could nd all instances of large network moifs using the ap-
proach of x3.4, and then use these instances to help seed the network aligmme
(Currently network alignment seeding is typically based solglon cross-species infor-
mation, such as homology, and the network structure is not takeinto account until

after the seeding phase of the alignment.)
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Chapter 4

Biologically Grounded Models of
Network Growth

(This chapter is related to joint work with Alexei Vazquez, Manolis Kellis, Matt

Rasmussen, and Albert-laszb Baralasi, to be submitted.)

4.1 Models of Network Growth

Models of network growth are often designed by incorporatingne or more features
known to be relevant to the network being studied, and then imarporating other
features or optimizing parameters in an attempt to get the stistics (x2.3) of the
model to agree with the actual network.

In biological networks, this has resulted in models of networgrowth that incorpo-
rate preferential attachment [Bar03], genetic duplicatin and divergence [CLDGO3,
IKMYO05, KBL0O6, PEKK06, PSSS03], and sometimes even whole gene duplica-
tions, e.g. [WGO05].

But in the age of whole genomes, model parameters for biolagjioetwork growth
can be determined byobservation rather than by tting. Previous modelling tech-
niques assume the model is correct, and t the parameters to tlgata. But if a model
with observed parameter values reproduces the propertiestbé actual network, then

we know we are on the right track.
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Additionally, for some networks the actual history of growth isavailable. For
example, in the movie actors' network [IMDO6] { in which nodesire actors that are
connected by an edge if they have performed in a movie togetHethe date of each
movie puts a timestamp on when each link was created. For suchtwerks, models

can be developed by actuallyvatching the network grow!

We propose a model of protein interaction network growth baseoh binding do-
mains. For the purposes of the model, a domain is considered aiomand all in-
teractions must be mediated by a pair of interacting domains. fie domain-domain
interactions are modelled as an Erdys-Renyi random graphthough any model can
be substituted for this, and the resulting protein interaction retwork studied. Each
protein is modelled as a linear chain of domains, where a singyge of domain can
appear more than once in the chain. The \library" of domains &n be either -
nite or in nite { we allow it to be in nite. The three operatio ns of the model are:
gene/protein duplication (since the domains are copied, therotein interactions are
automatically duplicated), domain loss, and domain creatianThe model is validated
by reproducing properties of the observed protein interaain network when using the
observed parameter values. In the next section we show how theseeth parameters

can be estimated using phylogenetic data.

4.2 Estimating the Parameters

We estimate the three main parameters (genetic duplicatiorjomain loss, and do-
main creation) using data from seven closely related yeast speci&. cerevisiae S.
paradoxus S. mikatag S. bayanus K. waltii, K. lactis, and A. gossypii The para-
meters were each estimated in terms of number of events frometkommon ancestor
of A. gossypii and S. cerevisiae(the root of the phylogenetic tree containing these
seven species) t&. cerevisiag and then normalized for use in the model. This part

of the phylogenetic tree corresponds to roughly 0.11 substifohs per site.
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4.2.1 Rate of Gene Duplication

We reconstructed 1083 gene trees and reconciled them to theesegpecies yeast tree
using the methods of [RK06]. We normalize the depth of each getree to the median
depth of any of the present-day genes (often this is the most dved gene from the
four species closest t&. cerevisiag. The rate of gene duplication is the average
number of duplications per substitution per site, over the peod of time where there
is enough meaningful data (i.e. until the normalized depthfol { see Figure 4-1).

There are approximately 1715 gene duplication events overi$ time period.

160 - gy S— _
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80 E
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Number of duplications

a0 | .

AL s

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Normalized time (substitutions per site)

Figure 4-1: Number of gene duplications per substitutions per site. The sharp dropo at 1 SPS
is because the depth of the gene trees was normalized to 1, which roughly correspondsthe most
evolved gene in the four species closest 18. cerevisiae

4.2.2 Rate of Domain Loss

A protein domain is considered present in a protein if 40% of théomain sequence
is present in the protein sequence without many gaps in the atighent [CL86]. Thus
if more than 60% of a domain's amino acids are modi ed (i.e. me than 0.6 substi-

tutions per site), the domain is considered lost. Sinc8. cerevisiaeis 0.11 SPS from
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the root of the seven-species tree, we estimate that one in evérylomains is lost, or
approximately 290 domains.

We have not yet taken into account any additional evoluatioary pressure to
conserve binding domains, and this might give a more accurateeasure of the rate

of domain loss.

4.2.3 Rate of Domain Creation

To determine the rate of domain creation, we aligned the PFAMBCD™ 04] domains
in S. cerevisiaeto their orthologs in A. gossypiiusing CLUSTALW [THG94]. Orthol-
ogy was determined using the method of [RKO6]. As above, we calesied a domain
present inA. gossypif{ and thus in the common ancestor ofA. gossypiiand S. cere-
visiae{ if more than 60% of the domain sequence was conserved in thegalinent. The
number of domain creation events is the number of domains [gent in S. cerevisiae
but not in A. gossypii We ensured this count was independent of homology: i.e. a
domain that was present in several homologs . cerevisiaebut not in their ortholog
in A. gossypii was considered a single domain creation event (presumably deled
by one or more single gene duplications). There were 229 and seasfents.

Although the rate of domain creation is less than the rate of doain loss, the
model can still produce a network with many domains because pein duplication is

the driving force.
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Chapter 5

Asymmetric Divergence of
Duplicates and the K. waltii

Interactome

(This chapter represents joint work with Jean-Frarcois Rug Manolis Kellis, Albert-
laszb Baralasi, and Marc Vidal, in preparation.)

Genetic duplication, whether at the scale of a single gene, aromosomal seg-
ment, or a whole genome, is a signi cant mechanism in evolutiof©hn70]. Single
gene duplicates have been identi ed irs. cerevisiaefor many years, and more re-
cently it was identi ed that S. cerevisiaeunderwent a whole genome duplication
(WGD) about 30 million years ago [KBL04]. When duplication acurs, it is believed
that the two members of a duplicate pair initially have identcal functions and inter-
actions. Afterwards, there is a transient period during which om of the duplicates
will di erentiate, diverge in function, or disappear altogeher [Wag02]. Exactly how
this divergence occurs is still an open question, though it hdseen studied both
theoretically [BLWO04, IKMYO05, PSSS03, Wag03] and observatially [ZLKKO5].

For the purposes of this chapter, we use protein interactionssan indication of
function.

In the next section, we discuss some of the theoretical work thath been done to

date on the process of divergence after duplication. Then ¥5.2 we propose a set of
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experiments that will help shed light on this process more dicdly. The experiments
are currently being undertaken in the lab of Jean-FrarcoiRual and Marc Vidal at the
Dana Farber Cancer Institute of Harvard, and will be completedfter the submission

of this thesis.

5.1 Duplication and Divergence

After duplication, the two members of the duplicate pair can ach gain or lose inter-
actions, including the auto-interaction between the two dulicates themselves. See

Figure 5-1.

Gain

Duplication ) Divergence)

Figure 5-1: A single gene duplicates, along with all of its protein-protein interactions, andthen
the two duplicates di erentiate and diverge.

Note that an interaction partner which only interacts with a sngle member of the
duplicate pair could have been gained by one partner, or losybhe other. Divergence
after duplication is said to besymmetric if the probabilities of gain and loss are both
equal to 50%, and asymmetric if these probabilities deviate sigcantly from 50%.

There are two main theories as to how the functions of the duphtes evolve
after duplication: neofunctionalization and subfunctionézation. A pair of duplicates
is said to have undergoneneofunctionalization if one of the pair maintains the
function of the ancestral gene and the other takes on one or neonew functions. A
pair of duplicates is said to have undergonsubfunctionalization if each member

of the pair maintains a di erent part of the function of the ancestral gene. Typically
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it is assumed that every function of the ancestral gene is takerplby at least one
member of the pair.

Note that whether an instance of duplication and divergence symmetric or not
is independent of whether it is an instance of neofunctionahtion or an instance of
subfunctionalization.

By comparing the results of stochastic computational experimés in which the
ancestral network is modelled probabilistically with obsenak network data, Wagner
[Wag02] showed that asymmetric divergence occurs much moreduently than sym-
metric divergence. Additionally, [Wag02] provides a theotieal analysis suggesting
that functions (interactions) are least likely to be lost from the species entirely in the
maximally asymmetric case.

Since a WGD provides a wealth of examples of duplicated genedl, of which
duplicated at the same time, it makes sense to study duplicationnd divergence
by examining the ohnologs and their interaction partners. Arpohnolog { named
for Susumu Ohno, who rst proposed genetic duplication as a sigoant process in
evolution [Ohn70] { is a gene that was duplicated in a WGD evén

Amongst the ohnologs in the protein interaction network ofs. cerevisiag we nd
a correlation between the rate of sequence divergence and tiegree of the protein in
the PPI net. (We use the rates of sequence divergence calcuthia [KBL04].) The

ohnologs can be divided into three classes based on the rate ofusege divergence:

1. Ohnolog pairs that have diverged at relatively similar ra¢s from their common

ancestor (\undi erentiated"),

2. Ohnologs that have diverged signi cantly faster than theirduplicate partners,

and

3. Ohnologs that have diverged signi cantly slower than theiduplicate partners.

In general, the second two classes come paired: that is, one olggbartner is rapidly
diverging and the other is slowly diverging. However, in the FYhetwork [HBH" 04],
not all proteins from S. cerevisiaeare present, and so the number of rapidly diverging

ohnologs di ers from the number of slowly diverging ohnologs.
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Ohnolog pairs that have diverged at di erent rates tend to hae lower degree than
ohnolog pairs that have diverged at similar rates. Furtherma, amongst the ohnolog
pairs diverging at di erent rates, the rapidly diverging ohrologs have lower degree

than the slowly diverging ohnologs. See Table 5.1.

Divergence Class Average Degree Number present in FYI network [HBH" 04]
Rapid 1.9 19
Slow 2.6 40
Undi erentiated 4.7 126
All ohnologs 4.0 185
All proteins 3.6 1379

Table 5.1: The correlation between sequence divergence and number of protein interactions in the
ohnologs ofS. cerevisiae In addition to the three classes of ohnologs based on sequence divergence,
the table also includes statistics for all ohnologs together, and for all protins in the FYI network
[HBH* 04]. For each set of proteins studied here, the degree distribution roughly follows power
law.

5.2 Proposed Experiment

We propose to experimentally explore protein-protein intexctions in K. waltii , a pre-
WGD ancestor ofS. cerevisiae For each interaction inS. cerevisiaeinvolving at least

one ohnolog, there are four possible interactions to test:
1. S. cerevisiaeohnolog with S. cerevisiaeinteraction partner
2. S. cerevisiaeohnolog with K. waltii ortholog of S. cerevisiaeinteraction partner
3. K. waltii ortholog of S. cerevisiaeohnolog with S. cerevisiaeinteraction partner

4. K. waltii ortholog of S. cerevisiaeohnolog withK. waltii ortholog of S. cerevisiae

interaction partner

Experiment 1 duplicates previous work, but would ensure thaall the data is coming
from consistent experimental techniques. Experiment 2 allowss to determine if
an interaction was gained or lost due to changes in the interd@n partner since the

WGD. Experiment 3 allows us to determine if an interaction wa gained or lost due to
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changes in the duplicated gene. Experiment 4 allows us to @etine if an interaction
was gained or lost since the WGD, and also provides the rst glimpseto the protein-
protein interaction network of a pre-WGD yeast species. For reans of cost, we
limit our experiments to the most informative regarding asymratric divergence of
duplicates: experiment 3.

Based on the union of two high-con dence datasets [GA®6, HBH' 04] we se-
lected 683 interactions to test, involving 407%. cerevisiaeproteins and 129K. waltii
proteins (see Appendix C for the complete list). Orthology wasetermined based on
[KBLOA4].

The FYI dataset [HBH" 04] consists of 1379 proteins and 2493 interactions (its
largest connected component consists of 778 proteins and 178&rnactions). We
modi ed the Gavin, et al. dataset [GAG' 06] by taking only those interactions whose
\socio-a nity score" { a log-odds ratio developed in [GAG" 06] { was above 6.5,
resulting in a network with 1204 proteins and 3512 interactius (its largest connected
component consists of 781 proteins and 2968 interactions). Weose the threshold
of 6.5 by comparing the socio-a nity scores of edges in the FYI daset with the
socio-a nity scores of edges that are not present in the FY| dataggsee Figure 5-2).
Although 4.5 would provide the maximum likelihood cuto, we chose the igher
values of 6.5 based on the highest score of edges not present inRlé dataset, since
the FYI dataset is signi cantly based on yeast two-hybrid experirents, which are

known to have more false positives than false negatives.
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Figure 5-2: Frequency of socio-a nity scores [GAG* 06] of the 1272 edges present in the FYI
network [HBH* 04] and of the 22,341 edges absent from the FYI network. The scale for each gno
(edges present and edges absent) is normalized to a percentage of the group total ttee purposes
of visual comparison.
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Chapter 6

Contributions

In this thesis we have explored the structure of real-world nebrks and the evolution
of protein interaction networks, using the yeasS. cerevisiaeas a model organism.

Chapter 5 sets out to explore experimentally the process of gdit duplication
and divergence by examining the interactions involving pes of ohnologs, and their
pre-WGD ancestors. By seeing if the pre-WGD ancestral proteinsoin K. waltii
interact with the post-WGD proteins in S. cerevisiag we will be able to distinguish
between cases of neofunctionalization and subfunctionaliia in the ohnologs ofS.
cerevisiae The yeast two-hybrid experiments are currently underway, r&d will be
completed after the submission of this thesis. These are the rst eggments to
probe the relationship between the protein interactions invto species separated by a
WGD.

In Chapter 4, we introduce a new model of protein interactiometwork growth,
based on the underlying binding domains of the proteins. Our nracontribution here
is to estimate parameters for the model based on phylogenetiddence, rather than
tting the model parameters to observed network data. Unlike pevious modelling
techniques, this ensures that we do not consider our model valigd solely because
it manages to over t the observed data.

In Chapter 3, we introduce a new approach to nding network mtifs. This
new approach is signi cant for any network science, not just biogical networks.

Rather than determining the signi cance of all motifs of a gien size, as the previous
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methods of subgraph sampling and exact enumerating do, we pnetsan algorithm

to count all instances of a particular subgraph X3.3). By using this algorithm on
all non-isomorphic subgraphs of a given size, the new approa@dmaecapitulate the
previous exact counting approach. Despite the costs of coumyj all instances of
each subgraph one at a time, rather than altogether, our algitihim manages to out-
perform previous exact counting methods by a factor of 3:5 (even when we improve
the exact counting algorithm by the standard but important techniques inx3.2.2) by
taking advantage of the scale-free degree distribution (313.and the symmetries of
the query graphs (3.3.2). Neither of these adaptations can beed in previous exact

counting techniques because of the structure of the algorittsn

In x3.5, we introduce two new background models against which meirk motifs
can be identied. We show that one of these models { preserving ehdistribution
of 3-node subgraphs, regardless of the sikeof the motifs being sought { is e ec-
tively computable and captures much more information about the network than the
degree distribution alone. Against this background model, thie are very few motifs
smaller than six nodes, suggesting that the degree distribution drthe distribution
of triangles in the PPI net of S. cerevisiaecontain nearly all the relevant information

regarding subgraphs up to 5 nodes.

The ability to nd all instances of a given subgraph means that or new approach
has many more applications than previous approaches. The nepproach can be
combined with subgraph sampling to nd larger (anti)motifs than ever before, by
picking a random large connected subgraph and then nding ailhstances of it in the
network being studied and in a random ensemble of related netks. In x3.4, we
use this technique and present the rst ever 15-node motif, andenexplore 10- and
20-node subgraphs. Additionally, the 15-node maoitif is biolocally relevant: it is part

of the cellular transcription machinery.

The new approach can also be used to study motif clustering. Based the
larger motifs found in x3.4, we believe that studying motif clustering may be even
more important for large subgraphs than for the smaller subgrdus found by previous

methods. In x3.4.1 we introduce the subgraph clustering score, which alloviise
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clustering of subgraphs of di ering sizes to be meaningfully ogpared. We show that
the subgraph clustering score makes sense both for a carefully stomcted series of
graphs that can be clearly ordered in terms of how clustereddly are intuitively, and
for comparing the 10-node subgraph explored ix8.4 to the new 15-node motif.

Finally, in x3.6, we discuss further possible application of the new approach

nding larger signi cant structures which are regular expressin-like generaliza-

tions of subgraphs, rather than xed subgraphs;

nding still larger motifs by extending current motifs and then counting all

instances of the resulting extension;

combining network alignment and network motifs by searchingpr large struc-

tural motifs in the aligned portion of multiple networks; and

combining network alignment and network motifs by using allristances of sig-

ni cant motifs to help seed the alignment process.
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Appendix A

Graph Symmetries: A Group

Theory Primer

A.1 Introduction and De nitions

In x3.3.2, we present part of an algorithm for counting subgraphshich e ectively
\removes" all the symmetries of a graph. At rst glance, it might appear to many
computer scientists (and others) that this might require log(n) symmetry-breaking
conditions if the graph hasn symmetries. But in fact the relationship between the
symmetries is more complicated than that, and often all of theymmetries of a graph
can be broken with many fewer conditions. This appendix brig reviews some basic
group theory which is the mathematical theory of symmetries. Determiningxactly
how many symmetry-breaking conditions are necessary serves agualing example.
As mentioned inx2.5.3, the automorphisms of a grapl& form a group, denoted
Aut(G). An automorphism of a graphG is a mapf : G! G such that if (v;w) is an
edge ofG then (f (v); f (w)) is also an edge o5, and vice versa. The automorphisms

of a graph have the following properties:
1. The composition of two automorphisms is again an automorpm.

2. The composition of automorphisms (as with the composition @ny functions)

is associative:{ g) h=f (g h).

77



3. Every graph has the identity mapid as a (trivial) automorphism. Furthermore,
composing any automorphism with the identity leaves it unchaged: id f =
f id=f.

4. Every automorphismf has a unique inversé !, since automorphisms are one-

to-one and onto functions. In particular,f f *=f ! f =id.

These four properties { closure, associativity, identity, andnverses { are the de ning
properties of a group.

Abstractly, a group is any set with a binary operation (in the casef graph auto-
morphisms the binary operation is functional composition) wieh satis es the above
properties. Very often, regardless of the binary operation, witiplicative notation is
used. So rather than writingf g for the composition of two automorphisms, write
fg. Note that this means \ rst apply g, then applyf," as in the composition of func-
tions. Additionally, write f" for the n-fold composition off with itself. The usual
rules of integer exponentiation apply {2f? = f2*P {0 is de ned to be the identity,
etc.) Finally, the group identity is often written e or 1.

To clearly specify the underlying set of a group and the binaryperation, write e.g.
(Aut(G); ). This notation is often abused however, and the name of the derlying
set is also typically used as the name of the group.

Because groups contain inverses, cancellation is allowed. ther words, ifab= ac
in a group G, then multiplying by a ! on the left yieldsb= c. Using cancellation, it
is not hard to show that the identity is unique, and that each e#dment of a group has
only one inverse.

In nite groups, f ' = f" for somen. Consider the automorphisms of a nite
graph G. If f 2 Aut(G), then so isf" for any n. But becausejAut(G)j is nite,
fi = fl for somei;j (otherwise the sequencé;f 2;f3;::: would contain in nitely
many distinct elements ofAut(G)). Then, sincef is invertible we can compose both
of these maps withf ' ! togetf 1=fl I 1,

A cyclic group consists of all the powers of a single element, and is de ned

entirely by its size. The abstract cyclic group oh elements is denotedC,.
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Other examples of groups you are probably familiar with are:

(Z;+), the integers under addition,
(Z=nz;+), the integers modulo n under addition,

(C f 0g; ), the non-zero complex numbers under multiplication (zerbas no

multiplicative inverse),

(Z=pz f 0Og; ), the non-zero integers modulo a prim@ under multiplication,

and

GL,(C), the set of all invertiblen n complex matrices under matrix multipli-

cation.

Note that matrix multiplication and composition of functions arenon-commutative
i.e. it is not necessarily the case thaab= ba

A subgroup is simply a subset of a group which is itself a group with respect tbé
same operation as its parent. WriteH < G to denote that H is a subgroup ofG (the
notation is purposefully distinct from subset notation). This & a very important con-
cept for studying groups, and in particular for our aim of nding symmetry-breaking
conditions on graphs. Each symmetry-breaking condition imsed e ectively reduces
the automorphism group to one of its subgroups.

To determine how many symmetry-breaking conditions are nesgary to remove all
symmetries of a graph, it is necessary to understand something aibthe relationship
between the size of a group and the size of its subgroups. The sizea @roupjGj is
called its order . The rst theorem taught in almost all, if not all, courses on grap
theory is Lagrange's theorem : The order of a subgroupH divides the order of its
parent group G.

To see why, consider théeft cosets of H, which are all the setaH = fahjh 2 Hg
fora2 G.

Step 1. Because of cancellation, each coset is the same sizélas

Step 2. Every element ofG lies in some coset oH. Since 12 H, a 2 aH for

everya?2 G.
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Step 3. Any two cosetsaH;bH are either identical or disjoint. Suppose two
cosetsaH and bH are not disjoint. Then there is some element 2 aH \ bH. Let
c = ah; = bh, for someh;;h, 2 H. Thenb ta= hzhll. SinceH is a subgroup, it
is closed under multiplication and inversion, and thud 'a = hyh,;* 2 H, and also

(b 'a) = a b2 H. But then any elementbh2 bH is equal to

bh = bb aa 'bh

(bb Ha(a bh)

a(h;h,h) 2 aH

sobH aH. By symmetry , bH = aH. Thus the left cosets ofH partition G.

Step 4. Since the left cosets oH all have sizejH |, and they partition G, jH]j
evenly dividesjG;j.

The index of a subgroupH in a group G is the number of distinct left cosets of
H, and is denoted G : H]. By the proof above,jGj =[G : H]jH], which is the more
traditional form of the statement of Lagrange's theorem.

For any set of automorphismsS, the group generated by S, denotedhSi is the
smallest group containingS. If the resulting group is nite, it is easy to see that it
simply consists of all possible compositions of the automorphisns $.

By Lagrange's theorem, any group of prime order has no subgmmsiother than
itself and the trivial subgroup f1g. In fact, it turns out that every group of prime
order is cyclic. Supposés is a group of prime order, and leta be any non-identity
element ofG. If G 6 hai, then hai is a nontrivial cyclic subgroup ofG, contradicting

the fact that jGj is prime.

A.2 Orbits and Symmetry-Breaking

The automorphisms of a graplG are said toact on the vertices ofG. Each automor-
phism is essentially just a permutation of the vertices. For a set automorphisms

S and a vertexv, the orbit of v under S is the set of vertices to whichv can be
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mapped by the automorphisms irS. Note that the orbit of v under S and the orbit
of v under hSi are identical if hSi is nite.

The stabilizer of a vertex v in a group of automorphismsG is the set of all
automorphisms which x v, denotedStals(v) or G,. G, is a subgroup ofG since (a)
the identity xes v, (b) the composition of two automorphisms xingv again xes
v, and (c) the inverse of an automorphism xingv also xesv. In particular, jG,j
divides jG;j.

Each symmetry-breaking condition used ix3.3.2 e ectively reduces the auto-
morphism group fromH to H,. Let H = Aut(G) for some graphG. Thus the
search for symmetry breaking conditions corresponds to nding chain of groups
H>Hy >H @) > > f1g. Since the order of each stabilizer divides the order
of its parent, each step in this chain reduces the size of the raming group by at
least 2, validating the intuition that it takes at most log,(jAut (G)j) steps to break all
the symmetries. More generally, the number of symmetry-brealg conditions can be
estimated by examining the prime factorization of the numbeof automorphisms of
a graph.

In order to need log(jAut(G)j) symmetry-breaking conditions, each stabilizer
must have index 2 in the previous stabilizer, and in parituclajHj = jAut(G)j must
be a power of 2. Asymptotically, there are many groups of ordef Ztypically there
are more groups of order 2than there are groups of any other order with exactiy
prime factors). However, there are not nearly so many graph autwmrphism groups

of order 2', particularly for small graphs.

A.2.1 Minimizing the Number of Symmetry Breaking Con-
ditions
Group theory can also help optimize the number of symmetry br&mg conditions
by providing a means to choose which orbit to break up next. Therbit-stabilizer
theorem says thatjHj = jOrbit(v)jjStab(v)j, or equivalently [H : H,] = jOrbity (v)j.
Step 1. [H : H,] j Orbity(v)j. Foranyg?2 H, and anya 2 H, ag(v) = a(v).
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So every element of the left cosetH, sendsv to the same element of its orbit. Thus
there are at least as many left cosets as there are elements/is orbit.

Step 2.jOrbit(v)j [H :H,]. If a(v) = b(v), thenab ! xes v, and soab ' 2 H,.
Thus aH, = bH,, so there are no more left cosets &f, than the number of elements
in v's orbit.

Thus to maximize H : H,] at each step in the chain corresponding to symmetry-

breaking, the algorithm should choose to break up the largesthmt rst.
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Appendix B

All Motifs up to 7 Nodes With
Exact Counting in the PPI

Network of S. cerevisiae

Using the exact counting method of Chapter 3, we determined thgigni cance of
every subgraph up to 7 nodes in the PPI net 0B. cerevisiagHBH™ 04] against two
di erent ensembles: one which preserves only the degree distrilon, and one which
additionally preserves the distribution of 3-node subgraphs.¢. triangles).

The list is sorted in terms of the signi cance g-score) of the subgraph against the
distribution of triangles. We have displayed only those subgragtwhich have az-score
greater than 4.0 in magnitude. The complete list can be found ta
http://compbio.mit.edu/networks/.

It is interesting to note that, of the most signi cant subgraphs, nany more of them
are motifs (51) than antimotifs (3) against the background ditribution of triangles.
At the jzj > 100 level, the only signi cant subgraphs are motifs.

Additionally, the background model which includes the distiution of triangles
captures much more of the graph structure than the backgrounchodel which only
preserves the degrees. At thgj > 2:0 level, 657 subgraphs are signi cant against the
degree distribution, while only 111 subgraphs are signi cantgainst the distribution

of triangles and degrees. (Note there are only 994 isomorphisnpgs of connected
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undirected graphs with between 3 and 7 nodes.) At thgj > 4:0 level, these numbers
become 392 and 54, respectively, and at thgj > 10.0 level, 216 and 32.

Finally, we highlight the importance of specifying the backgund model and/or
the signi cance cuto when calling a subgraph a motif or an antimotif. Table B.1
displays the number of graphs which are considered e.g. motégainst the degree
distribution and anti-motifs against the degree and trianglalistribution for jzj > 2:0.
For jzj > 4.0, there are only 3 graphs which switch from anti-motif to mofiand 3
vice versa, and forjzj > 100 there are is only 1 graph which switches from motif to

anti-motif, and none in the other direction.

Degree and Triangle Background
Anti-motif | Insigni cant | Motif
Degree Aqti-motif 8 386 13
Background Insigni pant 13 313 10
Motif 26 183 41

Table B.1: The number of graphs which have di erent status as motifs against the two backyround
models considered, e.g. motif against one background model and anti-motif againthe other.

Original Degrees Degrees & Triangles
Graph | Count | Motif? (z-score)| Motif? (z-score)
ﬁ 7,015 Motif (51.9) Motif (1,607)
‘%’ 1,237 Motif (103) Motif (123)
‘% 288,288| Motif (83,363) Motif (75.4)
% 15,057 |  Motif (174) Motif (68.9)
@ 2,419 Motif (446) Motif (53.8)
% 2,147 None (2.76) Motif (53.8)
ﬁ 556 Motif (12.7) Motif (44.6)
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‘@ 64,555 | Motif (26,481) Motif (42.6)
ﬁ 125,192| Motif (1,365) Motif (41.2)
% 300,743| Motif (5,210) Motif (38.5)
ﬁq 4,378 None (-2.49) Motif (37.1)
‘%@ 1,358 None (0.17) Motif (31.7)
% 20,120 Motif (54.4) Motif (27.1)
@ 4,972 | Motif (5.47) Motif (24.9)
@ 22,930 Motif (31.1) Motif (24.8)
‘% 1,801 Motif (947) Motif (24.4)
% 18,175 Motif (648) Motif (23.8)
% 14,703 Motif (88.3) Motif (22.9)
W 252,604 Motif (89.3) Motif (21.6)
%ﬁ 6,685 | None (-3.40) Motif (21.2)
%& 6,461 | None (-0.21) Motif (20.7)
W 609,862 Anti (-13.2) Motif (18.7)
‘ﬁ 182,118, Motif (4.39) Motif (15.3)
‘% 14,833 None (0.92) Motif (15.0)

147,227| Motif (420,425) Motif (13.4)
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% 4,994 | None (-3.89) Motif (13.4)
‘?ﬁ 2,676 None (-3.32) Motif (12.6)
% 142,221 None (2.83) Motif (11.8)
‘@ 479 None (-2.36) Motif (11.7)
W 178,974 None (-3.81) Motif (11.5)
‘% 12,875 | Motif (2,153) Motif (11.0)
‘@’ 4,702 | None (-0.13) Motif (10.1)
W 196,270|  Motif (68.5) Motif (9.56)
% 5,922 Motif (278) Motif (8.21)
@ 94,313 | Motif (9,714) Motif (8.16)
@ 1,624 Motif (131) Motif (7.92)
‘% 155,299  Motif (372) Motif (7.90)
‘% 33,359 | Motif (3,164) Motif (7.63)
‘2% 278 Motif (4.13) Motif (7.42)
ﬁzl 12,993 Anti (-9.45) Motif (7.39)
@ 136,187| Motif (541) Motif (6.84)
ﬁ 81,582 Motif (21.2) Motif (5.61)
%‘J 7,914 None (-3.75) Motif (5.51)
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@ 20,573 | Motif (1,729) Anti (-5.01)
‘@ 1,512 None (-0.23) Motif (5.01)
‘% 672 None (1.26) Motif (4.93)
@ 22,730 Motif (100) Motif (4.91)
@ 12,102 |  Motif (547) Anti (-4.54)
@ 387 Motif (32.9) Motif (4.51)
@ 1,513 | None (-3.52) Motif (4.41)
ﬁ 4,109 Motif (11.8) Anti (-4.39)
7ﬁ 209,776| Anti (-20.1) Motif (4.32)
‘% 92,372 Motif (82.9) Motif (4.19)
‘% 81,947 None (1.88) Motif (4.15)
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Appendix C

Protein-Protein Interactions Being
Explored in K. waltii and S.

cerevisiae

Protein-protein interactions being explored inK. waltii and S. cerevisiae FYI in-
dicates the FYI dataset [HBH 04] and TAP indicates the Gavin, et al. dataset
[GAG™ 06]. The interactions to test are based on reported interactis betweenS.
cerevisiaeohnologs (second column) and otheB. cerevisiaeproteins (third column).
We test the K. waltii ancestor ( rst column) of the S. cerevisiaeohnologs against
the S. cerevisiaeinteraction partners in order to determine if an interactimm was
gained or lost because of changes in the ohnologs after dupima. This data can
also be found in text-only format (i.e. machine-parseable butill human-readable) at
http://compbio.mit.edu/networks/, along with the ORF seque nces used for each pro-

tein in the experiment, and is included here only for compleness.

K wal. ancestor of ] ]

ohnolog(s) S. cer. ohnolog(s) S. cer. interaction partner Dataset
Kwal -92 YFRO13W YAR007C TAP
Kwal -92 YFRO13W YBLO03C TAP
Kwal _92 YFRO13W YBR245C TAP
Kwal _92 YFRO13W YFRO37C TAP
Kwal _92 YFRO13W YGL133W TAP
Kwal _92 YFRO13W YKRO001C TAP
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Kwal 92
Kwal 92
Kwal 96
Kwal 99
Kwal 99
Kwal _167
Kwal 167
Kwal _250
Kwal _250
Kwal _250
Kwal _250
Kwal _250
Kwal _1015
Kwal 1019
Kwal 1019
Kwal _1382
Kwal _1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal -1382
Kwal -1382
Kwal _1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal -1382
Kwal _1382
Kwal _1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal -1382
Kwal _1382
Kwal _1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal 1382
Kwal -1382
Kwal _1382
Kwal _1382
Kwal 1436
Kwal 1436

YFRO13W

YFRO13W

YOLO16C, YFR014C

YLR258W

YLR258W

YLR249W

YLR249W

YCLO11C

YCLO11C, YNLOO4W

YCLO11C, YNLOO4W

YCLO11C, YNLOO4W

YNLOO4AW

YGR239C

YGR238C

YHR158C

YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YGRO034W, YLR344W
YDL175C

YDL175C
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YOL004W
YPL082C
YBR109C
YILO45W
YLR273C
YBR118W
YPRO8SOW
YDLO14W
YDR138W
YHR167W
YNL139C
YML062C
YDR142C
YHR158C
YGR238C
YBLO27W
YBLO87C
YBL092W
YBRO31W
YBRO084C-A
YDL136W
YDL191W
YDRO12W
YDR418W
YELO54C
YER117W
YGL103W
YGL135W
YGL147C
YGRO085C
YILO18W
YIL133C
YJIL177W
YKL180W
YLRO75W
YLR340W
YNLOG67W
YNLO69C
YOL127W
YORO063W
YPL131W
YPL220W
YPR102C
YJLOS50W
YLR347C

TAP
TAP
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP




Kwal _1436
Kwal _1436
Kwal _1436
Kwal _1436
Kwal _1812
Kwal 2150
Kwal 2150
Kwal 2150
Kwal 2150
Kwal 2150
Kwal 2150
Kwal 2150
Kwal 2313
Kwal _2313
Kwal 2313
Kwal 2313
Kwal 2313
Kwal 2313
Kwal 2313
Kwal 2313
Kwal -2313
Kwal 2313
Kwal 2313
Kwal _2421
Kwal _2421
Kwal _2935
Kwal -2935
Kwal 2935
Kwal 3650
Kwal 3650
Kwal _3650
Kwal _3747
Kwal _3747
Kwal 3747
Kwal 3747
Kwal 3747
Kwal _3747
Kwal _3747
Kwal _3747
Kwal _3747
Kwal 3747
Kwal 3747
Kwal 3747
Kwal _3747
Kwal _3747

YDL175C

YDL175C

YDL175C

YILO79C, YDL175C
YBR216C

YLLO21W

YLR313C

YLR313C, YLLO21W
YLR313C, YLLO21W
YLR313C, YLLO21W
YLR313C, YLL021W
YLR313C, YLLO21W
YLLO16W

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C

YLR310C, YLLO16W
YJLO76W

YKRO010C

YNLO96C

YNLO96C

YORO096W

YHLO034C

YHL034C

YHLO34C

YGRO085C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
YGRO085C, YPR102C
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YMR125W
YNL251C
YPL190C
YOL115W
YMLOO7W
YER149C
YBLO16W
YDL159W
YLR319C
YLR362W
YOR231W
YPL140C
YLR310C
YALOO5C
YBLO75C
YDLO47W
YER103W
YGL197W
YJLO98W
YLLO16W
YLLO24C
YPL240C
YNL098C
YDLO42C
YOL006C
YOR361C
YPRO41W
YDRO091C
YGR162W
YMR230W
YOL139C
YFRO31C-A
YBLO27W
YBL092W
YBR084C-A
YDL136W
YDL191W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W

TAP
TAP
TAP
FYI, TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
FYI
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI




Kwal 3747
Kwal 3747
Kwal 3932
Kwal 3932
Kwal _3932
Kwal 3932
Kwal _3992
Kwal 3992
Kwal -3992
Kwal 3992
Kwal _4144
Kwal _4144
Kwal 4144
Kwal _4144
Kwal _4144
Kwal 4144
Kwal _4144
Kwal _4144
Kwal _4240
Kwal 4240
Kwal _4240
Kwal _4240
Kwal _4240
Kwal _4240
Kwal _4240
Kwal 4569
Kwal 4733
Kwal _4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal _4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal 4733
Kwal 4911
Kwal _4925
Kwal _4925
Kwal _4925
Kwal 4925
Kwal 5298

YPR102C

YPR102C

YBR118W
YBR118W
YPRO80OW, YBR118W
YPRO80OW, YBR118W
YGR092W
YGR092W
YGR092W
YGRO092W, YPR111W
YDLO75W

YDLO75W
YDLO75W
YDLO75W, YLR406C
YDLO75W, YLR406C
YDLO75W, YLR406C
YLR406C

YLR406C

YDLO61C, YLR388W
YDLO61C, YLR388W
YDLO61C, YLR388W
YDLO61C, YLR388W
YDLO61C, YLR388W
YDLO61C, YLR388W
YDLO61C, YLR388W
YDL226C

YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL133C, YNLO69C
YIL113W

YIL109C

YIL109C

YIL109C, YNLO49C
YIL109C, YNLO49C
YOL115W
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YEROO6W
YPLO93W
YKLO81W
YPLO48W
YALOO3W
YLR249W
YALO21C
YDL160C
YNRO52C
YIL106W
YDRO60W
YDR101C
YNL110C
YJL189W
YMR242C
YOR312C
YHRO52W
YNRO53C
YGL123W
YHLO15W
YHR203C
YJR123W
YJR145C
YNL178W
YOL040C
YDR264C
YDL136W
YDL191W
YDR395W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YNL301C
YOL120C
YOL127W
YORO063W
YPL131W
YHR030C
YDRS517W
YLR208W
YPLO85W
YPR181C
YDL175C

TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
FYI
FYI
FYI
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP




Kwal 5298
Kwal 5298
Kwal 5298
Kwal 5298
Kwal 5298
Kwal 5576
Kwal 5576
Kwal 5576
Kwal 5764
Kwal 5764
Kwal 5764
Kwal 5799
Kwal 5799
Kwal 5799
Kwal 5807
Kwal 5887
Kwal 5887
Kwal 5887
Kwal 5887
Kwal 5887
Kwal 5953
Kwal 5953
Kwal _6006
Kwal _6006
Kwal _6069
Kwal _6069
Kwal _6069
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal 6225
Kwal 6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225
Kwal _6225

YOL115W

YOL115W

YOL115W

YOL115W

YOL115W

YHR030C

YHRO030C

YHR030C

YER054C

YERO054C, YILO45W
YILO45W

YIL052C, YERO56C-A
YIL052C, YERO56C-A
YIL052C, YERO56C-A
YERO59W, YILO50W
YERO70W
YERO70W

YILO66C

YILO66C, YERO70W
YILO66C, YERO70W
YERO81W

YILO74C

YDL179W, YDL127W
YDL179W, YDL127W
YPL256C, YMR199W
YPL256C, YMR199W
YPL256C, YMR199W
YCRO052W
YCRO052W
YCRO052W
YCRO52W
YCRO52W
YCRO052W
YCRO52W
YCRO052W
YCRO052W
YCRO52W
YCRO52W
YCRO52W
YCRO52W
YCRO052W, YNRO023W
YNRO23W
YNRO23W
YNRO23W
YNRO23W
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YFLOO8W
YFRO31C
YILO79C
YNL251C
YPL190C
YIL113W
YOR231W
YPL140C
YER133W
YBR045C
YLR258W
YDR395W
YHLOO1W
YKLOO6W
YPLO31C
YILO66C
YMLO58W
YERO70W
YGR180C
YJLO26W
YILO74C
YERO81W
YDR388W
YPLO31C
YBR135W
YBR160W
YDL132W
YBR245C
YDR303C
YFRO37C
YGRO56W
YIL126W
YKRO08W
YLRO33W
YLR321C
YLR357W
YML127W
YMRO72W
YMRO091C
YPRO34W
YMRO33W
YBR289W
YHLO25W
YJL176C
YMLOO7W

FYI

FYI

FYI

TAP
TAP

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI, TAP
FYI, TAP
FYI

TAP
TAP
FYI, TAP
TAP
TAP
TAP
TAP
FYI, TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI, TAP
TAP
TAP
TAP




Kwal _6225
Kwal _6325
Kwal _6325
Kwal _6344
Kwal _6344
Kwal 6373
Kwal 6373
Kwal _-6373
Kwal 6373
Kwal 6373
Kwal _6805
Kwal _6805
Kwal _6945
Kwal 7054
Kwal 7054
Kwal 7054
Kwal 7054
Kwal _7054
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7055
Kwal _7154
Kwal _7338
Kwal _7338
Kwal _7338
Kwal 7338
Kwal 7338
Kwal 7343
Kwal _7343
Kwal _7343
Kwal _7343
Kwal 7343
Kwal 7343
Kwal 7343
Kwal 7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462

YNRO23W

YCRO073C

YCRO073C, YNRO31C
YCRO73W-A
YCRO73W-A
YGR118W, YPR132W
YGR118W, YPR132W
YGR118W, YPR132W
YGR118W, YPR132W
YGR118W, YPR132W
YALO51W

YOR363C

YALO38W

YALO30W

YALO30W

YALO30W

YOR327C

YOR327C, YALO30W
YAL029C

YAL029C

YAL029C

YOR326W

YOR326W

YOR326W
YOR326W, YAL029C
YOR326W, YAL029C
YALO17W

YJLO99W

YJLO99W

YJLO99W

YJLO99W

YKRO27W

YJLO98W

YJLO98W

YJLO98W

YJLO98W

YJLO98W

YKRO028W

YKRO028W, YJL098W
YGL049C

YGLO049C

YGR162W

YGR162W

YGR162W

YGR162W
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YPLO16W
YMR117C
YLR0O06C
YER133W
YLRO28C
YGL123W
YHLO15W
YJR123W
YNL178W
YOLO40C
YOR363C
YALO51W
YNL307C
YBLO50W
YDR468C
YPL232W
YOLO018C
YGRO009C
YBR130C
YFLO39C
YKL130C
YBR109C
YILO70C
YORO035C
YGL106W
YHR023W
YDRO99W
YLR330W
YMR116C
YMR237W
YOR299W
YGR161C
YER155C
YGL197W
YGR161C
YLR310C
YOR267C
YPL0O49C
YDLO47W
YNL251C
YPL178W
YALO36C
YCRO77C
YDLO43C
YDLO51W

TAP
FYI
FYI
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
FYI
TAP
FYI, TAP
TAP
TAP
FYI, TAP
FYI, TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI, TAP
TAP
TAP
TAP
TAP
FYI
TAP




Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal 7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal _7462
Kwal 7462
Kwal _7462
Kwal _7462
Kwal _7587
Kwal _7587
Kwal _7587
Kwal 7913
Kwal 7913
Kwal 8043
Kwal 8043
Kwal 8043
Kwal _8043
Kwal _8043
Kwal _8043
Kwal _8387
Kwal _8387
Kwal 8387
Kwal _8433
Kwal _8433
Kwal _8703
Kwal _8703
Kwal 8703
Kwal 8703
Kwal 9752
Kwal 9752
Kwal 9752
Kwal -10318
Kwal -10318
Kwal -10318
Kwal 10393
Kwal 10393
Kwal 10393
Kwal 10393

YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W
YGR162W, YGL049C
YGR162W, YGL049C
YGR162W, YGL049C
YGR162W, YGL049C
YMR109W
YMR109W
YMR109W
YHLOO1W, YKLOO6W
YHLOO1W, YKLOO6W
YMRO72W
YMRO72W
YMRO72W
YMRO72W
YMRO72W
YMRO72W

YNLO98C

YNLO098C

YNLO098C

YNL104C

YOR108W
YOR231W, YPL140C
YOR231W, YPL140C
YOR231W, YPL140C
YOR231W, YPL140C
YARO042W

YARO42W, YDLO19C
YDLO19C

YML109W, YMR273C
YML109W, YMR273C
YML109W, YMR273C
YML100W
YML100W, YMR261C
YML100W, YMR261C
YMR261C
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YDLO87C
YGR285C
YHL034C
YILO61C
YJL138C
YKRO59W
YLR175W
YMR230W
YNL262W
YOR243C
YOR276W
YER165W
YIR001C
YMR125W
YOL139C
YBR109C
YBR177C
YDLO19C
YERO56C-A
YIL052C
YBR245C
YCRO052W
YDR303C
YFRO37C
YOL004W
YPL082C
YLLO16W
YLR310C
YOLO81W
YOR108W
YNL104C
YHR030C
YJLO95W
YLLO21W
YLR313C
YARO042W
YER120W
YMR109W
YALO16W
YDL188C
YGL190C
YMR261C
YBR126C
YDRO74W
YML100W

TAP
TAP
TAP
TAP
FYI, TAP
FYI
TAP
TAP
TAP
TAP
FYI
FYI
TAP
TAP
FYI, TAP
TAP
TAP
TAP
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
TAP
TAP
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI, TAP
FYI, TAP
FYI




Kwal 10573
Kwal -10573
Kwal _10720
Kwal _10720
Kwal _10720
Kwal -10720
Kwal _10720
Kwal -10720
Kwal _10720
Kwal _10720
Kwal _10720
Kwal _10720
Kwal _10720
Kwal -10720
Kwal -10720
Kwal _10720
Kwal _10720
Kwal _10720
Kwal _10733
Kwal -10733
Kwal 10817
Kwal -10827
Kwal _10827
Kwal _10827
Kwal _10827
Kwal -10911
Kwal -10991
Kwal 10991
Kwal -11859
Kwal -11859
Kwal _11859
Kwal _11859
Kwal _12088
Kwal 12088
Kwal 12088
Kwal 12088
Kwal _12088
Kwal _12088
Kwal _12088
Kwal -12088
Kwal -12200
Kwal _12262
Kwal _12262
Kwal _12461
Kwal _12461

YBL106C, YPRO32W
YPRO32W

YBLO87C

YBLO87C

YER117W
YER117W, YBL087C
YER117W, YBL087C
YER117W, YBL087C
YER117W, YBL0O87C
YER117W, YBLO87C
YER117W, YBL0O87C
YER117W, YBL0O87C
YER117W, YBL0O87C
YER117W, YBL087C
YER117W, YBL0O87C
YER117W, YBLO87C
YER117W, YBLO87C
YER117W, YBL0O87C
YBLO85W
YBLO85W, YER114C
YBLO75C, YER103W
YBLO72C

YBLO72C

YBL0O72C

YER102W
YERO089C, YBLO56W
YDRO01C

YDRO001C
YDR480W, YPL049C
YDR480W, YPL049C
YDR480W, YPL0O49C
YPL0O49C

YBR189W
YBR189W
YBR189W
YBR189W
YPLO81W

YPLO81W

YPLO81W
YPLO81W, YBR189W
YBR177C

YPL106C

YPL106C

YBLO27W, YBR0O84C-A
YBLO27W, YBR0O84C-A
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YGRO009C
YHRO023W
YDR496C
YPL211W
YOLO77C
YBLO27W
YBL092W
YBRO084C-A
YDL136W
YDL191W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W
YLR229C
YBR200OW
YLR310C
YORO056C
YPLO12W
YPR144C
YLR192C
YDRO71C
YDRO99W
YER177W
YBLO16W
YGRO40W
YHR084W
YKRO028W
YDLO6OW
YGRO081C
YNL132W
YORO056C
YBRO79C
YNL207W
YPL204W
YNL178W
YMR109W
YGL206C
YMLO28W
YBL0O87C
YBL092W

FYI
FYI
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI
TAP
TAP
TAP
FYI
FYI




Kwal _12461
Kwal -12461
Kwal _12461
Kwal _12461
Kwal _12461
Kwal -12461
Kwal -12461
Kwal 12461
Kwal _12461
Kwal _12461
Kwal _12461
Kwal _12461
Kwal -12461
Kwal -12461
Kwal -12461
Kwal _12461
Kwal _12461
Kwal _12461
Kwal _12655
Kwal _12655
Kwal _12693
Kwal -12693
Kwal 12693
Kwal _12693
Kwal _12693
Kwal _12693
Kwal -12693
Kwal -12693
Kwal 12693
Kwal 12693
Kwal _12693
Kwal _12693
Kwal _12693
Kwal _12745
Kwal _12745
Kwal _12745
Kwal _12745
Kwal _12745
Kwal _12745
Kwal _12745
Kwal -12745
Kwal _12745
Kwal _12745
Kwal _12745
Kwal _13222

YBL027W, YBR084C-A
YBLO27W, YBRO084C-A
YBLO27W, YBRO084C-A
YBLO27W, YBRO0O84C-A
YBLO27W, YBR0O84C-A
YBLO27W, YBR0O84C-A
YBLO27W, YBR084C-A
YBL027W, YBR084C-A
YBLO27W, YBRO084C-A
YBLO27W, YBRO084C-A
YBLO27W, YBR0O84C-A
YBLO27W, YBR0O84C-A
YBLO27W, YBR084C-A
YBL027W, YBR084C-A
YBLO27W, YBRO084C-A
YBLO27W, YBRO0O84C-A
YBLO27W, YBRO0O84C-A
YBLO27W, YBR0O84C-A
YJL110C

YKRO34W

YBRO31W, YDR012W
YBRO31W, YDR0O12W
YBR0O31W, YDR0O12W
YBRO31W, YDR0O12W
YBRO31W, YDR012W
YBRO31W, YDR012W
YBRO31W, YDR012W
YBR031W, YDRO12W
YBR031W, YDR0O12W
YBR031W, YDR0O12W
YBRO31W, YDR012W
YBRO31W, YDR012W
YBRO31W, YDR0O12W
YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YHR152W

YCLO24W
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YBRO31W
YDL136W
YDL191W
YDRO12W
YER117W
YGL103W
YGL147C
YGRO034W
YGRO085C
YILO18W
YJIL177W
YKL180W
YLR344W
YNLO67W
YOL127W
YORO063W
YPL131W
YPR102C
YKRO34W
YJLi10C
YBLO27W
YBLO92W
YBR084C-A
YDL136W
YDL191W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W
YDR267C
YERO32W
YHRO73W
YHR128W
YJL168C
YJR148W
YLRO16C
YLR132C
YLR288C
YPR118W
YPR152C
YDR507C

FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP




Kwal _13222
Kwal -13222
Kwal _13222
Kwal _13222
Kwal _13222
Kwal _13222
Kwal _13222
Kwal _13256
Kwal _13256
Kwal _13256
Kwal _13256
Kwal _13256
Kwal _13676
Kwal _13676
Kwal -13676
Kwal 13676
Kwal 13676
Kwal _13736
Kwal _13736
Kwal _13736
Kwal _13736
Kwal -13736
Kwal _13736
Kwal _13736
Kwal _13736
Kwal _13736
Kwal _13736
Kwal -13736
Kwal _13736
Kwal _13736
Kwal _13846
Kwal _13846
Kwal _13846
Kwal _13846
Kwal 14000
Kwal _14000
Kwal _14000
Kwal _14267
Kwal _14267
Kwal _14267
Kwal -14267
Kwal _14267
Kwal _14353
Kwal _14353
Kwal _14353

YDR507C

YDRS507C

YDRS507C

YDR507C

YDR507C

YDR507C
YDR507C, YCL024W
YDR502C

YDRS502C
YLR180W
YLR180W
YLR180W
YCRO031C, YJL191W
YCRO031C, YJL191W
YCRO031C, YJL191W
YCRO031C, YJL191W
YCRO031C, YJL191W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YKL180W, YJL177W
YJL164C

YJL164C, YKL166C
YJL164C, YKL166C
YKL166C

YJL138C

YKRO59W
YKRO59W, YJL138C
YMLO85C

YMLO85C

YMLO85C

YMLO085C

YML124C

YDR309C

YDR309C
YHR061C, YDR309C
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YCLO024W
YCRO002C
YDL225W
YHR107C
YJR0O76C
YLR314C
YKRO048C
YLR153C
YLR180W
YDR502C
YERO90OW
YGL195W
YGL123W
YHLO15W
YJR123W
YNL178W
YOLO40C
YBLO27W
YBL092W
YBRO084C-A
YDL136W
YDL191W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W
YKL166C
YILO33C
YPL203W
YJL164C
YKRO59W
YJL138C
YGR162W
YCLO029C
YFLO37W
YNL223W
YOLO086C
YERO16W
YER149C
YLR319C
YLR229C

TAP
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
FYI, TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI




Kwal _14596
Kwal -14596
Kwal _14596
Kwal _14899
Kwal _14899
Kwal -14899
Kwal _14989
Kwal _14989
Kwal _14989
Kwal _14989
Kwal _14989
Kwal _14989
Kwal _15007
Kwal _15007
Kwal -15007
Kwal _15007
Kwal _15889
Kwal 15889
Kwal 15889
Kwal _15889
Kwal 16748
Kwal -16748
Kwal _16748
Kwal 16748
Kwal _16748
Kwal _16748
Kwal _16748
Kwal -16748
Kwal 16748
Kwal 16781
Kwal 16781
Kwal _16781
Kwal -16781
Kwal _16977
Kwal _16977
Kwal _16977
Kwal _16977
Kwal _16977
Kwal _16977
Kwal _16977
Kwal -16977
Kwal 16988
Kwal _17049
Kwal _17056
Kwal _17070

YHR135C
YHR135C
YNL154C
YHR161C, YGR241C
YHR161C, YGR241C
YHR161C, YGR241C
YKLOG68W
YMRO047C
YMRO047C
YMRO047C
YMRO047C, YKLO68W
YMRO047C, YKLOG68W
YGR180C
YGR180C, YJL026W
YGR180C, YJL0O26W
YJLO26W
YOR312C, YMR242C
YOR312C, YMR242C
YOR312C, YMR242C
YOR312C, YMR242C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR203C, YJR145C
YHR208W
YHR208W
YJR148W
YJR148W
YLR442C
YLR442C
YMLO65W
YMLO65W
YMLO65W
YMLO65W
YMLO65W
YMLOG65W
YLR441C, YMLO63W
YJR009C
YMLO58W
YLR433C, YMLO57W
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YER123W
YNL154C
YHR135C
YGL206C
YGR167W
YIR006C
YMRO047C
YER107C
YJLO61IW
YKLO68W
YLR347C
YPL169C
YJLO26W
YERO70W
YILO66C
YGR180C
YDLO75W
YGLO30W
YJL189W
YLR406C
YBRO48W
YDLO61C
YDRO025W
YGL123W
YJL190C
YLR367W
YLR388W
YNL178W
YOLO040C
YJR148W
YLR259C
YHR152W
YHR208W
YDR227W
YNL216W
YBR0O60C
YHR118C
YKR101W
YLLOO4W
YNL261W
YPR162C
YDRO064W
YDL188C
YERO70W
YBR109C

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI, TAP
FYI

FYI

FYI, TAP
FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

FYI

TAP
TAP

FYI

TAP

FYI

FYI

FYI, TAP
FYI, TAP
FYI

FYI, TAP
FYI, TAP
FYI, TAP
FYI

TAP

FYI

FYI




Kwal _17070
Kwal -17202
Kwal _17202
Kwal _17202
Kwal _17263
Kwal 17263
Kwal -17263
Kwal _17263
Kwal _17576
Kwal _17576
Kwal _17576
Kwal _17726
Kwal _17726
Kwal _17726
Kwal -17733
Kwal _18059
Kwal 18059
Kwal -18059
Kwal 18059
Kwal _18059
Kwal _18059
Kwal -18059
Kwal 18059
Kwal 18059
Kwal -18059
Kwal _18059
Kwal _18059
Kwal -18059
Kwal 18059
Kwal 18059
Kwal 18059
Kwal -18059
Kwal _18439
Kwal _18456
Kwal _18456
Kwal _18456
Kwal _18456
Kwal _18456
Kwal _18631
Kwal _18631
Kwal -18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631

YLR433C, YMLO57W
YALOO7C

YALOO7C

YALOO7C

YER129W

YER129W

YER129W

YER129W
YARO002C-A
YARO002C-A
YARO002C-A
YLRO28C

YLRO28C

YLRO28C

YLR029C, YMR121C
YGRO56W
YGRO56W

YLR357W

YLR357W

YLR357W

YLR357W

YLR357W

YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YLR357W, YGRO56W
YMLO28W
YDR450W, YML026C
YDR450W, YML026C
YDR450W, YML026C
YDR450W, YML026C
YDR450W, YML026C
YMLOO7W

YMLOO7W

YMLOO7W

YMLOO7W

YMLOO7W

YMLOO7W

YMLOO7W
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YKL190W
YARO002C-A
YGL200C
YMLO12W
YDR422C
YDRA477TW
YERO027C
YGL115W
YALOO7C
YGL200C
YMLO12W
YCRO73W-A
YER133W
YER177W
YPR043W
YHRO056C
YMRO33W
YBR049C
YBR245C
YDR224C
YDR225W
YGR275W
YCRO052W
YDR303C
YFRO37C
YIL126W
YKRO08W
YLRO33W
YLR321C
YML127W
YMRO091C
YPRO34W
YPL106C
YGL123W
YHLO15W
YJR123W
YNL178W
YOL040C
YBRO081C
YBR216C
YBR253W
YBR289W
YCLO10C
YDR359C
YDR448W

FYI

FYI, TAP
FYI, TAP
FYI, TAP
TAP
TAP
TAP
TAP
FYI, TAP
FYI, TAP
FYI, TAP
TAP
TAP
TAP

FYI

TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP

FYI

FYI

FYI

FYI

FYI

TAP

FYI

TAP
TAP
TAP
TAP
TAP




Kwal _18631
Kwal -18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal _18631
Kwal -18631
Kwal _18631
Kwal _18673
Kwal _18673
Kwal _18673
Kwal _18673
Kwal _18673
Kwal -18673
Kwal _18673
Kwal _18673
Kwal _18673
Kwal _18673
Kwal _18673
Kwal -18673
Kwal _18673
Kwal _18673
Kwal _19040
Kwal _19040
Kwal _19040
Kwal 19040
Kwal 19040
Kwal 19040
Kwal -19987
Kwal -19987
Kwal -19987
Kwal -19987
Kwal -19987
Kwal 19987
Kwal 20268
Kwal 20268
Kwal 20419

YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YMLOO7W
YDR418W
YDR418W
YDR418W

YELO54C

YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YELO54C, YDR418W
YERO027C

YERO027C

YERO027C

YGL208W
YGL208W, YER027C
YGL208W, YER027C
YDR264C

YDR264C

YDR264C

YDR264C

YDR264C

YDR264C
YMR237W, YOR299W
YMR237W, YOR299W
YFRO31C-A
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YER110C
YFL024C
YGL112C
YGL151W
YGR218W
YHR041C
YHRO058C
YJLO81C
YJL176C
YNL236W
YNRO23W
YOL148C
YOR244W
YOR290C
YPL254W
YPRO70W
YALO35W
YGR285C
YHR064C
YGLO99W
YDL136W
YDL191W
YGL103W
YGRO034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W
YDR422C
YER129W
YGL208W
YERO27C
YDRA47TW
YGL115W
YALO41W
YDL226C
YDR103W
YJR086W
YOR212W
YPL242C
YJLO99W
YLR330W
YALO35W

FYI
TAP
TAP
TAP
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
FYI
FYI
FYI, TAP
FYI, TAP
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP




Kwal 20419
Kwal -20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal -20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal -20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal -20419
Kwal 20419
Kwal -20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal -20419
Kwal -20419
Kwal 20419
Kwal 20419
Kwal 20419
Kwal 20474
Kwal 20474
Kwal 20479
Kwal _20479
Kwal _20479
Kwal 20479
Kwal _20479
Kwal _20547
Kwal _20756
Kwal _20756
Kwal _20756
Kwal _20756
Kwal _20756
Kwal 21903

YFR0O31C-A
YFRO31C-A
YFRO31C-A, YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YILO18W
YPR120C
YPR120C, YGR109C
YPR119W
YPR119W
YPR119W
YPR119W
YPR119W, YGR108W
YGRO97W, YPR115W
YER132C
YGL197W
YGL197W
YGL197W
YGL197W
YPR162C

102

YDLO82W
YNL301C
YGRO085C
YBLO27W
YBL0O87C
YBL092W
YBRO31W
YBRO084C-A
YDL136W
YDL191W
YDRO12W
YDR418W
YELO54C
YER117W
YGL103W
YGL135W
YGL147C
YGRO034W
YIL133C
YJIL177TW
YKL180W
YLRO75W
YLR340W
YLR344W
YNLOG67W
YNLO69C
YOL127W
YORO063W
YPL131W
YPL220W
YPR102C
YLRO79W
YBR160W
YBR135W
YDRO025W
YER111C
YKR048C
YBR160W
YDR167W
YDR103W
YDLO47W
YJLO98W
YLR310C
YMR117C
YBRO60C

TAP
TAP
FYI, TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
FYI
FYI, TAP




Kwal 21903
Kwal 21903
Kwal 21903
Kwal 22001
Kwal 22001
Kwal 22001
Kwal _22853
Kwal _22853
Kwal _22992
Kwal _22992
Kwal _22992
Kwal _22992
Kwal -22992
Kwal -22992
Kwal -22992
Kwal _22992
Kwal 22993
Kwal 22993
Kwal 22993
Kwal -22993
Kwal 23042
Kwal -23042
Kwal _23144
Kwal 23198
Kwal _23262
Kwal 23262
Kwal -23294
Kwal -23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal -23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal _23294
Kwal _23506
Kwal -23522
Kwal _23522
Kwal _23522
Kwal _23522
Kwal _23522

YPR162C

YPR162C

YPR162C

YNL307C

YNL307C

YNL307C

YDLO42C

YDLO42C

YBR048W, YDR0O25W
YBR048W, YDR0O25W
YBR048W, YDR025W
YBRO048W, YDR025W
YBRO048W, YDR025W
YBRO048W, YDR025W
YBR048W, YDR025W
YDRO025W

YBR049C

YBR049C

YBR049C

YBR049C

YBR052C

YDRO032C

YOLO81W

YOL086C

YLR273C

YOR178C

YLR277C

YLR277C

YLR277C

YLR277C

YLR277C

YLR277C

YLR277C

YLR277C

YOR179C

YOR179C, YLR277C
YOR179C, YLR277C
YOR179C, YLR277C
YOR179C, YLR277C
YDRO098C, YER174C
YDRO99W

YDRO99W

YER177W

YER177W

YER177W
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YHR118C
YMLO65W
YNL261W
YALO38W
YGR140W
YLR175W
YDR227W
YJLO76W
YGL123W
YHLO15W
YHR203C
YJR123W
YJR145C
YNL178W
YOLO040C
YPR119W
YDR303C
YLR357W
YPL082C
YPR110C
YDR032C
YBR052C
YNL098C
YMLO85C
YLR258W
YBRO045C
YDR228C
YDR301W
YJR093C
YKLO59C
YKRO02W
YLR115W
YNL317W
YPR107C
YGR156W
YALO43C
YDR195W
YER133W
YKLO18W
YGL220W
YALO17W
YER177W
YDRO99W
YER133W
YLRO28C

TAP
FYI, TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI
TAP
TAP
TAP
TAP
TAP




Kwal _23522
Kwal -23522
Kwal _24014
Kwal _24014
Kwal _24014
Kwal 24134
Kwal 24134
Kwal 24134
Kwal 24134
Kwal 24134
Kwal 24151
Kwal 24153
Kwal 24153
Kwal _24153
Kwal -24153
Kwal 24153
Kwal 24153
Kwal 24153
Kwal 24153
Kwal 24153
Kwal _24153
Kwal -24259
Kwal _24259
Kwal _24289
Kwal _24289
Kwal _24289
Kwal _24289
Kwal -24289
Kwal _24289
Kwal _24289
Kwal _24289
Kwal _24375
Kwal 24375
Kwal _24375
Kwal _24388
Kwal _24388
Kwal 24388
Kwal 24388
Kwal _24388
Kwal _24430
Kwal -24430
Kwal _24430
Kwal _24430
Kwal _24430
Kwal _24430

YER177W, YDR0O99W
YER177W, YDRO99W
YGLO76C, YPL198W
YGLO76C, YPL198W
YGLO76C, YPL198W
YGL133W

YGL133W

YGL133W

YGL133W

YGL133W
YGL134W, YPL219W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YGL135W, YPL220W
YPL232W

YPL232W, YMR183C
YMR186W

YPL240C

YPL240C

YPL240C

YPL240C

YPL240C

YPL240C, YMR186W
YPL240C, YMR186W
YMR192W
YMR192W

YPL249C

YMR194W
YMR194W
YPL249C-A
YPL249C-A
YPL249C-A
YDL188C

YDL188C

YDL188C

YDL188C, YDL134C
YDL188C, YDL134C
YDL188C, YDL134C

104

YDR001C
YGL252C
YBLO92W
YOL127W
YPL131W
YBR245C
YDR121W
YDR224C
YFRO13W
YOR304W
YPLO31C
YDL136W
YDL191W
YGL103W
YGR034W
YILO18W
YLRO75W
YLR344W
YOL127W
YORO063W
YPL131W
YALO30W
YGR009C
YHR102W
YALOO5C
YKL117W
YLR216C
YLR310C
YORO27W
YBR155W
YLR362W
YNL112W
YPL249C
YMR192W
YGLO99W
YNL132W
YBR142W
YDR101C
YNL301C
YJR009C
YML109W
YMR273C
YALO16W
YGL190C
YMR028W

TAP
TAP
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
FYI
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
TAP
FYI, TAP
TAP
FYI




Kwal _24430 YDL188C, YDL134C YORO014W FYI, TAP
Kwal _24561 YDL155W YBR135W FYI
Kwal 24561 YLR210W, YDL155W YBR160W FYI

105



106



Bibliography

[AdO6]

[Art91]

[Bar02]

[Bar03]

[BCD* 04]

[BAWOS5]

[BLWO4]

Alexandre H. Abdo and A. P. S. de MouraMeasuring the local topology

of networks: an extended clustering coe cient2006.

Michael Artin, Algebrg Prentice Hall Inc., Englewood Cli s, NJ, 1991.

Albert-laszb Baralasi, Linked, Perseus Publishing, Cambridge, MA,
2002.

Albert-laszb Baralasi, Emergence of scaling in complex networks
Handbook of graphs and networks, Wiley-VCH, Weinheim, 2003,
pp. 69{84.

Alex Bateman, Lachlan Coin, Richard Durbin, Robert D Finn Volker

Hollich, Sam Gri ths-Jones, Ajay Khanna, Mhairi Marshall, Simon

Moxon, Erik L L Sonnhammer, David J Studholme, Corin Yeats, at
Sean R Eddy,The pfam protein families databaseNucleic Acids Res
32 (2004), no. Database issue, 138{141.

G. Bounova and O. L. de WeckGraph-theoretical considerations in de-
sign of large telescope arrays for robustness and scalapilAIAA Mul-

tidisciplinary Design Optimization Specialist Conference,@05, p. 2063.

Johannes Berg, Michael Lassig, and Andreas WagneBtructure and
evolution of protein interaction networks: a statistical rodel for link
dynamics and gene duplication®MC Evol Biol 4 (2004), no. 1, 51.

107



[BPO6]

[CBNOO]

[CL86]

[CLDGO3]

[DMSCO02]

[ER59]

[FNS* 06]

[GAG™ 06]

Kim Baskerville and Maya PaczuskiSubgraph ensembles and motif dis-
covery using a new heuristic for graph isomorphisr2006, arxiv.org:g-
bio/0606023.

Joel E. Cohen, Feceric Briand, and Charles M. Newma, Community
food websBiomathematics, vol. 20, Springer-Verlag, Berlin, 1990, &a
and theory, With a contribution by Zbigniew J. Palka.

C Chothia and A M Lesk, The relation between the divergence of se-
guence and structure in proteinsEMBO J 5 (1986), no. 4, 823{826.

Fan Chung, Linyuan Lu, T Gregory Dewey, and David J @las, Dupli-
cation models for biological networks] Comput Biol 10 (2003), no. 5,
677{687.

Minghua Deng, Shipra Mehta, Fengzhu Sun, and Tinghen, Inferring
domain-domain interactions from protein-protein intera¢ions, Genome
Res12 (2002), no. 10, 1540{1548.

P. Erd)s and A. Renyi, On random graphs. ) Publ. Math. Debrecen6
(1959), 290{297.

J. Flannick, A. Novak, B. S. Srinivasan, H. H. McAdams, and S. Bat-
zoglou,Graemlin: general and robust alignment of multiple large fier-

action networks submitted, 2006.

Anne-Claude Gavin, Patrick Aloy, Paola Grandi, Roland Krase,
Markus Boesche, Martina Marzioch, Christina Rau, Lars Juhl Jesen,
Sonja Bastuck, Birgit Dumpelfeld, Angela Edelmann, Marie-Ana
Heurtier, Verena Ho man, Christian Hoefert, Karin Klein, Manuela
Hudak, Anne-Marie Michon, Malgorzata Schelder, Markus Sche,
Marita Remor, Tatjana Rudi, Sean Hooper, Andreas Bauer, Tewis
Bouwmeester, Georg Casari, Gerard Drewes, Gitte Neubauer, Jevis

Rick, Bernhard Kuster, Peer Bork, Robert B Russell, and Giulio

108



[Gla02]

[GMZ03]

[GSWO04]

[Halo4]

[HBH"* 04]

[HEOO5]

[HROO5]

[HVO03]

Superti-Furga, Proteome survey reveals modularity of the yeast cell ma-
chinery, Nature 440 (2006), no. 7084, 631{636.

Malcolm Gladwell, The tipping point: How little things can make a big

di erence, Little, Brown, and Company, New York, NY, 2002.

C. Gkantsidis, M. Mihail, and E. Zegura,The markov chain simulation
method for generating connected power law random grapB$AM Proc.
5th Workshop on Algorithm Engineering and Experiments (ALENEX),
2003.

Michael A Gilchrist, Laura A Salter, and Andreas Wagrne A statistical
framework for combining and interpreting proteomic datass, Bioinfor-
matics 20 (2004), no. 5, 689{700, Evaluation Studies.

Jennifer Hallinan,Gene duplication and hierarchical modularity in in-
tracellular interaction networks Biosystems74 (2004), no. 1-3, 51{62,

Evaluation Studies.

Jing-Dong J Han, Nicolas Bertin, Tong Hao, Debra S Goldberg,
Gabriel F Berriz, Lan V Zhang, Denis Dupuy, Albertha J M Walhou,
Michael E Cusick, Frederick P Roth, and Marc Vidal,Evidence for dy-
namically organized modularity in the yeast protein-protai interaction
network Nature 430 (2004), no. 6995, 88{93.

D. F. Holt, B. Eick, and E. A. O'Brien, Handbook of computational
group theory Chapman & Hall/CRC, London, UK, 2005.

L. Hakes, D. L. Robertson, and S. G. OliverE ect of dataset selection
on the topological interpretation of protein interaction rtworks BMC
Genomics6 (2005), 131{138.

R. "Ho man and A." Valencia, Protein interaction: same network, dif-
ferent hubs Trends in Genetics19 (2003), 681{683.

109



[IKMYO5]

[IMDO6]

[KBLO4]

[KBLO6]

[KGGO6]

[KIMAO4a]

[KIMAO4b]

[KMP*01]

[KSK* 03]

l. Ispolatov, P.L. Krapivsky, I. Mazo, and A. Yuryev, Cliques and
duplication-divergence network growtiNew J. Phys.7 (2005), 145.

The internet movie database (imdh) online, 2006,

http://www.imdb.com/.

Manolis Kellis, Bruce W Birren, and Eric S Lander Proof and evolution-
ary analysis of ancient genome duplication in the yeast Sacobiayces
cerevisiae Nature 428 (2004), no. 6983, 617{624.

P. D. Kuo, W. Banzhaf, and A Leier,Network topology and the evolution
of dynamics in an arti cial genetic regulatory network model @ated by

whole genome duplication and divergendBioSystems (2006), in press.

Mathias Kuhnt, Ingmar Glauche, and Martin Greiner, Impact of ob-
servational incompleteness on the structural propertie$ protein inter-
action networks 2006, arxiv.org:q-bio/0605033, submitted to Elsevier

Science.

N Kashtan, S Itzkovitz, R Milo, and U Alon, E cient sampling al-
gorithm for estimating subgraph concentrations and det@oy network
motifs, Bioinformatics 20 (2004), no. 11, 1746{1758, Evaluation Stud-

ies.

N. Kashtan, S. Itzkovitz, R. Milo, and U. Alon, Topological generaliza-
tions of network motifs Phys. Rev. E70 (2004), 031909.

S Kalir, J McClure, K Pabbaraju, C Southward, M Ronen, S Libler,
M G Surette, and U Alon, Ordering genes in a agella pathway by
analysis of expression kinetics from living bacterj&gcience292 (2001),
no. 5524, 2080{2083.

Brian P Kelley, Roded Sharan, Richard M Karp, Taylor Sitter, David E

Root, Brent R Stockwell, and Trey Ideker,Conserved pathways within

110



[LYOO]

[MAO3]

[MBVO3]

[McK81]

[MIK * 04]

[MKFVO06]

[MSOI* 02]

[MZA03]

bacteria and yeast as revealed by global protein network afigamt, Proc
Natl Acad Sci U S A100 (2003), no. 20, 11394{11399.

T. I. Lee and R. A. Young, Transcription of eukaryotic protein-coding
genes Annu. Rev. Genet.34 (2000), 77{137.

S Mangan and U Alon,Structure and function of the feed-forward loop
network motif, Proc Natl Acad Sci U S A100 (2003), no. 21, 11980{
11985.

Thomas Manke, Ricardo Bringas, and Martin Vingron, Correlating
protein-DNA and protein-protein interaction networks J Mol Biol 333

(2003), no. 1, 75{85.

Brendan D. McKay, Practical graph isomorphism Proceedings of the
Tenth Manitoba Conference on Numerical Mathematics and Conu-
ing, Vol. | (Winnipeg, Man., 1980), vol. 30, 1981, pp. 45{87.

Ron Milo, Shalev ltzkovitz, Nadav Kashtan, Reuven LevittShai Shen-
Orr, Inbal Ayzenshtat, Michal She er, and Uri Alon, Superfamilies of
evolved and designed networkScience303 (2004), no. 5663, 1538{1542.

Priya Mahadevan, Dmitri Krioukov, Kevin Fall, and Am in Vahdat, Sys-
tematic topology analysis and generation using degree ctateons, ACM
SIGCOMM (2006), arXiv.org:cs/0605007.

R Milo, S Shen-Orr, S Itzkovitz, N Kashtan, D Chklovskii, ad U Alon,
Network motifs: simple building blocks of complex networkScience
298 (2002), no. 5594, 824{827.

S Mangan, A Zaslaver, and U AlonThe coherent feedforward loop serves
as a sign-sensitive delay element in transcription network3 Mol Biol
334 (2003), no. 2, 197{204.

111



[MZWO5]

[Ohn70]

[PEKKO6]

[PSSS03]

[RKO6]

[RRSA02]

[RS04]

[RSM* 02]

[Ser03]

[SOMMAO2]

Manuel Middendorf, Etay Ziv, and Chris H Wiggins,Inferring network
mechanisms: the Drosophila melanogaster protein interéah network,
Proc Natl Acad Sci U S A102 (2005), no. 9, 3192{3197.

S. Ohno,Evolution by gene duplicationSpringer, Berlin, 1970.

A. Presser, M. Elowitz, M. Kellis, and R. Kishony, Unpublshed data,
2006.

Romualdo Pastor-Satorras, Eric Smith, and Ricard Vo, Evolving
protein interaction networks through gene duplicatign) Theor Biol 222
(2003), no. 2, 199{210.

Matt Rasmussen and Manolis Kellis, in preparation, 2006.

Michal Ronen, Revital Rosenberg, Boris | Shraiman,nd Uri Alon,
Assigning numbers to the arrows: parameterizing a gene regfion net-
work by using accurate expression kineticBroc Natl Acad Sci U S A
99 (2002), no. 16, 10555{10560.

David J Reiss and Benno Schwikowsliredicting protein-peptide inter-
actions via a network-based motif sampleBioinformatics 20 Suppl 1
(2004), 1274{1282.

E Ravasz, A L Somera, D A Mongru, Z N Oltvai, and A L Barabasi,
Hierarchical organization of modularity in metabolic netwrks, Science
297 (2002), no. 5586, 1551{1555.

Akos SeressPermutation group algorithms Cambridge Tracts in Math-

ematics, vol. 152, Cambridge University Press, Cambridge, 2003.

Shai S Shen-Orr, Ron Milo, Shmoolik Mangan, and Uri Ah, Network
motifs in the transcriptional regulation network of Escheghia coli, Nat
Genet 31 (2002), no. 1, 64{68.

112



[Str03]

[SVO06]

[THG94]

[VDS* 04]

[Wag02]

[Wag03]

[Wat99]

[Wat03]

[WGO05]

[Wil98]

S. Strogatz Sync: The emerging science of spontaneous ordeyperion
Books, New York,NY, 2003.

Ricard V Sole and Sergi Valverdéire network motifs the spandrels of
cellular complexity? Trends Ecol Evol21 (2006), no. 8, 419{422.

J D Thompson, D G Higgins, and T J GibsonCLUSTAL W: improv-
ing the sensitivity of progressive multiple sequence aligant through
sequence weighting, position-specic gap penalties andigie matrix
choice Nucleic Acids Res22 (1994), no. 22, 4673{4680.

A Vazquez, R Dobrin, D Sergi, J-P Eckmann, Z N Oltvai, and A-
Barabasi, The topological relationship between the large-scale atuites
and local interaction patterns of complex network$roc Natl Acad Sci
U S A 101 (2004), no. 52, 17940{17945.

Andreas WagnerAsymmetric functional divergence of duplicate genes
in yeast Mol Biol Evol 19 (2002), no. 10, 1760{1768.

Andreas WagnerHow the global structure of protein interaction net-

works evolvesProc Biol Sci270 (2003), no. 1514, 457{466.

D. J. Watts, Small worlds: The dynamics of networks between order

and randomnessPrinceton University Press, Princeton, NJ, 1999.

D. J. Watts, Six degrees: The science of a connected agé W. Norton
& Company, Inc., New York, NY, 2003.

Shiquan Wu and Xun Gu,Gene network: model, dynamics and simu-
lation, Computing and combinatorics, Lecture Notes in Comput. Sci.,

vol. 3595, Springer, Berlin, 2005, pp. 12{21.

E. O. Wilson, Consilience: The unity of knowledgeAlfred A. Knopf,
Inc., New York,NY, 1998.

113



[WMOO]

[WS98]

[ZLKKO5]

[ZMR* 04]

R J Williams and N D Martinez, Simple rules yield complex food webs
Nature 404 (2000), no. 6774, 180{183.

D J Watts and S H Strogatz,Collective dynamics of 'small-world' net-
works Nature 393 (1998), no. 6684, 440{442.

Ze Zhang, Z W Luo, Hirohisa Kishino, and Mike J KearseyDiver-
gence pattern of duplicate genes in protein-protein interdons follows

the power law Mol Biol Evol 22 (2005), no. 3, 501{505.

Alon Zaslaver, Avi E Mayo, Revital Rosenberg, Pnina Bashkin, Hi
Sberro, Miri Tsalyuk, Michael G Surette, and Uri Alon, Just-in-time
transcription program in metabolic pathways Nat Genet 36 (2004),
no. 5, 486{491.

114



